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§ 1. INTRODUCTION

Let Oo be a domain in R" with a smooth boundary vy and let
G = (0,X0)><Ooa r = (O,XO) XY , X > 0. Consider the following

mixed problem in G

A(x,D)u(x) =0 , X€ G (1.1)
Ulr = g(x'), x'E€T (1.2)
_ . ou _
uIx 0= 0 = |x 0=0 (1.3)
(o] (o] o

where A(x,D) is a strictly hyperbolic operator of the second order ,

X = (xo,x ...,xn) and X, is the time variable.

1’
We shall make the following assumption :

Let T(x) = O be the equation of I'. If for x€T and £ £0 we have

2 (xe) = 0 ana {4 (x,E),T(x)} = 0
then

(a9, r3, 201> 0, (1.4)

(0)(x,§) is the principal part of A(x,£) and
n 3f. 3f, df 3f,
{£f,,£.} = T (= - ) is the Poisson bracket. The assumption

1’72 of,  dx dx, of
k=0 k k k k

where A

(1.4) is equivalent to the condition that the boundary I' is strictly
convex with respect to all null-bicharacteristics of A(x,D) which are
tangential to I'. We shall describe the wave front set of u(x) assuming
that the wave front set of g(x') is given. The propagation of
singularities for hyperbolic mixed problems was investigated by
Povzner and Sukharevskii [14], Lax and Nirenberg [13], Chazarain [3],
Majda and Osher [11], Taylor [15] in the case where there are no

singularities on the tangential bicharacteristics. Recently
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Friedlander (6], Taylor [16] and Melrose [12] considered the
propagation of singularities for the exterior mixed problem for
hyperbolic equation of the second order in the complete form, in
particular, they admitted the singularities on the tangential
bicharacteristics. Their results were extended on the hyperbolic
equations of the higher order by the author [4). The works [16], [12],
L4] are a development of the earlier works of Ludwig [9] and Morawetz
and Ludwig [10]. We note that for the interior mixed problem with the
singularities on the tangential bicharacteristics only some partial
results were known (see L2]). Quite recently I have received an exposition
of the lecture given by Andersson and Melrose at this seminar El] where

results closed to ours were obtained but their method is quite different.

Generalization : Everywhere below we shall consider a mixed problem

for the hyperbolic equation of the second order with the Dirichlet
condition on the boundary. Analogous results are valid also for

the following hyperbolic mixed problem of an arbitrary order

A(x,D)u(x) =0 ; x € G (1.5)
Bj(x,D)u(x) 'F = gj(x') y 1< jsm, x'€T (1.6)
2m-1

- 8u ..o __u _
ul =0  3x Ix =0 "7 2m-1 |x =0 =0 (1.7)
o o "o axo o

where A(x,D) is a strictly hyperbolic operator of the order 2m and
Bj(x,D) are differential operators of the order mj. It is supposed in
addition to the condition (1.4) that

1) each component of the surface A(O)(x,z) = 0 is strictly convex for x

(o)

and € = fixed where A is the principal part of A(x,g).

2) For every point (x',r') € T*(I'), £'# 0, the operators B (x,D),

1< j<m, fulfill the Agmon condition (see [44) (which is called also
uniform Shapiro Lopatinskii condition or Kreiss condition) in the
corresponding local system of coordinates. The changes in the proof
needed for the case of the problem (1.5), (1.6), (1.7) will be the

same as in [4].
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§ 2. STATEMENT OF RESULTS

Let T*(F) be the cotangent space on ' without the null-section.
We denote by N T*(F) the image of the surface A( )(x,E) =0,
{A(O)(x,E) F(x)} = 0 under the natural projection i T*(Rn+1) -
and by N 'I‘*(l") the image of the set A( )( sE)=0 ,
{A(o)(x,g),T(x)} # O under the projection i* .

