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The purpose of this paper is to give a uniform presentation of

all known results about abs o lute ly-p- summing operators in. -Zr-spaces.

’ 1. ABSOLUTELY - ]2 7 SIJMM ING OPERATORS (cf. 11 

Let E and F be Banach spaces. We denote by the set of all

bounded linear operators from E into F. An operator T E Z(E,F) is called

absolutely -p-summing if there exists a constant p --- 0 such that

for every finite set of elements the inequality

holds. The set P of all absolutely-p-summin.g operators T E is

a Banach space with n.orm defined by

It is convenient to put

If 

j 2. THE e [8]). e

In the following let In be the Banch space of all n-dnnensional
r

real vectors x==(.) with the n.orm

A real Banach space E is called an i r-space if for every finite set of

E there exist operators 1 m r r
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such that

where the constant depends only on E. We note that our definition

is a slightly weaker than the defin.ition, of J. Linden.strauss an.d A. Pei-

czynski.

All function spaces L (S,£,p) are of type £ . The operators A an,d
r r

X can be constructed as follows. Given we find step
fun.ction.s such that !g J12. Then there exist

1 ’ 
m r 

" " i 1 r

disjoint subsets S , ... ,S 
D. 

with &#x3E; 4 such that the step functions’ 

l n. 1

x0 .,x 0 are lin.ear combinations of the corresponding characteristic func-111.1. m

tions f1’... ,fn- Now we define the operators A and X by

and

Then we have

and sin.ce X A fk = fk the estimate

holds.

Now we show that it is possible to reduce the considerations of absolutely-

p-summin.g operators in £ -spaces to finite dimensional In-spaces.
r r
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Proposition : : The following statements are equivalent : :

(1) There exists a constant c &#x3E;0 such that
. 20132013201320132013201320132013201320132013201320132013201320132013201320132013 

rs,pq 20132013201320132013201320132013

(2) L 
r 

and -space L s the inclusion
201320132013201320132013 s _j 20132013201320132013201320132013201320132013

holds.

Then.

and

Consequently,

If £-0, we obtain
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(2) - (1). Since the sequence space I , resp. 1 ~ , is of type X, r , -

we have

Consequently, by the closed graph theorem there exists a constant

c &#x3E;0 such that
rs,pq

Let us consider the operators

and

Then for every we have

§ 3. HISTORICAL 

The first result about absolutely-p-summin.g operators in. i r- spa-
ces goes back to A. Grothendieck [5] who showed in 1956 that all bounded
linear operators from an Z I- space into an. 12- space are absolutely-l-
su.mmin.g. A simplified proof of this importan.t results was given by J.

Lindenstrauss and A. Pejczy£ski [8]. 
’

In ., A. Pexczylnski [9] and A. Pietsch [11] proved that the

absolutely-p-summing operatot’s in Hilbert spaces coincide with the

Hilbert-Schmidt operators. This proof used Chintchin.’s in.equality for

Rademacher functions. Finally, D.J.H. Garling [3] determined the exact
value of the TIp-norm of diagonal operators in 12. "



XXIX. 5

Important progress was made in 1969, when L. Schwartz [13], [14 J~
[15J remarked, in. his theory of p-radonifying operators, that it is possi-

ble to use in place of Rademacher functions general sequen.ces of inõepen-

dant and equidistributed random variables. By his method S. Kwapien [7]
and P. Saphar [12] proved the fundamental theorems on. absolutely-p-summing

operators in 

A PBOBABILITY LEMMA.

For s £ 2 let’. 4sbe the probability measure on the real liiie

which is un.iquely determined by its characteristic functions

If 1 S; s  2 and 1 5 p  s or if s = 2 and 1 S; p  co then. the moments

exist (cf. [4]). s

Let i’ be the n-dimensional product measure 
s 

then the following pro-
s s

bability lemma It was used in functional analysis at first by
J. Bretagnolle, D. and tJ .D. Krivine [1].

