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XXIV.1

Given an open, relatively compact domain M in a complex
manifold M' such that :bM, the boundary of M, is smooth. Ve are given
a form a € Lz(M) of degree (0,1), i.e. in terms of local holomorphic

coordinates

(1) a =3z ajdi.,

where aj € L2(M). e are interested in finding a solution u of the equation
(2) du = «a

which is as '"'smooth as possible'". More precisely, we seek a function u

satisfying (2) such that
(3) sing supp (u) € sing supp (a).

This means that if (O is an open subset of M on which o is of class C°

then u restricted to Q is of class C . Since the system (2) is elliptic
the condition (3) is satisfied in the interior for every solution u of (2).
At the boundary, however, the problem is more delicate ; for if h is any
holemorphic function on M and if u satisfies (2) then u+ h also satisfies
(2), so that there are many soiutiowns of (2) which do not satisfy (3) at
the boundary.

The assumption that the boundary bM is smooth means that
there is a real-valued function r, of class dw, defined in a neighborhood
of bMsuch that dr # O and r(P) = O if and only if P € bM. Ve will fix
the sign of r so that r > 0 outside of M and r < O inside of M. For each
P ¢ bM we denote by Tl’0

P
tors CTP(bM) of the form

(bM) the subspace of the complex tangent vec-

(4) L=2% gj T with L(r) = ¢ gj rZ~(P) = 0.

J J.

The Levi form at P € bMis a hermitian form on T;’o(bM) defined by :

(5) < Br,L,T> = % o 23(P)giij-
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If this form is non-negative for each P € bM, we say that M is pseudo-

convex. From now on we will assume that M is pseudo-convex.

If M cc B2 is a pseudo-convex domain such that in a neigh-
borhood U of (0,0) the function r = Re(zz) ; then, we set o = %2 with
: 2
p € Cz(U) and p = 1 in a neighborhood U' of (0,0). Now we will show that
there is no solution of (2) which satisfies (3). For if there were a func-

tion u satisfying (2) and (3) then the function h = u-;g— would be
2
holomorphic.

Restricting h to the line zy = -6 we obtain a function on
a disc in 2y which on the boundary of the disc is bounded independently
of 6 and at the origin behaves like %, this is a contradiction. Neverthe-

less we do have the following positive result.

Theorem : If M is pseudo-convex and if there exists a strongly pluri- sub
harmonic non-negative function A in a neighborhood of bM (for example

if Mc € we can set A = |z|2) and if o is a (0,1)-form in L2 such that
da:- 0 and such that a is orthogonal tothe!nﬂj.spaceof-g* (the L2—adjoint
of 3), then there exists u € L2(M) such that du = a. If furthermore

sing supp (a) = @ (i.e. a € C (M)) then for each m there exists u € c™ (M)
such that 9 u =a.

Outline of proof : The existence of a solution u has been proved by

H8rmander (see [4]). His proof is based on an estimate with weight functio

which we also use here. For t =2 0 set

-tA )

Denote by at the adjoint of B w1th respect to the norm H H(t) The

smooth forms in the domain of a are given by

(7) D= ) N Dm3) = (9] r, ¢;=0 onbMl.
]
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Let Qt be a quadratic form on 2, defined by :
363 e~

'v 3
and let 2% be the completion ¢ 2 under Qt' Now the estimate referred
to above (and proved in [4]) is the following : there exists a function
f € dZ(M), a constant C > 0 independent of t and for each t a Ct > 0 such
that

(9) tholl2,) = co (o9 + cllegll¥

where H denotes the Sobolev one-norm. Given a there exists a unique
~

1
Pt 691: such that

(10) Qt((,ot,\p) = (Ot,\l/) (t)?’

for all V¥ ¢ 9 Using the methods of [8] one can establish the following

estimate for cpt € Cm(ﬁ) . For each s there exists TS and Cs

,t
(11) H?tns < Cs,t HaHS, whenever t = T_.
Here || Hs denotes the Sobolev s-norm. We can also show that, if:Kt is
defined by
3 2
(12) i, = {9 € B, )e (o0 = l9lF,y1

then for t sufficiently large there exists C > 0 such that for all
A

9 € &, with 9L ¥, we have

(13) ol gy = cBelifyy = 1350 1% ey

From (9) and interior ellipticity, it follows that }Ct is finite dimensional
if t is sufficiently large ; again using the methods of [8] it can be

shown thatZKt C Hs when t 2 Ts’ where HS denotes the Sobolev space. It

then follows the unique solution vy of avt = o which is orthogonal te the
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holomorphic functions under the ( , )(t) inner product has the property
that Ve € HS if t = Ts' The assertion then follows by the Sobolev imbedd
theoren.