™ (r)

We shall call outgoing bicharacteristic a null-bicharacteris-
tic x= x(t), § =€(t) of the operator A(o)(x,D) for which the time
X, = xo(t) increases when the parameter t increases.Let n(x',€') =0
be the equation of the surface No' We shall call outgoing limiting
bicharacteristic an outgoing null-bicharacteristic of the operator
n(x',D'). We shall define the following transformation ¢: N+ -"N+ R
Let (y',M') € N, . Then the image (x',2') of (y',n') under the
transformation ® will be the endpoint of the outgoing null-

(0)(x9

bicharacteristic of A D) which begins at the point (y',T) where

i*N = M' and which touchs the boundary once more at the point (x',® )

where i¥E = E£'. We ﬁake the nonessential assumption that the transformation
?® is defined on the whole N+ . It may be shown that ® is a canonical
transformation.

ot 28|

Theorem 2.1 : The wave front set WF(aul r° where Ji-is the

on

normal derivative, is contained in the following set

o]

du (k) _ :
WF(a_nlr) c WF(g) U (ktiltp o (WF(g)NN )) UM (2.1)
where @(k) is k- th power of ¢ and Mo C No is the union of all

outgoing limiting bicharacteristics which begin at WF(g) N No.'

We note that the propagation of singularities inside the domain

G can be obtained from the Theorem 2.1 by using the Green formula, which

- au
r = g » anlr v
tal solution of hyperbolic equation (1.1). We don't use this way because

gives expression for u(x) through ul and outgoing fundamen-

the propagation of singularities inside G will be obtained as co-product

of the proof of the Theorem 2.1
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Theorem 2.2 : The wave front set WF(u) of u(x) inside G is contained

in the union of all broken bicharacteristics which begin in
(%) 7 (WF(g) N N,).
We call broken bicharacteristic in G the union of an
outgoing bicharacteristic and of all its multiple reflections at the
boundary. The following lemma explains the name of limiting bicharacteris-

tic ¢

Lemma 2.1 : Let (xé,?é) € N be a limiting point of the sequence
(xé,E&) € N, when m— . Let Yo be the broken bicharacteristic of the
operator A(o)(x,D) which begins at the point (x&,gm), where i*gm =E -
Then the limit of the set Yo will be the outgoing limiting bicharacteris-

. . . . .
tic v  which begins at the point (xo,Eo) €N_.

Because of the local nature of the problem it is sufficient to
consider the case when Qo is the half-space Rf:: &k",xn),xn >0}

x'" = (xl""’xn—l) EIRn_1, and x::(xo,x",xn) € Uocz Rn+1,

gv

(go,g") € Zo c Tg(lf” where Uo is a small neighbourhood of

ne, ),xg{O) and T is a small conic neighbourhood of some point
o ] (o) " (o) "
(8, 85) where (x “7,x!,E "4E0) € N, -

o)

written for x € Uo, E' € ZO in the following form

some point (xéo

The principal part A" '(x,€) of the operator A(x,D) can be

A08) = € - AxENEouEn) (2.2)

where AM(x,E') and u(x,€') are real.
The surface NO is the surface n(x',0,8') = 0 and N+ is the
set (x',€') where p(x',0,€') > 0. We note that N is a smooth surface

(o) °

since A (x,€) is hyperbolic with respect to §o and that the

assumption (1.4) has the form
{§n - A} <O when u(x',0,€') = 0 (2.3)

To prove the theorems 2.1 and 2.2 we shall construct a parametrix of
the problem (1.1), (1.2), (1.3), i.e. such function u = R(g) which
solves (1.1), (1.2), (1.3) modulo C  functions and which will be given
more ou less explicitly. It may be shown that for this purpose it is
sufficient to find in the half-space x, 2 0 a function u=R(g) with

the following properties
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A(x,D)R(g) € C for x 20, x€U , (2.4)
- ,

R(g)lr - g(x) € C for x =0, x€U (2.5)

R(g) € CC for x, <0, x€U (2.6)

We suppose that g(x') = 0 for X, < 0 and that the wave.front set of
g(x') is contained in a small nelghbourhood of éc(O), x"§(°) §") €N,

Now the problem of propagation of singularities reduces to the

description of the singularities of R(g) .