Lemma : i .

proof : We consider on the probability space the independant
- - s

random variables

Then

A
is cliaracteristic function of f . 48

1 1
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Consequently, the random variable

has the characteristic function

The same characteristic function corresponds to the random variable

which is defined on the probability space j~R,~ J.
s

Therefore) the two random variables f are equidistributed and we

have

§ 5. ABSOLUTELY-p-SUMMING OPERATORS IN In-SPACES.20132013201320132013201320132013201320132013201320132013’-201320132013201320132013201320132013201320132013201320132013201320132013 
r 20132013201320132013

We begin the central part of this paper with some few lemmata.

Lemma 1 : Let If 1  s  2 and or if s = 2 and 

then

Proof : : It follows from the probability lemma that if xl’... ,xm E E then2013201320132013 
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Lemma 2 : Let If 182 and or if s = 2 and 
-- - Sf

then

Proof : t The main theorem of absolutely-p-summing operators (cf. [81, 
implies that there exists a measure 4 on the closed unit hall Un of 1

s s

such that

Therefore, it follows from the probability lemma that

Now we obtain the following lemma, which was proved by S. Kwapien [71, imme-

diately.

Lemma 3 : If 1s2 and or if s==2 and
- 

s ..- 
.. 

-... - ...-............. - -........" -. - -.-.-.... - ...- .-.-- ...".....- -. - .... ---

1 :S: then

In particular,

Proof : : Applying lemma 1 to T6 and lemma 2 to we
s s; 

*

obtain
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Remark (of G . Sunyack) : Let T E .® Then by lemma 3
~ si s

and from the inequality in the proof of lemma 3 we obtain the equality

In particular, if I 
n. 

is the identity operator of the Hilbert space ln
D. 2

then (cf. [3])
ji-

The next lemma was proved by J.S. Cohen. [2J and P. Saphar [12].

Lemma 4 : Let T E .r.(E, 1:). Then

Proof : If e 1, ... ,e are the usual unit vectors we have2013201320132013 1 n.

and

Consequently, if xl, ... ,x~ EE then.
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The proofs of the following propositions are obtained by different combi-

nations of lemma 3 and 4.

Proposition 1 : Let I

Proof : Applyin,g lemma we obtain

On the other hand by lemma 3 in the case ls2, and by lemma 4 in the

case s = 1,

Theorem 1 (P. Saphar [ 1 2 ] ) 1 Let F). If 2  r  oo and 1 ~ p  r~ then

Proof : Without loss of generality we may assume that the Banach space F

has the extension property. Consequently (cf. [10J), for all e&#x3E;0 there

exists a factorization

such that

Now it follows by proposition 1 that
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!

Proposition 2 (S. Kwapien [7J) : :

Proof : Applying lemma 3 to 1) and lemma 4 to
.. r 

a 2

obtain

we

The case r= 1, which is not dealt with in proposition 2, is identical with

the fun.damental theorem of A. Grothendieck [5].

Proposition 2G : Let ’
w,rwrr rrrwwwrrrwmrrrvsmrr rwr

Then

Remark : If the constant cG is the best possible then.

rheorem 2 (S. If r = 1 resp. lr2, then- 

r 
...........

Proof : For all e &#x3E;0 there exists a factorization
iwllAwwlIwWw

such that

Now it follows by proposition 2 that
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The proof in the case r = 1 is the same.

Proof : Applying lemma 4 to and lemma 3 to

obtain.

Theorem 3 (S. Kwapie 1 [7]) : Let If l.s2 and then

Proof : If we define the operator by
2013201320132013 1 m 2

Then

Con.sequently, by proposition 3 we have

Because of symmetry it st,ems very probable that we have : 1
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Theorem 4 (CONJECTURE) : : Let then. wi th a
"""’"’’" ’ 

constant c &#x3E;0,
201320132013201320132013 s,pq 

"

Finally, we illustrate the results in. the following diagrams where the ordi-

nate is a symbolic measure of the largeness of P p (L r 
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Remarks : :

(1) If the , spaces L r and L s are infinite dimensional then. 1/11 means that

P (L ,L ) is strictly increasing (cf. part II).
p r s

(2) P (L ,L depends continuously on p if and only if it is constant ?ince
,P r s

D Miarcy proved, assumiiig approximations property, the following results.
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