The details of this proof will appear in [6].

We remark that in [2] Grauert gives examples of pseudo
convex domains for which the above conclusions do not hold, in his examp
the function A does not exist. It would be desirable to improve the abov

theorem and to establish the existence of a solution u € Cw(ib.

Returning to our general question, we wish to find condi-
tions on M such that whenever (2) has a solution it also has a solu
tion satisfying (3). Examples such as the one above lead to the followin

conjecture

Conjecture : If bM contains a connected non-trivial analytic variety
then there exists a form o = ov with the property that no solution of

(2) satisfies (3).

If P& bM and P is a regular point of a non-trivial con
ted analytic variety V € bM then there exists a vectorfield L of degree
(1,0) defined in a neighborhood U of P with the property that L restric
to V is tangent to V.

Denoting by Tg’l(bbd) the space of vectors conjugate to
1 . .
T éo(bhi) ; we observe that all vectors tangent to V are contained in

1 .
TP’O(bM) + Tz;l(bM). In particular, since all elements of the Lie algeb

generated by L and L are tangent to V they are all contained in

1
T éo(th + Tg’l(bDD. This motivates the following definition :
Defintion : If P € bM and L is a vectorfield of type (1,0) defined o
1
a neighborhood U of P such that for each Q € UN b M, LQ €T éo(bDD th

we let fO(L) be the space spanned by L and L and for each integer k>0
p

we let

(19) Sk(L) = ck'l(L) + [ﬁk”l(L),£°(L)] )
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Ve denote by £§(L) the space of vectors obtained by evaluating all the
vector fields in ﬁk(L) at P. We say that L is of finite order at P if for

some k

1,0
P

0,

1
b (bM) ,

(15) ;:‘;(L) z 0% pM 4 T

Ve say L is of order k at P if k is the lowest integer for which (15)

holds and we say that L is infinite order at P if (15) does not hold for

any k.
The following a»e properties of the above definitions.

(a) The order of L at P depends only on the value of L at P, i.e, if
L and L' are two vectorfields which on bMare in Tleo(bhl) and if Lp = L£
then the order of L at P is equal tcv the order of L' at P. Thus we can

speak of the order of a vector in T;’O{bM).

1

P’O{DDD is of order k them k is odd.

(b) If M is pseudo~convex L ¢ T
(c) If M is pseudo-convex, then M is strong!y pseudo-convex (i.e. the
Levi form (5) is positive definite) if and only if each non-zero L€ Tp(bDD

for all P ¢ bM is of order one.

(a) All vectors in Tléo(bbﬁ ara f infipits order if and only if the
Levi form applied to every vectcrileld L has a z2ro of infinite order at

P.

These properties show that, in some sense , the notion of
order measures the convexity of bMat P. However, an example given in a
joint paper with f. Nirenberg {see [9]) shows that this convexity does

not imply the existence of separating holomorphic functions.

Definition : We say that subellipticity holds for the domain M if there

exists € > 0 and C > O such that
(16) ywi < CQ(y,9) for all ¢ € &,

where Q = Q, defined by (8), 2 is defined by (7) and || “e is the Sobolev

g~norm.
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An important consequence of this concept is that if subelliptic
ty holds then the unique solution u of (2), which is orthogonal to the
holomorphic functions, satisfies (3) (see [1] and [8]). We will now dis-

cuss under what circumstances this condition is satisfied.

The estimate (16) can never hold with € > 1. This estimate
holds with ¢ > %- if and only if the dimension of M is one, in this case
e =1 and Q is basically the classical Dirichlet integral. The estimate
holds with & = % if and only if M is strongly pseudo-convex.

The following conjecture has been proved for very large
classes of domains and the proof of the sufficiency in the general case

is almost complete.

Conjecture : Subellipticity holds for some ¢ > O in a domain M if and
only if for each P € bMand each L € Ti;o(bM), L Z 0,is of finite type.