§ 3. AN EXAMPLE

To clarify the situation we shall consider at first the

following boundary problem in the half-space Rﬁf1 = {(x',xn), xn>-0}

] 1] -
a(xn,D)u(x ,xn) =0 |, X > 0 (3.1)
u(x',0) = g(x') (3.2)
u(x',x ) =0 forx <0, x =20 (3.3)
n 0 n
where g(x') = 0 for x, <0, WF(g) is contained in some neighbourhood
|§ | < cl€"| and a(x 8) = 52-(5 |§"|'-X |§"|2), i.e. a(xn,g) is a
particular case of A(O)(x,g) when A = 0, u._(T—-I - X )|§”|2 .
g"

We note that the problem (3.1), (3.2), (3.3) is similar to the
problem considered by Friedlander LG] but it differs by the sign of X
(in [63 the case corresponding to the exterior mixed problem was

treated). In this case the surface No will be the surface §o = 0, the

set N+ will be given by the inequality §o> 0 and Mo will be the union
of all rays (x +t,x",0,8"), ¥ t = 0 where (x 1x",0,8") € WF(g).
shall denote the sets N ’ N ’ M for the case of the operator

N A

a(x »D) by N » N Mo.

3 (] 1
By performlng the Fourier transform ﬁ%g',xn) = f u(x',xn)el(X 8 )dx

with respect to x' = (xo,x") we shall obtain an ordinary differential

equation
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(i 31-)2ﬁ1g',x ) - (B [&"] -x |§"|2)ﬁ(§',x ) = 0 which can be reduced
axn n o] n n

to the Airy equation. The only solution of the problem (3.1), (3.2),

(3.3) is given by the formula

g it 5 o
' ) 1 Ao(—TEWT-xn)|§ [Y)  -i(x ,5')—1(§0+1T)x0
u(x 1 Xp? = . I E +iT 2 e
(21£)n A (__9_____ Ig,,lg)
® lgn| (3.4)

- B(E + iT,s‘")dEodg"

where by Ao(z) we denote the Airy function which has the following

asymptotics for t real
3
2

Ao(t) z-—c—- e for t = -o

(3.5)

C . .2 i
Ao(t)"’—‘—l 51n(-5t + Z-) for t +
4

2 ) on the

We have taken T > 0 in (3.4) to avoid the zeros of Ao( 7
. lgnl3

real axis. The integral (3.4) does not depend on T because of the

Paley-Wiener theorem.

Denote by A(z) the Airy function with the following asymptotics

for t real : 3
_ --i— (-:2,;t2 +%)i
A(t)x Ct e for t = +o
3
--1- Eltl.z (3.7)
4 3

A(t);r,Cltl e for t @ -

It can be shown Ay(z) = A(z) - A(2) . (3.8)

where Ai(Z) = A(Z) .
We shall use the following estimate for the Airy functions .



2
A, (©) iT 3
Proposition 3.1 : Let K({) = where { = (a+— )|&"]",
A(g) lgn
go
o = — . Then for a=0 and |§"| large we have
el )
1- k@] = —4— a+falen®) (3.9)
g P
2
Proof For alé"lz\large the estimate (3.9) follows from the
2
asymptotics of Ai(g) and A(C). Now let OS<1|§"|3 < C. Then
2 2 2 2
2 k()| A alg [ $aclen®) - ara]g ] ®)acalgm]®)
a 1} 2" 2
g=algn|® |atalgn )]

because A1(t) = A(t) for the real t. But w(t) = Ai(t)A(t) - A'(t)Ai(t)

is the wronskian of the Airy equation and so it is a constant

4mi

w(t) = w(0) = ——s———rn—
or(A)r(3)

Thus it follows from the Taylor formula that

2
£ c
1 - |K(alg]3+i )| =
1 1
'§v||3 Ign's
1
Now we shall describe the wave front set of QELE_;Ql. . If
an
def -xoT 3u
vix') = e 3% (x',0) we obtain
n
-1 A(')(C) ~
v(x') = F g1(§') (3.10)
A (¢)
o
where F—1 is the inverse Fourier transform,
"X T w, 1 1
I~ g ' — — —_ —
g, 8 ) = F(e g). Let x (t) € C (R, x (t)=1 for [t] < 5 1 % (t) =0
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for |t] =2 1 and 0 < x_(t) < 1 for all t. We shall denote by x,(t) the
¢” function equal to q . x (t) for t 2 0 and equal to zero for t s O.
By X-l(t) we denote the C function equal to 1—x0(t) - Xl(t)'

Let £€>0 and small. We have

v(x') = V1(x’)+vo(x') + v (x') (3.11)

