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Séminagire DELANGE-PISOT-POITOU 12-01
(Théorie des nombres)
18% année, 1976/77, n° 12, 8 p. 17 janvier 1977

SPECTRAL PROPERTIES OF ARITHMETIC FUNICTIONS

BY Teturo KAMAE

The purpose of this talk is to investigate the spectral properties of arithmetic
functions, particularly of functions on digits to some integral base q > 2 . There
are preceding works on this subject by S. KAKUTANI [57, [6], M. MENDES FRANCE [8],
[$], H. DABOUSSI and M. MENDES FRANCE [4], J. COQUET and M. HENDES FRANCE [2] and
J. BESINEAU [17]. Some parts of results here are proved in a joint work [3] of the
lecturer and M. MENDES FRANCE and J. COQUET.

l. General theory.
For an arithmetic function «o € QE-, the Besicovitch norm is defined as follows
R 1 n-1 2 %_
o = (e 2y [ADIDE
By 8 and T , we denote the class of «€ QE- such that ||| << and |o|| =0,

respectively. It is known that the normed linear space (B , || ||) , which is de-

noted by B and called the Besicovitch space, is complete and hence a Banach space.

T denotes a shift on _QE . Note that T on 8 is a contimuous linear operator

which is bijective.

By ® , we denote the class of @ € B for which the correlations

n-1
, 1 . :
Yo(w) = Um 22, 5 (5 + n) A7)

exist for all m € Z . In this case, there exists a unique measure Ad on T = E/Zb

which we call the spectral measure of « , such that

ya(m) = JT e(mk) dAa(h)

for any m e Z , where e(x) = exp(2ﬂix) . We can construct Aa directly without
using correlations. Let Ag be the measure on T such that
n-1
n 1 . . 2
dAa(X) = 3-12520 a(J) e(- Jk)l da .

An easy computation shows that

lim JT e(mA) dAg(x) = y,(m)

o~

n .
for any m € Z . Hence, Aa converges weakly to A, 88 n-—>=, For two measures
(by measures, we mean positive finite Borel measures unless mentioned otherwise)

P and Q on T , the affinity p(P , Q) is defined by

p(P’Q)ij\/;T‘?;- %‘%dR!

where R is a measure with respect to which P and Q are absolutely continuous.
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It is clear that this definition does not depend on the selection of R . It is

knovm that if Pn-—e P and Qn-a Q weakly, then we have

T, e(P , Q) <0e(P, Q).

n—e

Thus, if o, pe ® , then

o8y, AB) > T, p(A AS)

n-oe n

. 1 j SETE . Zn-l o s .
=T, 7 dp 1250 o3) el D2y o 8(3) el=xA)| an

n-1
> Tinm ilJT ZJ.:O a(3) e(- 3\) Zk—O e(kA) dal

~

= 1in | oz(j) Ei6)

n—o n
THEOREM 1 [3]. - For oz , Be ® , we have

T+ | 520 a(g +m) B(F)] < p(A AB) for any m€ Z .

n—roon 4

In this theorem, let B(n) = e(An) (V n € N) . Then, since AB = 8, , we have
the following corollary.

COROLLARY [3]. - For ae® and Ae T , we have

T, 2 17, o3) e(- )] < a(DnE

Note that p(P , Q) =0 is equivalent to that P and Q are singular to each
other. For @€ ® , let H(a) be the closed subspace of # generated by

{Tm o3 meE Zﬁ . It is easy to see that H(a) is a separable Hilbert space with

the inner product

(M, ¢) = lim 2.0 n(a)"(“f

which always exists as long as 1T, ¢ € H(a) .

n—e Il

Suppnse that Aa and AB are singular to each other. Then by the above theorem,
we have (Tm o, Tz B) =0 (V m, &€ E) . Hence, H(a) v H(B) .

Moreover, there is a complete characterization of the property that Aa and AB

are singular to each other.

THEOREH 2 (A. N. KOL:OGOROV [7]). - Let o, pe ® . Then, A, and ./\.B are sin-
gular to each other if, and only if, H(«) L H(B) and o€ H(a + B) .

