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XXIX.1

The purpose of this paper is to give a uniform presentation of

all known results about absolutely-p-summing operators in £r—spaces.

$ 1. ABSOLUTELY-p-SUMMING OPERATORS (cf. [11]).

Let E and F be Banach spaces. We denote by L(E,F) the set of all
bounded linear operators from E into F. An operator T € £(E,F) is called
absolutely -p-~summing (1.§;)<°O if there exists a constant p 20 such that

for every finite set of elements x ceXp €E the inequality

17

(£ P17 s 0 eup (T [<x,a>[P)P
! lallst 1

holds. The set PP(E,F) of all absolutely-p-summing operators T € £(E,F) is

a Banach space with norm defined by
n_ (T): =inf o
,(1)
It is convenient to put
© (E,F): =&(E,F) and n_{T%= 7l
If 1sp<q<= then

Pp(E,F)Cqu(E,F) and np(T)an(T) .

¢ 2. THE £ -SPACES (cf. 8l).

In the following let 12 be the Banch space of all n-dimensional

real vectors x = (§i) with the norm

} 1r

HxHr: ={§!§i§r for 1<r<® and Hme:= s?p igi\ .

A real Banach space E is called an ir—space if for every finite set of

elements x ..x €E there exist operators A EJXE,lg) and X Ed&li,E)

10"
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such that

Ix; -XAx, |1 for i=1,...,m ana [X[|Af sec, ,

where the constant g 21 depends only on E. We note that our definition

is a slightly weaker than the definition of J. Lindenstrauss and A. Pel-

/o
czynski.

All function spaces Lr(S,Z,u) are of type £r' The operators A and
X can be constructed as follows. Given Xpseme X ELr(S,Z,u) we find step
..,xgéELr(S,Z,u) such that “xi"ngh-Sj@' Then there exist
.,Sn‘éilwith u(Si):>O such that the step functions

functions xg,.
disjoint subsets Sl"'

o o . . . . ..
xl,...,xm are linear combinations of the corresponding characteristic func-

tiong f_,...,f . Now we define the operators A and X by
1 n

Ax = (87 [ x(e) 1,() au(e))
and

-1/
x(g,) =25 u(s,) RS
Then we have
lafl = x|l =1

and since XA fk= fk the estimate

[, -XA x|l < !|xi-x‘i’l!+ HXAx‘i’ -Xax |1

holds.

Now we show that it is possible to reduce the considerations of absolutely-

. . . . . n
p-summing operators in Sr—spaces to finite dimensional lr—spaces.
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Proposition : The following statements are equivalent

(1) There exists a constant ¢ . q_:>0 such that
T) < £(1* 1" =
np(T) crs,pqnq(T) for all T ¢ (lr,ls) and n=1,2,

(2) For every Er-space Lr and every fg—space Lq the inclusion
Pq(Lr,LS)CPp(Lr,LS)
holds.

Proof : ( (2) Let T€R (E, F) and xl,...,x €E. Then for all £ >0 there

!

exist AG.SZ(E 1t ) xe£(1n E), Be £(F,1 ), and YeLu ,F) such that

g - Xaxllse, IPx -Y 1 xllse, Ilial sep, ana f¥ll Bl sep

Then
Hrx. | sllTx, -YBTx ||+ [[YBTx. ~YBTXAx_ || +|YBTXAx,]|
1 1 1 1 1 1
< £(1+cFHTH)+ “YBTXAxiH ,
{Z‘]YBTXAX ilp’“’«n (YBTXA) sup {T|<x, a>lp}%
iade. i
and
n (YBTXA) < vl (BTX) IlAHSch,quYI’;nq(B TX) [ja]
< g, pq MBI R () I fIAll < e o e epm (T)
Consequently,
| # ¥ i
I|P1¥p i P . pyip
{IZHT XiL‘ } S'E(l"'ch ”)m +CI'S pq E F q(T)Ha r(pl {12‘<X 7a’>l }

If #=0, we obtain

1 (T) <¢ T and T 9 (E,F
o(T) 1 (1) an L (E.F)

rs,p} ‘E°F " q
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o

(2) »(1). Since the sequence space 1r’ resp. ls’ is of type £r’ resp. £

we have
Pq(lr,ls)cb”p(lr,ls)

Consequently, by the closed graph theorem there exists a constant

c >0 such that
rs,pq

ﬁp(T) <S¢

rS,pqnq(r) for all Tqu(lr.ls) .