-1
where v, (§') = x, («[€"[*)Wv(E") , k= -1, 0, +1

At first we shall find the wave front set of vi()d). We have

N A'(g)-Ar(g)
v (&) =y (algnl®) g En -
A(g) - A, (g)
(3.12)
(alen|© (c) Ai(;) g&(é')
= gn] ) (& - )
A(g A(g) 1“X2(°‘|§"|S)K(C)
where Xz(a|§"|€) = X1(2(X.|§"|€) so that y, = 1 on the supp x,
Let
Y '
N g1(§ )
v (1) = . (3.13)
l-xz(alg"l)K(C)
1t follows from (3.9) that
"i“’1“s < CHg1H e y ¥ s (3.14)
S+ =
2
The equality (3.13) can be written in the following form
w, - bw, = g, (3.15)
where bw:l = F_1X2Kii1 is a Fourier integral operator with the phase
3

A
function ®(x',8') = (x',€') - %sz [€m]
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A A
The canonical transformation ® generated by the phase function ?(x',§')

has the following form for o€ supp Xz(alg”ls)

A
yO = (‘pgo(x"gl) - x0_2 ’a’
3 (3.16)
A "
y'= Pen(xtE) =X"*'§'°‘2T§5|

'nv .__gv

A
It is easy to verify that the canonical transformation (c.t.)® co¥ncide

with the c.t. ? defined in the section 2.
Lemma 3.1 : There is the following inclusion
A A
WF(w,) N N c M (3.17)
1 o o

We shall make the following general remark before we begin the proof of

the lemma 3.1.

Remark 3.1 : Let S C Tﬁ(lf” be a conic domain which is invariant under

the c.t.0"1 for o € supp x2(a|§"|€).Then for each point (xé,gé) € S,

there exists a C -function B(x',§') with support in S and

homogeneous in §' of = order zero such that B(x8,§8) > 0 and

B(x',E') is monotonic with respect to the c.t. @-1, for

-1 (x',8') = (y'sM') implies B(y',M') < B(x',E").
Then vy € c” microlocally in S if g4 e c” microlocally in S. To

a € suppxz(cxls"|s ,i.e. &

prove the remark 3.1 we multiply the equation (3.15) by B(x',D'). Then
we obtain Bb = b, + b, where Bi(x',g') = B(y'\N"), (y',ﬂ')==$'1 (x',€")
and b1 is an operator of a lower order. Now taking the scalar product

of the equation Bw1 - Bbw1 = Bgl,with Aszwl’ where A2S is the pseudo-
differential operator (¥dO0) with the symbol (14—|§'|2)S , and using
the sharp Garding inequality we shall obtain an estimate for “Bgins__s
through HBgIHS modulo lower order norm of w,. Therefore we canobtain that
microlocally in S because we can repeat such estimates many times. w1e c®
As a simple consequence of the remark 3.1 we note that the half-

space X < O is an invariant domain in Tz(lfl).under the c.t.071 <o

that vy € ¢ for X, < O because g4 € ¢ for X, < 0. Now we are able to

prove the lemma 3.1. Let (x(O),g(O)) € ﬁo and (x(O),E(O)) £ ﬁ;. Then the
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whole ray (x(o) t, x§°),...,x(gi,§(°)), ¥ t = 0, does not belong to

WF(gi). Let S be a domain given by the inequalities

(o) 2
n-1 n-1 § g g€
62(x —x(o)- 6)2-— X (xk_xlio))z_ 5 (_k _k )2 .1_ -9
° o k=1 k=1 |E"] |§(o)| 5 |

(3.18)

(o)

for 0 < X, <x "+ & and (x",€') are arbitraly for x, < 0. If & is small
then E; N WF(g )1= $ . It follows from 23.16) that S is invariant

under the c.t.® = for a € supp x2(a|§"| . It is easy to construct

a family of functions B(x' ,8') with support in S and monotonic with
respect to $~1, such that B(x(O) §(°)) > 0. Then the remark 3.1 gives

that (x(°),20)) ¢ WFGr ) s thus we have proved (3.17).

