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ON THE APPROXIMABILITY
OF THE LOGARITHMS OF ALGEBRAIC NUMBERS

by Pieter L. CLJSOUW

1, Introduction.

Let o be a non-zero algebraic number, and let log o be any (fixed) branch of
the logarithm of « , with log o #0 . It is well known that then log o is
transcendental. Let £ denote any algebraic number, and denote the degree and the
height of £ by N and H , respectively (we use the height of an algebraic number
in the sense of the maximal absolute value of the coefficients of its minimal defi-
ning polynomial). Then clearly llog o - gl #0 . We will look for positive lower

bounds for ]log o - §| s expressed in N and H .

In the literature, such lower bounds have been given from two different points of
view, At first, there exist bounds which are sharp with respect to H and not ne-
cessarily to N ; important estimates of this kind have been proved by K. MAHIER in
several papers. Secondly, there are bounds, which are good when N and 1log H have
about the same order of magnitude. For this case, N. I. FEL'DMAN has given the fol-
lowing inequalities (see [4] and [5]) : |

B |08 a=g|>exp(C, ¥2(1+log N) (14N log N+log H) log(2+N log N+log H)}
for all algebraic & , and

(2) |20g @ = €| > exp {~ C, N° 1ag H(1 + log ¥)?}
for all algebraic numbers € with N < (1og H)I/4 o

Here, 01 and C2 are positive numbers, depending only on « and on the used
branch of the logarithm, The asuthor of this note proved (partly using the second

estimate of FEL'DMAN) that
(3) llog « - €| > exp {- Cy N2(N + log H)(1 + log N)Z}

for all algebraic numbers £ ; see [1] or [2] ; here again C; >0 depends only on
o and the logarithm,

In this note, the following theorem will be proved @

THEOREM, - Let o be a non-zero algebraic number, and let log o be an arbitra—
ry value of the logarithm of «o with log oo # O . Then there exists a positive

number 04 s depending only on o and on the branch of the logarithm, such that

(4) Ilog o - %l >exp {-C N (1 - ? iégog § 10g<_l

for all algebraic number € , where N and H denote the degree and the height
of E .
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We remark that the inequality (4) belongs to the mentioned second kind of estima=~
tes., Purther, it is clear that (4) improves (1), (2) and (3). Finally, it is noted
here that from (4) follows that Q(log o) has a transcendence type at most exactly
3.

The proof of the theorem will be given by A. O. GEL'FOND's method, as used also
by N. I, FEL'DMAN in the quoted papers. The improvements are due to certain refine-
ments in additional ideas, developed in their original form by N. I, FEL'DMAN in

[5] and some other papers,

2o lemmas,

The first three lemmas give variants of well known properties. Proofs or referen-

ces to proofs can be found in [2].

IEMMA 1, - let E be algebraic of degree N and height H . Let n >0 be an
integer, and let @; be algebraic of degree di and height hi (i = 1....,n) .
Put d =[Q(e; » eev v ) : Q] if n21 and d=1 if n=0 . Let

2) =300 Tty e T8 2l ot v D
Peeer P/ T3 2051 =0 0t 55 =0P5 4 ...1 %0 %y ottt P
0 1 n 01 n

be a polynomial with integral coefficients whose sum of absolute values is at most
B. Then P(E , «

P(ZO ’ Zl

’-..,a)=0 ar

1 n
~aN, (N+1log H) N.(d,+log h,)
—dN 0 o
(5) lP(§ !C{l’oo-’an) ] > B e eX'p{—dN i1 1 idi i .