Let us consider the operators

Qn(glr"'ygn"") : =(§1!"°’§n>
and

Jn(gl"")gn)z=(§1,--.,§n,0,...)

n ;n X
Then for every T GJXIr,ls) since T-Qn(Jni7Qn)Jn we have

(T) .

np(T)SHP(JnTQn)Sc n (J TQn)SC

n
rs,pq q n rs,pq q

§ 3. HISTORICAL REMARKS.

The first result about absolutely-p-summing operators in ir—spa«
ces goes back to A. Grothendieck [5] who showed in 1956 that all bounded

linear operators from an £1-space into an f_-space are absolutely-1-

2
summing. A simplified proof of this important results was given by J.

Lindenstrauss and A. Pelczyéski [81.

In 1967, A. Pelczynski [9] and A. Pietsch [11] proved that the
absolutely~p-summing operators in Hilbert spaces coincide with the
Hilbert-Schmidt operators. This proof used Chintchin's inequality for
Rademacher functions. Finally, D.J.H. Garling [3] determined the exact

value of the npmnorm of diagonal operators in 12.
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Important progress was made in 1969, when L. Schwartz [13], [14 ],
(15 remarked, in his theory of p-radonifying operators, that it is possi-
ble to use in place of Rademacher functions general sequences of indepen-
dant and equidistributed random variables. By his method S. Kwapieﬁ 7]
and P. Saphar [12] proved the fundamental theorems on absolutely-p-summing

operators in £r—spaces.

§ 4. A PROBABILITY LEMMA.

Tor 1£s8<2 let i be the probability measure on the real line

which is uniquely determined by its characteristic function

olel® o iap
. IB' du (8)

If 1<£s<2 and 1<sp<s or if s=2 and 1 €sp <« then the moments
c ot = &[ ‘B‘pd m (B)}y®:>0
sp R s
exist (cf. [4]).
Let ug be the n-dimensicnal product measure of My then the following pro-

bability lemma holds. It was used in functional analysis at first by

J. Bretagnolle, D. Dacunhe-Castelle and J.D. Krivine [1].

Lemma : If v €If) then

L] l<y.0>[Pa SIONCETIN M

Proof : We consider on the probability space [Ep,pgl the independant

random variables

fi(b): =Bi for i=1,...,n

Then
, s
}i(a) - e*‘“l

A
where fi is the characteristic function of fi.
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Consequently, the random variable

£(b) : =<y,b>= z 7 fi(b)
i

has the characteristic function

£(a) - e—llyllsla! .

The same characteristic function corresponds to the random variable

9o(8) : =llyll 8

which is defined on the probability space [R,us] .

Therefore, the two random variables f and ¢ are equidistributed and we

have
[ o I oo aul(e) = [ o[ (ol 2 -

& 5. ABSOLUTELY-p-SUMMING OPERATORS IN 11;-SPACES.

We begin the central part of this paper with some few lemmata.