Lemma 3.2 : The set WF(w ) N N is contained in U o, (WF(gl) n N )
p=o
N
Proof : If we apply the operator T bP to (3.15) we shall obtain
p=0
N
_ o N+1 P
w, =b Tw, + T big, (3.19)
p=0
Thus
N+1 N P N+1 ® P
WF(w,) ¢ WF(b" "w ) U U WF(b'g,) c WF(b " "w;) U U WF(b'g,)
p=o ’ p=o
Since N is arbitrary we have
© ©
N+1 P
WF(wl) c (N WF(b wl)) U (U wF(b gl)) (3.20)
N=1 p=o0

©

A
We shall show now that the intersection of N WF(bN+1w ) with N t
N=1 1 + 1s empty.

(x(O),E(O)) € ﬁ; be arbitrary and let (x(N),g(N)) = $~N (x(O),E(O)).

(N) _ (o)
0

Let

It follows from (3.16) that x
(x(o)

-2NVa » —o when N - «». We have

,5(0)) £ WF(b wl) for N such that xﬁw) = xﬁo) - 2Nya < O since

N
w, € C for x_ < O and so that b'w, € C microlocally in the neighbourhood
L (0) 4(0)° aN L (N) o(N), X
of (x & ) =@ (x N3 ).

Thérefore

Fal o p A ® Ap A
WF(w,) N N, c (pgo WF(bPg,) N N ) c pgo @ (WF(g,) N N,) .. We note
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that F-i(xl(a|§"|€) ﬁ'é )

|
-1 ni€ Ai(C) ~ o, . {th th h
F (Xl(alg | )'KTET' w1) is a Fourier integral operator with the same phase

G;) is an usual Ydo and

A
function ®(x',€') as the operator b. So that

©

A AP A
WF(Vl) cM U pgo(@ o(WF(gl) N N+) (3.21)

Now we shall find the wave front set OfV'o(X').

Proposition 3.1 : If g4 € ¢ for X, < to then
A'(g)
-1 ap— o ~ ' o0
— 2 -
acp K;TET g1(§ ) € C for x, < t, o ¥p=0
Al (C)
Thi iti i f th tici f i f
his proposition is a consequence o e analyticity o I;TET in { for
Im { > O.
Proposition 3.2 : The following estimates are valid
p A'(g) =-p¢t
o) o l < 3
< c (1+|g"]) ¥ (3.22)
lagnp Ao(@ p ’ P

for a € supp xo(alé"ls) .

The proposition 3.2 follows from the estimate (3.9) and from an obvious

estimate
2 21 1.
el | < clallgrl” 3 < clent” 3
when |a| < £ .
lgn|®

The proposition 3.2 permits the localization with respect to

x"" hecause the commutators of Ydo with the symbol

9
Xo(a|§"|€) 2 and Ydo with the symbol B(x",§') will be of a
A (g)
o
lower order. Now the combination of the propositions 3.1 and 3.2 gives
possibility to establish the following lemma.

A
Lemma 3.3 : The wave front set of vo(x') is contained in M

WF(v ) C ﬁo (3.23)
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We note that WF(v_,) c WF(g,), (3.24) .
'
Since v_, = F—i(x—l(a|§"|8)1§TE7) is a Ydo with a symbol
belonging to the class S, (see [8]) on WF(gl).
300

Therefore, for the problem (3.1), (3.2), (3.3) the theorem 2.1
follows from (3.11), (3.21), (3.23) and (3.24), i.e.

WFRUE0)) ey U b BPwE(e) N ) U B (3.25)
an p=1 + o

A
We note that if WF(g) N N, is contained in the closure of

N
WF(g) N N_ then it follows from the lemma 2.1 that

A et AD A
M c U © o (WF(g) N N (3.26)
p=o0
. (o) (o) "
Remark 3.2 : Let (xo yeeesX 10, § ) be a point of WF(g) N N, and
let Yo be the limiting outgoing bicharacteristic (xg )4-t,...,x(°) ,§ )

t = 0 which begins at this point. We assume that g(x') € C
microlocally on Yo for t> 0. The interesting question is:when for
1
t> 0 the bicharacteristic v _ is contained in WF(Q-a‘l){—x——’ﬁ)) ?
n

