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INTRODUCTION

In 1938 Sobolev [20] proved his famous imbedding theorem.
Let 1S$Sp<€®, m=0,1, 2, '+ and £ be a domain in
R satisfying a certain cone condition. We define the Sobolev
space wg(n.) by
(0.1) wg‘(p_)={xeLp(Q); Dk e LP(Q), IxISm},
where D% 1is the derivative in the sense of distribution. Then

his imbedding theorem is formulated as follows:

Theorem. (i) Let 1 £ p <p'< o . Then
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(0.3) wg(m C L

Originally Sobolev [20] proved part (i) under the restriction

that p > 1. Part (ii) is attributed to Morrey, Kondrashov,

Nikol'skii, Gagliardo, Nirenberg etc.

If we consider only integer m' 1in part (i), it is clear
y g P

that we lose some information corresponding to the remainder

m-—(p-1 -p'-l)n'-m'. On the other hand, it is known that the

!
imbedding Wg(SL) c c” () does not hold even if m' = m-n/p is



an integer. However, we may expect something better than the fact

m'-1+«

that WI;(D) ccC () for any « < 1 or that ws(n_) C wg:(ﬂ)

for any p' < 0.

A natural idea is to introduce Sobolev spaces of fractional
orders and complete the statements. A large amount of works have
been done in this direction. We mention in particular the works by
Nikol'skii, Uspenskii, Besov and Il'in (see Nikol'skii [16]).
Finally in 1961 Besov [2] obtained a satisfactory result in the
case where §. =R".

Russian school employs the theory of approximation by entire
functions. Shortly after, Besov's results were reproved by Taibleson
[21], Lions-Peetre [13], Grisvard [4] and Peetre [19] by completely
different methods.

We remark that in one-dimensional case the imbedding theorem
had been obtained by Hardy-Littlewood [5], [6]. Sobolev [20] does
not mention their works but the proof itself is very similar.
Interesting is the fact that Hardy-Littlewood already considered
Besov spaces.

Taibleson's proof may be regarded as a direct succession of
Hardy-Littlewood. In the latter three papers the imbedding theorem
is proved as an application of the theory of interpolation of Banach
spaces but some results from the potential theory etc. are employed
as well.

In this report we try to give a proof minimizing the potential



theory. Our proof is a generalization of Yoshikawa's treatment
[22], [23], [24] of the Hardy-Littlewood theorem. Since we use
semi-groups, our proof applies to domains §  with some cone

condition, while the papers mentioned above discuss only the case

H = Rr".



§1. NON-NEGATIVE OPERATORS.

A closed linear operator A 1in a Banach space X 1is said

to be non-negative if the negative real axis (-®, 0) is contained

in the resolvent set P(A) of A and if

(1.1) M= sup [A(A+A4) D) < .
O<A<

In this case we have also

(1.2) L= sup JACA+A) V|| € M+1< o0 .
0< A<

A non-negative operator A is said to be of type w ,
0€ w<Tm, if the domain D(A) 1is dense and if the resolvent
(§4-A)—1 exists on the sector { C #0; largl| < 71-u;} and
g(g-FA)-l is uniformly Bounded on the subsector {'g # 0;
larg | = T - w - 6} for any £ > 0.

If -A 1is the infinitesimal generator of a bounded continu-
ous semi-group T(t) of operators, then A 1is a non-negative
operator of type T/2. (The converse does not hold in general.
Ouchi [17] has shown that if A 1is a non-negative operator of type
T/2, then -A generates a hyperfunction semi-group.)

In case w< 1T/2, A 1is a non-negative operator of type
w if and only if -A generates a bounded analytic semi-group

T(t) of type T/2-w 1in the sense that T(t) 1is a continuous

semi-group of operators which has an analytic continuation to the
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sector {t; | arg t | < TT/2 -w} such that T(t) 4is uniformly
bounded on the subsector {t; larg t | & T/2 - w - 5} for any

€ >0 (Kato, Komatsu [7]).

Examples. Let X = Lp(]Rn), 1 £p<oo, or X be the space

BUC (Rn) of all bounded uniformly continuous functions on R".

(i) The translation semi-group T (t) 1is clearly bounded continuous
and A = - 9/9 sj is a non-negative operator of type 7/2.

(ii) The Gauss-Weierstrass integral T(t) 1is a bounded analytic
semi-group of type T/2 and A = -A 1is a non-negative operator
of type O. (iii)\ The Poisson integral T(t) 1is also a bounded
analytic semi-group of type /2 and A = \ITZ is a non-negative

operator of type O.