IJEI"H’IA 20 hd Let Pw(zo 9 Z1 9 eee Zn) fOI‘ p = 1 9000y r aIld g = 1 Jecoey 8

be polynomials with integral coefficients, such that the sum of the absolute values

of the coefficients of each polynomial is at most B , and such that the degree in

z; Of each polynomial is at most N, (1 =0, 1 yeees n) . Let £ be algebraic
of degree N and height H , Let @y be algebraic of degree di and height hi
(1 =1 3000y n) . Put 4= Lg(al seess @) t Q) if n>1 and d=1 if n=0,
and let C be a positive even integer. T

(6) s > 4rd

and
N 2(N0+N)(N+log H)

N.(d, + log h.)
(7) M > (Bs)" e exp {2N Z?= id 1

1 T } s
i
then there exist integers q:v (0 =1 seees 83 V=051 geeey N = 1) » not all

zero, such that lqjvl SC for 0 =1 se0s38 80d v =0 5 1 seeey N=1 and
such that

S -1 v
(8) ZO'=1 Z[\\I)zo CO‘\) g Pw(g ’ dl ? eece 9 CYn) =0

for p=1’o-o’ra

LEMMA 3. -~ Let F be an entire function, and let T and S be positive inte—
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gers, and R and A be real numbers such that R 2> 25 and A > 2. Then
2)TS

max, l<R|F(z)| 2 max, I<AR|F( z)| (

(%)
(9) + (T (s)

DX 0y1seeesT=158=0slsecesS=1 €L |7

In the sequel of this note, T and M are fixed positive integers, and the func-

tions g (m=0, 1 seees 1 = 1) will be defined by
~T
go(z) =1 and gm(z) = (E%]!) (z + 1) e (z + m) .

The lemmas 4, 5 and 6 represent the new elements in the proof of the main theorem,

For proofs of these lemmas, the reader is referred to [3].

IEMMA 4o = For t =0 5 1 seeey T =1, the values g( )(z) satisfy
log T
(10) & 16t (a)] g olalezmedm dos T,

LEMMA 5, - There exists a positive integer d , such that all numbers

d(l/t!)ggt)(s) (= 0ylpeeasll 5 £ =0slpeeesT=1; 5 =0y1s25000)

are integers, while

(11) qgeMlogl

N

IEMMA 6, - Let a be a non-zero complex number, et F be the exponential poly-

nomial
M=-1 ak
F(z)=zllii)zl kmg(z)ez’
where the Ckm are complex numbers. Put

C =maxk’m|Ckm' y Q=mnax(1, (K=1) |a]) » o=min(1, |a]),

let S' M»e a positive integer, and define E by

- t)
E - maxt=o’1!0to’T“l,S:O’l,.."S’_l t! lF (S)l
Ef
(12) TSt > KM + 1508'
then
M gt
(13) c \<% (2e) (-u%)kM {max(6Q » 48')} B .

Proof of the theorem, — In what follows, x denotes a positive number which is as

large in comparison to the degree d of o , the height h of o and to llog ai,
that all inequalities we need in the proof will hold. Further, c1 ’ c2 9 ee. wWill

be positive numbers depending only on d , h and |[log c(| o« We prove that for all
algebraic € ,

12N(1 + N log N + log H)
1+ log N

|log o - §| > exp{ -



19-04

Suppose that for some algebraic number £ , we have

L12N 2(1 + N log N + log H)

(14) |10g oz—§l SGXP{ 1 + log N } .
Choose the following integers :

K =[x N] M=[6N(1+NlogN+éogH)

(1 + log N)
2
_r.b N _r.21+N1logV + log H
T =[x 1+1ogN] S =[x 1 + log N i

41 +N1logN + log H 1 7 N(1 + N log N + log H)
1 - = —
=[x 1T+ log N ] C = 25 expx 1+ log N 1.

Iet F be the exponential polynomial
-1 b1
(15) Re) = 5o S oo, e g (s

where the numbers Ckmv are integers with absolute values at most C ; they will

be specified laters For t =0 5 1 4 2 5 eoo and 8 =0 5, 1 4 2 4 ese » wWe have

(t)<s) = Zk 2 Z ¢ g Zi=0 (:) géT)(s) kt—T(log a)t-T &8 .