For a signed measure P , we denote its total variance by ||P]

« Note that

Al = Ha“2 for any @€ ® . Let «, B € ® . Then,

Ing - Agll < < Lo g - A5 = ;;:; T H Z a(3) e(- 5M)|°- l3§o 8(3) e(- 30)]% 4

sustl | z (a(3) = 8(3)) e(c I al3) o= W] + |2 8(3) e(= 7)]) ax
n—e =0 j=0
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n—e ~

n-1
< Lim( —J | Z (a(3)-8(3))e(=31) | d\)z lj (t a(j)e(—jk)M S a(3)e(=30)])? d?\)ﬁ
j=0 =0 j=0

=1 n=1
< vimflo - sugﬁJTu’fﬁO a(3) (-0 1% 2 4(3) e(=30) ) an)E= (o - b 2l 2Bl
n—e ~ J= J=

THEOREH 3. - Let a €O (n=1,2,...), € 6 and lim olle =l =0

Then, we have o« € ® and limnquAa 0 .

Mg |l
n

2. g-multiplicative functions.

Il

Let q >2 be an integer. Let e&(n) (k =0, 1,2, +..) be the digits in

g-adic representation of nelN .
oo

n (ei(n)ﬁ:—{o;lr""q.”l};k=071’2"")°

Zyo (0 @

Let ¢ = (cO » C1 2 Coy ...) be a sequence of real numbers. Let

[ee]
() = o5y o o2m)  (Tne) .
Then, it is known [ 2] that . € ® . Using the relation that gc(nq) = ch(n) ,

where Tc = (c1 y C .) , it holds for any continuous function f on T that

n—eo

9 oo
" |

= 13 q
J.T_ £ dl\gc = 1lim .'1:. f dA;C

il

o
vn_ Jp 1) 5 15, ¢ () o= )I°
-~ q

q-1 qn—l_1

- sim Iy 200 2100 o0 - WP 1550 T a0 el @

ol T

-1 -1
lim J £(n) L IZ?_ e(3(c. - A))|2 L and (q))
T q '73=0 Y q

s Cro
[ -1
ain_ gy 200 S5 15 elileg - MNP an, (an)
~ q Tc
Hence, we have
¢ ()
T"‘(‘X‘)‘ "g | e(j(co - MI?
Thus,
n—l Zq—l . kyy|2 n
Gc({?\}) =1 2 12, o eliley = AN 2 . ({a” A}
TC

for any n=1, 2, «.. Since

AL (W) <h (@)=l 1P=1,
cTn ) En Jngc!
(¢} T C

we have | - _ . l qn-l
A (U\}) lin o Theo 3 lZJ_O e(ileg = M N =1im = 12,5 ¢,(3) e M) .
q

Considering the corollary, we have the following theorem ¢

=

l
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THEOREE 4 [3].
ol Lo k i
g (DR =Tl 51250 oGleg = 2Dl =T

J

sin ﬂq(ck - qu)

q sin Tr(ck - hqk)

[oe]
Suppose that Zk=0 Hck - hqu2 = ® for any A€ T , where for x € R,

x| = minne% |x = n| . Then it follows that

ol

sin ﬂq(ck - qu) \

[ee]
Ao (ADE =11 _
S ﬂk_o q sin n(ck - hqk)
for any A e T . Thus, A(a is continuous.
c
lioreover, it can be proved [3] that Ag is singular with respect to the
c

Lebesgue measure.

K2 < » for some A, € T . It holds that

o)
Now suppose that Zk:O “Ck - KO q 0

-1 .
S oA 5 5 bl
D R )

s (5

v

el0,1/q) 3=0

I

R J . k
sin mgle, = A - = @ gin mglc, - A 2
alc, U e ale, = M)

q sin ﬂ(co - A --%)I k=1 'q sin n(ck - qu)’

(o]

5 sin ﬂq(ck - Aqk) 2

E[0,1/q) k=1

. k
q sin ﬂ(ck - A )

= 2 A DI, .
NE[O,l/q) AQTC({ q}) ET Ach({k})
Since

© sin (e, - Aj qk) 2

q sin Tr(ck = A qk)

= lin_ 4 ({2, )

N
TnC
S ——nllm —co Z)\G"I;" AL., 0 ({)\})
TC

RS limnqw Ziel Ag o ({x)) <1,
TC

we have

ZNEgl Acc({?\}) = lim Z}\E.T~ A . ({A}) =1 .
TC

Since Ag (T) = 1, this implies that Ag is discrete.
(] (o]