Lemma 1 : Let T€£(E,12). If 1<s<2 and 1sp<sg or if s=2 and 1sp<«=

then
NUEEeS N e PION

Proof : It follows from the probability lemma that if xl,...,meE then
{;': Iz xillz}‘/p - c;; {jmn z |<Tx; b>[Paul(p) ke

scnl{j HT'prdun(b)}l/p sup {Z‘!<x.,a'>|p}l/p
sp "dpn s lallst i *
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Lemma 2 : LetTEi"(lz’,,F). If 1<g<2 and 1<p<s or if s=2 and 1sp<o

then
i LIt xPaul® e )

Proof : The main theorem of absolutely-p-summing operators (cf. [8], [11])
implies that there exists a measure yu on the closed unit hall Uz of 12

such that

T x| < {] |<x,a>lpdu(a)}ybfor all x€E and u(Ug)yb=1t(T) .
LY P
Therefore, it follows from the probability lemma that

{J';HHT x|[Pa w2 (x) ¥ S{jBn {2 |<x,a>|Pau(a) au(x) }%
}]/p

: P 1P ]
<y Sep lall] @ u(a)
S

Sc¢c W (T) .
Sp P

Now we obtain the following lemma, which was proved by S. Kwapieﬂ (7], imme-

diately.

Lemma 3 : Let TE-?l(E,lxsl). If 1<g<2 and 1<sp=<q<s or if s=2 and
l=psg<x then

-1
T) s (1) .
n(T)ge ey (T

In particular,

np(T) < nP(T') .

Proof : Applying lemma 1 to T E£(E,12) and lemma 2 to T'ES(lg,E') we

obtain

np(T) SC;;{IBP‘HTvap;iug(b)}Lp

-1
T

op (T

-l¢¢ q o 0 Vg
SCSP{JHD “T'b‘l dps(b)} ~CSqC
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Remark (of C. Sunyack) : Let T E.ﬁ(lg',lz). Then by lemma 3

T) = T
R (0) =5 (1)
and from the inequality in the proof of lemma 3 we obtain the equality
- .-l P _ -1 P ¥
ip(T) = egp [ T plPau ()1 o] {j e x[®a wl() 3

In particular, if In is the identity operator of the Hilbert space 1?,
then (cf. [3])

‘n.+ 14)
1) - r%R) r(;i:>)

y 1
\r(3) (52

The next lemma was proved by J.S. Cohen [2] and P. Saphar [12].

Lemma 4 : Let T €£(E,12). Then

r (1) =7 (1)

b

Proof : 1If e yee-,e are the usual unit vectors we have
IIT st = {15;] |<TX,ek>]S}l/s= {E |<X,Tvek>‘s}3/s

and

{ZHT‘e HS}I/SS'HZ T') sup {Zl<y,9 >ls}1/s=ns(T')
yll =<t &

Consequently, if X oeoosX €E then

(zllx, I3 = (2 fox 1o > 0%

<zl SEA e, <y o) Ve

<7 (T') sup {2|<y >‘s} s
lalls1 i
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The proofs of the following propositions are obtained by different combi-

nations of lemma 3 ané 4.

Proposition 1 : Let T€£(1I;,lrsl). If 2<r<e, 1$g<2, and 1<p<yr' then

-1

TEl(T) . cr'p Crr1 np(T)

Proof : Applying lemma 3 to T' €£(12' ,12') we obtain

-1
1
Tt1(T )Scr'p €y 7Ep(T)

On the other hand by lemma 3 in the case 1<s<2, and by lemma 4 in the

case s=1,
. < ‘'t
111(’1‘) nl(T )

Theorem 1 (P. Saphar [12]) : Let Tes(li ,F). If 2<r<woand 1sSp<r' then

-1
nl(T) = cr'p “ri1 np(T)

Proof : Without loss of generality we may assume that the Banach space I
has the extension property. Consequently (cf. [10]), for «l1 € >0 there

exists a factorization

p A m Do Y
such that

lall <1, lyllst, ana np(D) snp(T) + €
Now it follows by proposition 1 that

| -1 -
el r, (D A) < Crrp Cpr1 np(DA)

IA

"y (1)

N

-1
Crrp Oprt [np(T) +e ]
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Proposition 2 (S. Kwapien [7]) : Let Te(17,15) . If 1<r<= then

-1
14(T) Segpn epy 1 (T)

Proof : Applying lemma 3 to TE£(13,1;) and lemma 4 to T'GS(lg,lg,) we

obtain
, -1
nl(T)chr, o1 nr,(T') and nr,(T')Snr'(T)

The case r=1, which is not dealt with in proposition 2, is identical with

the fundamental theorem of A. Grothendieck [5].