We shall consider two examples

o

1) Denote x(“)(g') N ) where p is real, 6> 0 is small and

a8 - u
( 5

Xo(t) is the same function as above. Let p., 1<k <=, be the zeros

of the Airy function Ao(z). We shall take p # By 1<k<w, and 6 > 0

2 2
3 |g"|3
such that Ao(alg"! ) # O on supp X, 6 . Let
gx') = (u)(D')b(x') where 6(x') is the &6-function. It is obvious that :
WF(g) = {(0;0,8")} where §" is arbitrary. Since the symbol
1
MO TP (O e | iz
I‘TET C=a + —1 » belongs to the class S1 we have
lgn® £
wREE20) ) - yr(g) so that WFEEE22)) goes not contain for t> 0
*y ox

the limiting bicharacteristic which begins at the point (0,0,E").
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2) Now let u::pk where uk is one of the zeros of Ao(z) and let 6 > O
be such that there is no others zeros of Ao(z) on the supp x Mk (€').

(p,) Al (p,) C
Then yx e KE%%% =¥ k (g')(?;¥5;_ 4-K1(C)) where C_ is a constant and
(uk) -1 (uk)
X (§')K1(C) belongs to the class S1 . Thus WF(F "y (§')K1(g))CWF(g)
500
(n,)
where g = x (D")o(x").
2
1—X (a‘lgul3_p‘k)
0
Also 5 € S1 so that
C-uk '3’0

(n, ), o,
-1 Ck(l-x k" (§"))

WF(F ) c WF(g) . It is easy to verify that the

C - vy

wave front set of F_1

is equal to {(xO,O,O,g")} where x = 0 and

€ -y -1
F Ck
E" £ 0 are arbitrary, i.e. WF( )

=Y . This shows that for p=1p
_ o k
C-Mye

WF(QEEELLQ);D % .
axn o

§ 4. THE GENERAL CASE

Now we shall carry out the same program as in the section 3 to
constriuct and investigate the parametrix u = R(g), which satisfies
(2.4), (2.5), (2.6).

4.1 Construction of the phase function

Consider the eikonal equation

(cpxn - 7\(x,q>x,))2 - w(x,® ) = 0 (4.1)

For the operator a(xn,D) there exist two solutions of the eikonal

equation a(x ,9 ) = O in the region Eﬂ ~-x >0: 9 = (x',61) %
n’ 'x [En| n +
g-(-——0- g' §0
-3 Ig"l - Xn) lg"l and both have singularity on the caustic — x =0.

lgn] "
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The similar theorem holds in the general case (see e.g. E4] section 2)

. 1 1 -— —_ 1 n+1
Theorem 4.1 : Let u(xo, O,Eo) = 0 for x_ —(xo,O) € R and

gl = (§£°), En) € R"\ {0}. Let U c R™?1 be some small neighbourhood

A
of X, = (x('),O) and ZO c Rn\ {0} be some small neighbourhood of
T]") = (0,53)- Then for x € Uo s E' € %0 there exist real
¢’ -functions e(x,g'),\p(x,g') homogeneous in §', Ordg, p(x,8') =1

+
de, p(x,8") —3 such that ¢ (x,§') = 8(x,8') —%p (x,8') is a
solution of the equation (4. 1) for p 2 0, x € U, g 62 . Moreover

2 n-1
det|| ——8 I £ 0
axjagk .]’k'—‘ 0
2
p(x,8") = (x+0@™NIE|® forx_ =0
o0 '
$< <0 for |& |
n
go ® N
where a =|_| and 0(a ) means O(a ') for arbitrary N.
gv

4.2 Parametrix for the homogeneous equation in the half-space

Now following Ludwig LQJ (see also E4] section 3) we shall use
the phase function to construct the asymptotic solution of the
equation A(x,D)u = O in the region p(x,§') = O, x 2 0, x€ Uo . We shall

choose an asymptotic solution in the following form

G(x,8') = (g(x28")A (p) + ih(x,§ )AL (p))e” MO

foo] o0
where g(x,8') ~ ¥ g ,8'"), h(x,8') o £ h (x,§"),
k k
k-0 k=0
1 ¥ +
ordg,gk = -k ordg' h = -k - < . The function a_ = gk-‘/;h.k )