§2. REAL INTERPOLATION SPACES OF (X, D(A™)) AND (X, R(A™)).

We assume that A 1is a non-negative operator in a Banach

space X.

Let 0 <6 <o and 1Sr <P or r =6e-. Choose an
integer m > ¢ and define the spaces D;'(A) and R;-(A) by
2.1) pf(a) ={xex; A"A+4)H"x e Ly},
2.2) RI@ ={xex; A7(AM+8)7H"x e LI},
where L:(X) is the X-valued P space on (0, ©) with respect

to the measure dA/A and L:‘(X) is the subspace of L:(X)



composed of all f£(,A) such that
f(\A) >0 as )\ — 0 or oo.
D:(A) and RzkA) are independent of the choice of integer

m > 6 and form Banach spaces under the norms

¢ -1
2.3) x| = lxlg F AN @O+ T ) L
DT (A) L} (X)
- -1
2.4) =) =l + IN T+ 8) ) x|
R7(A) L (X)
In case -A generates a bounded continuous semi-group T(t),
we have
(2.5) DS(A) ={x € X; £ 7(1L-T(t)™x € LX),
(2.6) RE(A) = {xe X5 (e 1) ™ e LI},
where
t
(2.7) I(t)x = T(s)x ds
0
In case -A generates a bounded analytic semi-group T(t),
we have
(2.8)  0S@a) ={xex; QAT xe LI},
(2.9) Rg(A) ={xe X; T (t)x € Li(x)}.

It is shown that the spaces DEXA) and R:kA) coincide

with the real interpolation spaces of Lions and Peetre [13], [18]:

(2.10) DI(A) = (X, D(a™)

¢/m,r ’

(2.11) R7(A) = (X, R(A™)

c/m,r °’



where the domain D(Am) and the range R(Am) are regarded as

Banach spaces under the norms

(2.12) x| = + A%,
| \D(Am) X"X "x
(2.13) = |xll, + inf |y
"an( A™) =l A“Sr=x" llx

(Lions, Lions-Peetre [13] for (2.5); Berens [1l], Komatsu [9] for
(2.8); Grisvard [4], Komatsu [9] for (2.1); Komatsu [10] for (2.2),
(2.6) and (2.9)).

We define the operators A;, Aff and A:__P with the
. L F o P ’
domains Dr(A)’ Rr(A) and Dr(A) n Rr' by
o [ (m) f‘” o -1m_ g
. = + —_—

A
N -
(2.15) A‘ffx - r(_d")‘(rr})(nm) fo XAOA+a)™H x4 e cRen < 0,

o

(2.16) Ai’_rx = r(m[‘i‘)“Ff(lr)ﬁu) : Au(A(A+A)-1)m(>\()\+A)-1)nx§f\- ,
-f'< Re <6 .

Actually the integrals depend only on x and o« . We define

fractional powers A:, Af and Ai to be the smallest closed

extensions of A?, Af and A?;_ respectively. Ai etc. are

sufficiently large restrictions of A when & 1is an integer,

and they satisfy all properties that the powers of A should do.

We have

Rex(A)C Re «

&
(2.17) D, D(A}) € D% (A), Rex >0,
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(2.18) RiRe () c ™) cRr

-Re x
80 -

@A), Rex < O

Moreover, let 0 < Re« <6 . Then x belongs to D;(A) if and

-
only if x belongs to D(Ai) and A:(_x belongs to Dr Rex A).
In particular, write 6 =)+ T with VY an integer and

0<mT<g£ 1. Then we have

x € D.(A) &> x ¢ D(A”)  and
Noaor+a) HaYx e LI)
(2.19) _T
or t (1-T(t))AYxeLl(X)

or t_t(tA)T (t)AVx € L}.‘:(X) ,

where ( ) should be replaced by ( )2 when T = 1. Thus
in case =-A generates a bounded continuous semi-group T(t), x
belongs to Di:(A) if and only if T(t) x 1is ¥ times continuously
differentiable and the v -th derivative is Holder continuous of
exponent T 1in the sense of Lr (0 K T 1) or smooth in the
sense of Zygmund and Lr (t=1).

If A 1is a non-negative operator of type w and if
0 KX < mT/w, then A" is a non-negative operator of type o w

+

and we have

§ g
(2.20) Dr(Aj) = Dj (A)

6,0y _ oo
(2.21) Rr(A+) = R (A)

Most of the equivalence of (semi-)norms proved in Taibleson

[21] is a special case of the equivalence of (2.1), (2.5), (2.8),
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(2.19) and (2.20).

§3. INTERPOLATION OF NON-NEGATIVE OPERATORS.