THEOREM 5 [3]. - A is either discrete or continuous and singular corres-
[o0]

Ce
ponding as Zk:O lley = quHZ < ® for some A€ T or not.
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3. lMutual singularity.

co

Let Sq(n) = Zk—o e&(n) be the sum of digits. Denote f)\(n) =e(hl) for A€T
and ne€ N . Itisknown [1] that H(f, ° sp) i H(fﬂ o sq) if (p,q) =1,
(p-1)A¢ 2 and (q- 1)N ¢ Z . Ye can prove further the following theorem.

THEORE:! 6. — If (p, q) =1, (p-1)A¢ 2 ana (q - 1)N& 2, then Do s
1L 4 and 22 By esy

and A are singular to each other.

f-}\°Sq

Sketch of the proof of theorem 6. - Let

cC
-k
Fy(n) = ﬂk:O cos Ty .
Then, it is known (H. G. SENGE and E. G. STRAUS [10]) that T 2(n) Fq(n) — 0
Y
(n =» @) . We can assume that q is odd. By Tq(n) , we denote the greatest number

j such that there exist integers 0 <k, <k, < ... <k,. satisfying ed (n)>0

1 2 2] 1«:21__1
and e;“z (n) <g=-1 for i =1, 2, «so 5 J » Since
2i
. - 2m 24
lnfm>x; Ilp2(P - P )I >0,
we have
. 2m 24 )
1lmm-*°°,a2—»°°,m>x) Fq(p -p¥) =0,
It follows from this that
. 2m 24
llmmﬁw,z—m,m%é Tq( - ) ==
We can prove, using this fact, that
. ' 2m 24
llmm—'°°,b~*¢°,m>£ anos ( - ) =0 0
Then it follows that
1 N pZn
lm-N—aco “ﬁ ZI_l:l T (f'n ° Sq)“ =0.
On the other hand, we can prove that
1 N p2n
w2, T (£ e sp) -k £, ° SPH =0,
where )
(p = 1) e(pr)
K = O .
el o= DN =17
Thus we have
1 ZN L2n
lime “T\ﬁi g T (f}\ ° sp + f,Pl ° sq) - £, ° SPH =0,
hence f, oS € H(f, o S_+ f. ° 3 ) . By theorem 2 and the fact that
A p AoTp o T Tq
H(f)\' ° Sp) L H(fﬂ ° Sq) , we conclude that A, .o and Ay o are singular to

each other. AP 17

Problem, - Let

o () = o(%, o < odn))
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and ©
- _ q
gd(n) - e(zk=0 dk ek(n)) 'm
We can prove that H(g ) 1 H(gy) if, and only if, 2 [ley - &% <. But ve

9

do not know whether this condition is sufficient for the mutual singularity of A

and A or not, ¢

Cq

4, Almost periodic functions.

Recall that « E_QE is called an almost periodic function in the sense of
Besicovitch if it belongs to the closed subspace © of & generated by {fh; AeT},

By theorem 3, if o€ @ , then o€ ® and A, is discrete.

o
Let
Co(n) = o5 o eg(n) .
THEOREM 7. - Cc is almost periodic in the sense of Besicovitch if, and only if,

there exists A € 2_ such that

@ k2
Zkzo Hck = Aq H <@

and that

N
2o (o - )

converge modulo 1 when N - ®

Proof. - Suppose that QC is almost periodic. Then AQ is discrete and by

theorem 5, there exists A€ T such that ¢

[oe]
k||2

Zk=o Hck - Al <=

Here, we may assume without loss of generality that Hck - hqk“ = ]ck - qu] for
k=0,1,2,o».

Take 4 € N such that Ick -‘qul <1/q forany k=4 , 4+ 1, ... Since
(n) = gc(nq”) (Vne g) y © is also almost periodic.