O<k £ can be found in the region p = 0 by successive solution of
the transport equation (see r_4] section 3 and 4] and it is possible
+

to choose the initial data for a}; in such a way that

1
g (x',0,6") £ 0, h (x',0,E") = 0@™)]E' ™™ 3 ¥k=0  (4.2)
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We take C~ continuation of gkﬂx,g') and hk(x,g'), o<k <= on the
region p < 0, x € Uo and then we take almost analytic continuation

of 9(x,€'), p(x,€')y g (x,8'), h (x,6') with respect to a::Eg .
" y I+

We shall denote the almost analytic continuation of some function f
by ¥. Thus

® k 1 " R |
§(x, (s iat)|Er],Em) = 5 2 8(xal8r],8") (ia')

i X (N2')
k=0 aak k! o k
(4.3)
where the sequence {Nk} is increased sufficiently fast .
It can be shown that
0(2— ) forp =0
v |§'|°° _3.
A(X,D)G(X,(a+ ioc')|§'|,§") = { 2_'_1 __2_|p|2
(02— )+ o(—25)lgr| %e
lg'I Ig'ls
(4.4)
for p< O
T . .
where a' = [_-l s T> 0 is fixed.
£

For a < - £ we shall choose an asymptotic solution in the

g |®

following form (see [4), section 5)

G(x,81) = d(x,E1)e (X8 1)-10,(x,E1) (4.5)
where
Ol(x,g') = —xn(e (x'109§')" K(X'vose ,(x',0,§') +
Xn X
(4.6)
+ i“/-u(X',O,ex,(X',O,‘é')))
and

d(x,§') o do(x,§') + X 151 dk(x,g') (4.7)
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where do(x,g') is arbitrary and dk(x,g'), 1<k < », can be found
succesively by simple formulas (see [4], section 5). We note that

u(x',o,ex,(x',o,é')) < 0 for <0 and we take

d (x',0,8") = éo(x',O,Q')e-i(é(x"o’g')"9(.""0”;'))

(4.8)

where (' = ((a+|‘—T I)lzvl,gn).
gl
We shall look for a parametrix of the equation A(x,D)u=0

for Xn z 0 in the following form

Gv = Gv + G v+ G_,v (4.9)
where
o L B . v
Gyv = [ (EA(B)+ih AL (§)) 3 x, (@8 15V EDE (4.10)
A((a+iat)]|E']7)
v ; .Y v "é ~
Gv = [ (EA(§)+ifia (3)) e x, (alE IOVEE (4.13)

3

Ao((a+ia')|§'|

-ig - iel(x,é)

G__IV: I d(ng')e X_1(+a|§'|8)\‘7v(§')d§' (4.12)
and where € < % , a' = L
1§ ]

It is not difficult to see that
o0
A(x4,D)GVv = 0 (mod C ) for x Z 0, x€ UO

4.3 Solution of the equation on the boundary
We shall choose V(x') such that

Gv x =0 = g(x')(mod C7) (4.13)

We assume that g(x') = 0 for X < 0 and that the wave front set of
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g(x') is contained in a small Efighbourhood of (xé,gé) € N_ . Denote
Pl(x',g') = %pz(xv,o,g') --i—ocz |&€'] for a=o0, p1=0 for a< 0.

Then p, € ¢” for §'£0. It follows from (4.10), (4.11), (4.12) and from
the asymptotic properties of the Airy functions that

Gv x_=o = Qov + §1V (4.14)

where § is the Fourier integral operator with the phase function
@o(x',g') = 0(x',0,8') - pl(x',g') and with the symbol g(o)(x',g')é Sg
L]

0o
-i® (x',8')
g v = L I g(O)(x‘,E')e ° v(E')ag! (4.15)
(2m)"
Also §1 is the Fourier integral operato§5with the phase function
(P:l. (x',8') = 8(x',0,8') + pl(X'sg') - % 052 lg'l and with the symbol
1) -2VaT €
8( (x',§1)e” =V x (al8' 1) € S:_s’o
: - i® (X'yg')~
sv-— [ ePxgne T @le®e ! SEna
(2m)
(4.16)