Let (XO, Xl) be an interpolation pair of Banach spaces or
a pair of Banach spaces continuously imbedded in a Hausdorff space.

We write the real and complex interpolation spaces

= < q¢ = 00 -

(3.1) Xe,q (XO, Xl)e,q , 0<B8<K1l, 1€q¢€o or q =
(3.2) Xe = [XO, X1]9 , 0<6<1
(see Peetre [18] and Calderdn [3]). 1In general 6%* denotes
either 6, q or 6.

We assume that AO and A1 are non-negative operators in
XO and Xl respectively satisfying the following compatibility
conditions:
(3.3) on = Alx s X & D(AO) N D(Al) R

3.4)  O+apx=(+aD Tk, xeXx nX, 0 <A<®,

Then there is a unique non-negative operator A in

X = XO + X, defined by

1
(3.5) D(A) = D(AO) + D(Al) s
(3.6) Ax = onoﬁ-Alxl, X = xo-i-x1 € D(A0)4-D(A1).
We define the interpolation AG* of A0 and A1 to be the

restriction of A to the domain

(3.7) D(ag,) = {x e D) n Xy,; Ax e Xe*}'
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We have
(3.8) A+ag) = A+m) 7 x, , 0 <A<,
or the interpolation of (A-+Ai)-1. Hence it follows that AG*
is a non-negative operator in XG*'

If -Ai, i =0, 1, generate bounded continuous (analytic)
semi-group Ti(t)’ -AG* generates a bounded continuous (analytic)
semi-group TG*(t) which is the interpolation of Ti(t) unless

0% = 0, 00 .

§4. IMBEDDING THEOREM OF HARDY-LITTLEWOOD-YOSHIKAWA.

Let f3>0. A compatible pair (AO, Al) of non-negative
operators in an interpolation pair (XO, Xl) is said to be of class

Rf(xo, X)) if

(4.1) n<x<>\+A>'1>‘“quOsxx"uxuxl, x€ X, 0<AL®,
for some (all) integer m )»f and a constant K (Yoshikawa [22]).
The notation comes from the fact that every element x & Xl
behaves as if it belongs to RZKAO) except for the fact that x & XO'
We can prove the following in the same way as the equivalence of
(2.2), (2.6) and (2.9):
In case -Ai generate bounded continuous semi-groups Ti(t)’

(AO, Al) is of class Rf(XO, X if and only if for every x € Xl’

1)

I(t)mx is a strongly measurable function with values in XO and



.2y el <xeFpxy . xe X, 0<t<w.
0

1

In case -Ai generate bounded analytic semi-groups Ti(t)’

i [; . .
(AO, Al) is of class R (XO, Xl) if and only if

0t .

(4.3) ITcoxll, ke Fuxn, . xe X,
0

1

Theorem (Yoshikawa [22], [23], [24]). Suppose that (AO, Al) is

1
of class R (XO, Xl)’

(i) If & > ¢, then

& -
(4.4) pS(a) € D)5 (ap).

(ii) If 0 < 5'<,f , then

.
(4.5) D (a,) C X)-ofpx

(iii) If €= and r =1, then

-
(4.6) Dr(Al) c Xy

(iv) 1If 6 = f and r > 1, then

.
(4.7) Dr(Al)CXG,q for any 0<8<1l, 1sq¢g
and
4.8) hxl S ce Ay ,

X DS (A.)

eaq r 1

where the left hand side of (4.8) denotes Peetre's K norm in Xe q
b

(Peetre [18]).

Proof. Since D:XAI) C D:kA) a) Ri(A), we have by (2.16) the

identity
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&
4.9)  x = cj @O+ H A A+ D aaa,  x e pl@),
0

in X = X04-X1. We divide the integral into the one over (0, T)

and the one over (T, 60) and estimate each integral suitably

(see [12]).

. P ; < <
If (AO, Al) is of class R (XO, Xl) and if 0 & 90'< 91 <1

(6.-8,)
170 P(x X. .) (Yoshikawa

then (A, ., A ,) 1is of class R > -
607\ 617'\‘ eon 61 w

[22]).

Hence we have the imbedding relations as shown in the follow-

ing figure:
(Besov spaces) »D‘kA 5
////Z////////l S
1
)
7]
Q
3]
& K/////////// :
N
4
o
e
o]
4]
a.
o
2
X X
0 8,% Ko xr %y
(Lebesgue spaces and Lorentz spaces)
Let X, = BUCR") and X, = L' ®"). Then Xg is the
Lebesgue space Ll/eﬂRn) and X9 q is the Lorentz space L(l/e’q)GR
b

If n=1 and T(t) 1is the translation semi-group, we can

easily prove by (4.2) that (AO, Al) is of class Rl(XO, Xl).