-~ b

c TC

Hence, the immer product (g P fA) exists. Therefore,
Tc

g

-1
, . 1Ly . :
(Q 4L ° f}‘) = llmn—voo-ﬁz']-—o G 2 (J) e("' J)\)
TC < TcC
=Tl

1 . k
sin ﬂq(ck - )\qk)

q sin ﬂ(ck - hqk)

® -1 k
=Ty e(Gm—ey - 1))
‘exists. Since K
«  sin nq(ck - Aqg )
=4

q sin n(ck - qu)

exists and is not O,
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X =)

Mg e(3‘5‘£ ey - M) = ey g_%_L ey - M)

should exist. That is to say that

ZK~O 3—:—3‘- (c - Aq ) converge modulo 1 when N—®,

Since Cp = )\q — 0 (k—» «) , this implies that Zk—O Cy = }\q ) converges

modulo 1 when N —» « , Conversely, suppose that there exists A € T such that

* k
ZK=0 Hck - Agff <

and
ZK—O (ck - )\qk) converges modulo 1 when N —> = ,

tlere, we assume without loss of generality that
, k k
lley = Al = ley = Aq| (k=0,1,2, ..

Let

N-1 K
ozN(n) = e(An + %(:0 (ck - A\ ) e%(n)) (Vnen) .

Since o is almost periodic, it is sufficient to prove that |l = OLNH -0

(N —-9 ®) , We have
M

-1 M-1

a
o= ol < a T Bp T 11 - oy oy - 2 SGODI

M
-1 M-l
1 Ky q(.y)2
< 2rq Timy 4 5=0 Py (o = 2a) e (3)]
OM— il=1

4mn%mffﬂ<@”.k-wm%m-i%m2

M-1
L CAEp el

- 1,2 k|2
can ¥ g (5-95H2T ey - ad"
M-1
- g -1 kyj2
+ 4mq lim, ”21{:1\[ > (ck - A )" .

Zk:O -9-%-1- (ck - )\qk) converges modulo 1 when n —» @,

Hence, |l - aNH — 0 vhen N —®,

REFERENCES

[1] BESINEAU (J.). - Indépendance statistique d'ensembles 1lids & la fonction "som-
me des chiffres", Acta Arithm., Warszawa, t. 20, 1976, p. 401-416.

[2] COQUET (J.) and HMENDES FRANCE (M.). - Suites 3 spectre vide et suites pseudo-
aléatoires, Acta Arithm., Warszawa, t. 32, 1976, p. 99-106.

[3] coquer (J.), KAWAE (T,) and MENDES FRANCE (H.). - Sur la mesure spectrale de



[4]

[5]

[6]

(7]
(8]

[9]
[10]

12-08

certaines suites arithmétiques (to appear).

DABOUSSI (H.) and MENDES FRANCE (¥.). - Spectrum, almost-periodicity and
equidistribution modulo 1 , Studia Scientiarum Mathematicarum Hungarica
(to appear).

KAKUTANI (3.). - Ergodic theory of shift transformations, "Proceedings of the
fifth Berkeley symposium on mathematical statistics and probability [ 1965.
Berkeley |", vol. 2, part 2, p. 405-414., - Berkeley, University of California
Press, 1967.

KAKUTANT (S.). - Strictly ergodic symbolic dynamical systems, '"Proceedings of
the sixth Berkeley symposium on mathematical statistics and probability
[1970. Berkeley]", vol. 2, p. 319-326. - Berkeley, University of California
Press, 1972,

KOLHOGOROV (A. N.). - Stationary sequences in Hilbert space [ in Russian],
Bull. Moskovskogo Univ., Mat., t. 2, 1941, n° 6, 40 p.

MENDES FRANCE (M.). - Nombres normaux. Applications aux fonctions pseudo-
aléatoires, J. Analyse math., Jerusalem, t. 20, 1967, p. 1-56 (Tadse Sc.
math,, Paris 1967).

HENDES FRANCE (1.). - Les suites & spectre vide et la répartition modulo 1 ,
J. Number Theory, t. 5, 1873, p. 1-15.

SENGE (H. G.) and STRAUS (E. G.). - PV-numbers and sets of multiplicity,
"Proceedings of the Washington State University conference on number theory
[1971. Pullman]", p. 55-67. - Pullman, Washington State University Press,
1971

(Texte regu le 24 janvier 1977)

Teturo KAMAE

U. E.
351 C
33405

and

R. de Mathémstiques et d'Informatique
ours de la Libératizn
TALENCE

Osaka City University
Department of Mathematics

Sugim
JAPAN

otocho, Osaka