We note that a = TE_|€ on the support of the symbol of §1,
FD"

g(o)(x',§') - g(l)(x',g') = 0(a) and ¢ is an elliptic Fourier
integral operator .
Thus there exists a Fourier integral operator RO such that
oo}
R0 QO = I(mod C )
Therefore if we apply Ro to the equation
@ov + §1V = g

we shall obtain

v - Bv = R.g (4.17)
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where B = -IL,§1 is also a Fourier integral operator. It can be

shown by the stationary phase method

/ -1i¢ (X',gl)
Bv = ——1—j' b (x',51)e 2V T Xl(alg'le)e 2 v(E')AE'  (4.18)
(2m)" °
where
3
9, (x"48") = (x"28) - 2o +p,(x",E), p, = 0(a™)]E"] (4.19)
and
bo(x',g') = b1(X"§')+b2(X'9€') [} bi(x'vg') € S;—G,O ’ i=1,2
Ib1(x"§')| <1 ’ bz(x'@') = 0(a) (4.20)

Now by using the sharp GHrding inequality we can prove the following

lemma

Lemma 4.1 : Let w.€ H . (R™) where 8<:% and let v € HS(Rn) be a
S+ =
4

solution of the equation

v - Bv = w (4.21)
Then the following estimate holds
[ vl < cljwl (4.22)
s-% siq

If we apply the same arguments to the conjugate equation p- B¥p = ¢
then we can obtain the existence theorem for the equation (4.21) : for
every wEH CR4) there;exists the solution v € H _ (R") of the
s +7 s-7
equation (4.21) and the estimate (4.22) holds.
We note that the equation (4.17) is very similar to the

equation (3.15). The phase function @z(x',g') generated the c.t.
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'n' = (pz.x' = §'+pzx'(X',§')
3
B 2 3
yo=q’2g =% -2 “+3°‘+ng (x'581) (4.23)
o o
3
1Al
y" = @2 = X"+75-C12 s + P (x',€")
g g 2§n

which is closed to the c.t. (3.16) since p, = 0(a”)|§'|. So that the
remark 3.1 can be also applied to the equation (4.17) and a proof
similar to the proof of lemmas 3.1, 3.2 gives that

WF(v) ¢ WF(R.g) U U @ék)

o (WF(R.g)NN UM (4.24)
p=1 + o

Let @o and @1

¢1(x',§'). We note that ¢  is defined for a € suppx1(a|§'|5) . It may
-1 -1 -1 2

be shown that ¢, = @~ @, , WF(R.g ) c @ = WF(g) and N = @ "N,

be the c.t. generated by the phase function ¢o(x’,§') and

N -
N =¢ ", N, M =90 "M,  =9¢_,¢ 1 where N , N, M, ? are the same as
+ o + o [} o 1 o + [}

in the section 2. Thus

WF(v) © w;l (WF(g) U U 9P (WR(g)NN'UM) (4.25)
p=1

Now we can prove the Theorem 2.1. We have

BU(X"O) a

- - - (G1V+ G Vv + G-1V)IX . (4.26)
n Xn n_
It follows from (4.10), (4.11), (4.12) that

u, (x') = —é—(G v+ G v =3, v+3d, x,V

1 axn 1 -1 x =o 3 41

where 63 and §4 are the Fourier integral operators with the phase
function @o(x',g') and @1(x',§') and x, is the Ydowith the symbol
xi(alg'ls). So that

WF(ul) c @ .WF(v) U <P1UWF(X v) c WF(g) U U nka) (WF(g)NN JuM
1 k=1 * °
(4.27)



XII.20

We note that @O = @1 for a=0. Now

- 9 -
myx') = 5= Gvly = agxv gk, Xy v (4.28)

n n

where 3., & . are Fourier integral operators with the phase function

Ay (el iT 5
8(x',0,8") and K (¢') = ——— , ' = (a+— )IE']|Y . We note that
0 ®°o o
A (C 1]
o
C € ® 1
laf < —==_ on the suppy,(x[E']") so that 0(x) = O(— ) .
|§'| v|
Since 9(x',0,§') = wo(x',g') for o = 0 and WF(XQV) c ﬁ; we have
A
WF(8.x, V) © 8.WF(x,v) € .M = M/ (4.29)

Now the proof similar to the proof of the lemma 3.3 gives
( ) c M (4.30)
WF Koxzv c M 4.3
So that
WF(8 K x,v)C 8oWF(K yx,v)c M (4.31)

Therefore the theorem 2.1 follows from (4.27), (4.29) and (4.31).
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