Hence we obtain the imbedding theorem of Hardy-Littlewood.

If A= -A or -4, the estimate of the Gauss-Weierstrass
kernel or the Poisson kernel shows by (4.3) that (AO, Al) is of
class Rn/Z(XO, Xl) or Rn(XO, Xl)' Thus we obtain a proof of
the imbedding theorem of Sobolev-Besov in R". This proof is
essentially the same as that of Taibleson [21]. We note that the

case p =1 1is not exceptional in this proof.

§5. COMMUTATIVE FAMILIES OF NON-NEGATIVE OPERATORS.

According to Muramatu [1l4] two non-negative operators A

and B are said to be commutative if their resolvents are commutative

Let
(5.1) a=§a®, a0
be a family of non-negative operators commutative with each other.
We write
n C.. (-)
(5.2) pT(A) = N D I
r . r
j=1
when € = ( Gd} cee G'n) is an n-tuple of positive numbers and
1€r€<m or r = -
Suppose that
R T T A S T T N

satisfy the following properties:

(i) Either o<§k) =0 or Re otj(k) > 0



n ReoLJ(k)
(ii) 2_.\ =1, k=1, -, N
j=1 J
(iii) For each j =1, **+, n, there is an d(k) such
that Re o(.(k) = ¢,.
J J
Then we have
N (k) (k)
1)X (n)et es
(5.3) x, N p@M*T7 Ay - 2

k=1
(Muramatu [14], Komatsu [12], see also Grisvard [4]).

We assume that (XO, Xl) is an interpolation pair of Banach

spaces and that
IR CS IR CY
(5.4) A, = {AO , , Ay}

0
B0, a7}

(5.5) A

are commutative families of non-negative operators in XO and Xl
(3) (3) . :

such that AO and Al are compatible for every j.

Then, the commutative families A, AG and Ae of non-

b

negative operators in X, Xe q and Xe are defined in the same
way as in §4.

Let f = ( P1s " fn)’ fj > 0. The pair (AO, Al) is
said to be of class mf(xo, X,) if

m
(5.6) B g +a®)™H T oo (g +a™)y™h

x“

f ‘ P X0
1 n

< <

=< K)\l A, ||x||xl » X € Xy, 0< )Lj )

for some (all) integers mj‘> Fj and a constant K.

In case -Agé), i=0,1, j=1, ", n, generate bounded



continuous semi-groups TiJ)(t), (5.6) holds if and only if for
1 m
every x € X, I( )(tl) Lo I(n) (tn)mnx is a strongly measurable

functions with values in Xl and

m m
hee TP et e ™ e M),

(5.7) _ _
< Kt sbl---tjbnn X 0<t, <o
= ]_ n X"X]_ ’ X € l’ tj .

RO

In case i generate bounded analytic semi-groups Ti(J)(t):

(5.6) holds if and only if

. SR
(5.8) TP e ™ e xS ke Lo “uxuxl ,

0

x € X 0<tj<°0.

1’

Theorem. Suppose that (AO, A)l) is of class IRF(XO, Xl)' Let

s = (crl, "tt, 0 ) with a'j >0 and
n f

(5.9) K= —L.
“~ .
j=1 7]

(i) If K <1, then

(5.10) DY (A)) € Dlﬂl”‘)"'mo).

(ii) If « > 1, then

«
(5.11) DIAD C Xy _y

(iii) f k=1 and r =1, then

(5.12) D::(Al) c X,

(iv) If K=1 and r > 1, then



-
(5.13) DJ(A)C X » 0<0<1, 15q< e
and
-1-1/q+
(5.14) Ixll . < ce tTH/atl/T g,
Xk D% (A)
63q r A].

In the proof we employ the identity

(5.15) x-cf f '\T{(A(J)(z\ @) HM o o+, d—gld;\
0] 1 n
The domain of integral is divided into several parts according to
each problem. The proof is obtained by estimating the integral on
each part by an elementary computation (see [12]).
If (A, A) is of class RN (X;, X)) and if 0€0,< 6 S1,

60)9
then (AB %0 6 k.) is of class R

p
we have imbedding theorems between spaces Dr(Ab*)'

§6. IMBEDDING THEOREM OF SOBOLEV-BESOV.

Let SL be a domain in R" satisfying the following cone
condition: There is an open convex cone [' with summit at the
origin such that for every s € L s+ is contained in S

We may assume that " contains the first octant:
(6.1) ) és; s.> 0, j=1, -, n}.