Outline of proof of sufficiency : First we remark that the estimate (16)
is localizable, i.e. it suffices to show that for each P € bMthere exists
a neighborhood U of P, such that (16) holds for all ¢ € &N C:(Uﬂ M.
Next, subellipticity holds independently of the hermitian metric (this

is proved in great generality in [10]). The proof involves choosing an

appropriate basis for the vectorfield in Tl’o(bM) and the hermitian
metric is defined by requiring that basis be orthonormal. Let Ll""’Ln
be a basis for the vectorfields of degree (1,0) on a neighborhood U of

P € bM, such that

(17) Lj(r) =0 for j=1,..,n-1 and Ln(r) =1,
and define N by

(18) N=L -1L

Then for each P € UN bMthe vectors Lj; Ij for 1 £ j<n-1 and N}
1

evaluated- at P; are a basis of CTP(bM).Let W ,...,wn be the dual basis

of Ll""’Ln ; thus if ¢ is a (O,i)-form on U it can be expressed as

n .
(19) 9= T ¢, o



XXIV.7

The condition that ¢ € is equivalent to
(20) ¢, =0 on DbM.

In terms of the above basis for BTp(bM) the Levi form can be expressed

as follows :

n-1
o
(21) [Li,Lj] = cijN (mod .231 < (Lj)),
J._
cij is then the Levi form.
Now, if M is pseudo~convex we have the following estimate
(see [1D]).
n-1 n n-1
o "nWe 2 2 | 2
(22) b c..9.9.dS+ T Lo 1+l = Lool|®+lle |l
i,j=1 “pM I i,j= 1 T nil

< CQ(g,9), for all 9 € DN C (UN M.

o8] .
Let Xl,...,in_l be C functions such that Xl,...,in_l,

r form a local real C  coordinate system in a neighborhood U of P. If

u € CZ(U N M) we define the tangential Fourier transform by :

(23) (e, 1) - | - e 1% E L (x, r) ax,
] R
where
2n-1
F = (gl,...,§2n_1), X = (xl""’xzn-l)’ x.E = ? xjgj
and dx = dxl...dxzn_1

For each s € Rwe define the tangential s-norm of u by :

(20 oI = § oy J° (10 121D Geim) 12ar ar

The following estimate is equivalent to (16)

n 2n n
(25 ® T IH HI HI Ill < CQlg,9) for o € IN C(UNW.
k=1 j=1 k 0



XXIV.8

Establishing(25) is equivalent to bounding

2e ~1

(26) (Ng, T )

by the left hand side of (22), here T3¢ 1

is a pseudo differential opera-
tor of order 2e -1 on the hyperplanes r = const. which depends in a ¢
manner on r. The condition of finite order can be expressed as followé,

n-1

(27) L= % (.L,
j=1 R

L is of order k at P if and only if k is tne lowest integer such that
k-1

— 2 —
(28) (LL) © (¢ ¢, 6565 # 0.

In case there exists a basis Ll""’Ln such that cij = 6ij the conjecture

is proved in [7]. (such a hasis always exists if there is at most one eige

value that vanishes) . . We can also prove the conjecture if there
exists a basis Ll,...,Ln,non-negative functions fl""’fn—l and integers
Myyewesm 4 such that
2<% o8
(29) £ |C < T ec..C.C.
k'°k i,j=k ij °i®j
with
—— mk
(30) [(L, L) fk]P> 0
and
mk-p_mk-p+1
(31) LiLy Ly f, ~ 0

— m-p+l_m -p
k =k
Lij Lk fk _ 0

for j > k and p = 1,...,m_. Here ~0 indicates that the quantity can be

K
estimated by lower derivatives of the f.

As yet we do not know whether such a basis exists in gener
Towever, it is possi™le to construct one satisfying (29), (30) and whic

satisfies (31) only for p = 1 by use of the following lemma.
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Lemma : Let Ll""’Lk be independent vectorfields of degree (1,0) with va-
luesile;’O(bbD for P € bM, let €537 i,j=1,...,k be defined by (21i) and
f = det(c,.).
1]

Then if M is pseudo-convex and if all non zero vector fields

which are combinations of Ll""’Lk are of finite order there exists
n

=
L = £ a.L. such that [(LL) *f] > o.
j=1 9 J
In case of complex dimension 2 the necessity was proved
by Greiner (see [3]) and we expect that the same methods will give the

necessity as soon as sufficiency is proved in general.
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