Proposition 2° : Let T€i(1],13) . Then
1, (T) < e Tl .

Remark : If the constant ¢, is the best possible then

G

1/2 < ¢, < sinh n/2

G

Theorem 2 (S. Kwapieﬂ) : Let TEI(I:,F) . If r=1, resp. 1<r<2, then
-1
ml(T) < cg nz(T), resp. nl(T) Scy 1 € ng(T) .

Proof : For all £ >0 there exists a factorization

n A m D m Y
T:lr———> lm———--:-l2 — F

such that
lall=1, Jills1, ana n,(D) sny(T)+e
Now it follows by proposition 2 that
1

n, (1) s HYHnl(DA) Sey €5 nr,(DA)

-1 -1
Scopr €31 Ma(DA) Seypy op) [1y(T) +¢]
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The proof in the case r=1 is the same.

Proposition 3 : Let Te.ﬁ(lg,lz) . If 1<g<p<= +then

. -1
ns(T) Sc2p L np(T) .

Proof : Applying lemma 4 to T¢ £(1x2",12) and lemma 3 to T'Eﬁ(lg,,lg) we

obtain

. -1 )
nS(T)snS(T') and nS(T')Sczpczsnp(T) .

4
Theorem 3 (S. Kwapien [7]) : Let TG-L(E,IISI) . If 1<s<2 and 2sp<o then

-1 .
nz(T) S5, Cag np(T) .

Proof : If Xl""’meE we define the operator Xe.ﬁ(l];,F) by

X(gi) :=TE. x. .

Then

X[l = sup {Z|<x a>‘~}1/2
lallst 1

Consequently, by proposition 3 we have
2,12 2
(sl x, 1272 - (zlrxe, 2302
i i

SKZ(TX) sup {L‘<p >‘2}1/2

lelly=t s
< ns(T X) chp céi RP(T X)

x (1) swp {Z]<x, a>|21%2

“2p e lallst i

Because of symmetry it seems very probable that we have



Theorem 4 (CONJECTURE)

constant ¢ >0,
s,Pq

Let T€ £(E,1 )

np(T) <ec

8,Pq
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If 2<s<psq<o then, with a

n(T) .

q

Finally, we illustrate the results in the following diagrams where the ordi-

nate is a symbolic measure of the largeness of Pp(Lr,Lq).

Pp(Lr,Ls), 1<rs2, 1<s<2 Pp(Lr,Ls), 1sr<2, 2<gs<o
N A
Th. 2 Th.3
)= - — " -
! ! . P 4+ } = P
1 2 1 2
Pp(Lr,Ls), 2sr<e, 1<g<2 $}(Lr,Ls), 2sr<w, 2sgs<e
\ \
Th.4
Th.3
Th,1 Th.1
P
D) i i A a
t i =D + 3 ! > p
1 r' 2 1 r' 2 8
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Remarks

(1)

(2)

If the spaces Lr and Ls are infinite dimensional then 'Y/" means that
Pp(Lr’Ls) is strictly increasing (cf. part II).

pp(Lr,Ls) depends continuously on p if and only if it is constant =ince

~noo

5. Maiurey proved, assuming approximations property, the followingresults.

= = <eg<
1f Pp(E,F) N Pp+8(E,F) then Pp(E,F) PP+E(E,F) for 0<e<e
e>0

o ’ = 0 N [ = < < g

If bp(E,F) U Bp_g(E,F) then G%(E,P) PP_E(E,F) for 0<e<e

e>0
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