Let X, = LN(SL) and X, = Ll(IL). Then we have for 1<p

0 1
< 0 and ].SCI‘SDO or q=°0-

6.2 = 3 p :
( ) Xl/p Xl/p,p LP (8L) Lebesgue spaces,
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(6.3) Xl/p,q = L(p’q)(IL) : Lorentz spaces.
We define for x € X = Lm(jl)i-Ll(Sl) and j =1, ***, n
(3) - ... e
(6.4) T (t)x(s) X(Sl’ , sj+-t, , Sn)'

The restrictions of T(j)(t) to Xi’ i =0, 1, form commutative
families of bounded semi-groups of operators. In X, = L7(R)
T(j)(t) do not possess the strong continuity in t but a similar
treatment is possible because they are the duals of strongly con-
tinuous semi-groups S(j)(t) in Ll(JL). We may also restrict
ourselves to BUC(fL.). The interpolation spaces DikAb) and XG*
remain the same if we replace L7(Q) by BUC(S) (see [11]).
Corresponding non-negative operators are the maximal restric-
tions to respective spaces of the differential operators
(6.5) a3 =573,
in the sense of distribution.

(1,1

A, Aj) is of class R ’."’1)(XO, Xl) because we have

(1) (n)
(6.6) I (eg) = - 1Y/ (e )x < Iix|
1 n HLN(.Q_) Ll )

We define Besov spaces on 93 by

s N ¢
(6.7) Bp,r(‘n‘) - Dr(Al/p) ’

-~

(6.8) B(p,q),r

-
() = Dr(A&/p,q)-

By (2.19) we have



S () p Yy
x| = |Ix|| + 2 0\, T -T57 () “x
BY .(2) tPea) jo1 3 L/p™] LE (P @)
n 60 ‘rd' -1 m. 1/]:'
(6.9) = Ix| + EZ{JQ t 'lZa( -1) ( )x(s4-kte ﬂ\ dt}
P j=1"o k LP (o)
V.
]
n 1 -r1: -1 BJx(s) 2 x(s+tei) r 1/r
~ x| + z,{f t |-=—; — dt} ,
P j=1"Jo s, ast L ()
where €. = V.+ T, with », € 2, 0< T, &1 and the last
J J J J J
} l| should be replaced by
V. Y,
V. ] J
3 Jx(s) ) 3 “x(s+ tej) 9 x(s+2tej) '
“ V- 2 v, + YR p
ds.J 9s.d s, LY (L)
J J J

Thus our definition of Besov spaces coincides with that of
Besov [2] when (L = Rr".
It follows from the proposition in §5 that if o= (6,6, *,8)

with & > 0 and if m >¢ 1is an integer, we have

_ o P%
(6.10) By (R = F7(Q), W (a)) gy

b
* cx *
where W (.Q_) is the Sobolev space éx e LP (L); Dx € P (),
joL )} £ m}. In particular, Bpo; r(.Q_) does not depend on the choice
oy

of affine coordinate system.

Combining the imbedding theorem of § 5 with a theorem of
Ly A(n)o(n

+ , Wwe obtain the

Muramatu [14] on the range of AL

following imbedding theorem.
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Theorem. We assume that 1 <pp'< ™, 1<q, q' € or

q, q'=DO-, lérér'éw or rér'é”” C=(6-1’...’6-n)
with c. >0 k = (k,, ***, k) with k, > 0 integer and
J b 1 n J =3
o ky
(6.11) 2. ? 1 .
j=1 73]
Let x € Bp*’r(ﬂ.) and set
(ki
(6.12) y = kl kn X
le s
n n k.
(L _ 1y L, = _1
(6.13) )“L‘ (P p| ) 2__4 0".+ 2__-4 5. ’
=t 3 3=l "]
2.'5 1
21 9]

(6.14) p"' =

i (1-p
(1) If m<1l, then yEBp.“ ().

" !
(ii) If m>1 or if m=1 and p'< w0, then g eI )

(iii) If MH =1, p' 6 and r =1, then ye€ BUC({).

(iv) If M=1, p' =% and r > 1, then y € LY(8),
p<ucx<®®
and
(6.15) sup w PNy S cm
p<uj Su<w L™ Bp*,r(n')

For details see [12].
In the case where 6 = (6,6, -, 6), .. r(,ﬂ_) is stable

under sufficiently smooth coordinate transformations, so that we can

prove the interpolation theorem (6.10) and the imbedding theorem
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for more general domains §L by piecing together domains satisfying

our strong cone condition.

Muramatu [15] gives a more direct treatment for general

domains JL .
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