) ek(log a)z ,

kmv
Define Qts by
by =5 5 T 0 eV T (0 gl ey kb BT
For 0Lt -7 T~-1, we have from (14)
l(log a)t—T - t—Tl T(llog al + 1) llog o - §|

12 N2(1 + N log N + log H)
1+ log N

It follows with lemma 4 that, for t =0 5, 1 5 eee s T =1 and 8 = 0plsesesSi=1
2
t +
IF( )(s) - @tsl < exp{— 1 12 N(1 +N log N + log H)

< exp{ -

1 + log N
1 1
(16) « k(| 1og al+1)F 2T o7 ¢S"+2MH3M log T yT() | 1KS
7 N(14N log N+log H) _ 1 _12 N 2(14) log N+log H),
S exie, x I + log N -5x 1+ log N 3

11 N2(1 + N log N + log H)}
1+ log N ¢

Let d be the number introduced in lemma 5., Then g, (£ =0 5 1 geesy T =13

?

< exp{- x

=0 y 1 geessy S = 1) obviously has the form

_ v

déts - Z% zﬁ Z; Ckmv g Ptskm(g » @)
where Ptskm has integral coefficients. According to lemma 2, applied with n =1,
@, =as Ny=T, N =KS, Bg exp{c, £0 log x (N(1+N log N+log H))/(1+log N)},

=TS 4 8 =KM , we can choose the numbers Ckmv as integers, not all zero, such

that ICkva‘s C for allused ky, m and v and such that
(17) d§t8=o (t=o,1"",T—1; S=0)1’aooos"‘1)o

It follows that g _ =0 and that, by (16),

(18) 7% (o) < oxpf - 11 201+ oo By |
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Subsequently, we apply lemma 3 to F with R = S' and A = 6N , Since, from

(15) and (10),

2
7 ¥°(1 + N log N + log H)
maxizlgGNS' |F(z)’~$ exp{cj x 1+ log N }

we obtain from (9) and (18)

1 8 N N1 N 1 H
(19) mAx| | s |F(z)| < exp{ - (1 . 1 +o§og § - )} :

By Cauchy's theorem, this implies for t =0 , 1 jeeesy T =1 and 8=031yeeeyS'=1
that

8 N (1+N log N+log H)}

(t) T
(20) |F‘*/(s)|gT st max| | st |F(Z)ISBXP{‘ 1+ log §
Together with (16) and (11), we obtain

1 2 Y (1+NlogN+logH)

for t=o,1,.oo,T"1;S=O!1,000,S'-1O

But d@ts y for these values for t and s , is a polynomial with integral coef-

ficients in the algebraic numbers £ and o . We apply lemma 1 to 4% s with
7 N(14N log N+10£H)}
1+ logN *

n=1, g =a s NO =N+T, 1 =KS!' and B exp{c4 X
We thus obtain that either d@ts =0 or

2
o X (1 + N log N + log H)
(2) |dg,4] > exp{ - o T+ log }

for t=0’1)oo.’T-1;s=0'1’-oo’s’_l.

Since (21) and (22) are incompatible if x is large enough, it follows that
dg, =0 s & =0 andyby (16),

2
(t) <11 N°(1 + ¥ log W + log H)
(23) |7 (s)] < exp{ - TF iz W }
for t’-:Opl,...'T-l; =0;1,.-.,S'—1.
. _ _ v
We are now ready to apply lemma 6 with a = log o and Ckm = 25 Ckmv €° « By the
inequality
(24) , Q< e x3 N
condition (12) is easily checked. By the same inequality, (13) reduces to
. ]
(25) ¢ g (e, ng)KM 187" & .
From (23), we thus obtain
v 1ON(1 + N log N + log H)
(26) iZN=0 Cimy & | € exp{ - 1+ 1log N }

for k=O'1gcoo’K"'1;mzo’lﬁﬁﬁi’l\'I"l.

Finally, we apply lemma 1 for a second time, with n =0 and B < NC ., We obtain
that either 2 , Cum, & =0 of

2
Z Y _ 7 N (1 + N log N + log H)
(27) | C ey gV > exp{ cg X TT tog T

Tms, X €. €¥ =0 forall k and m . Since 1 ,§ ,...,g"l are linearly
independent. it follows that all Ckmv are zero. The contradiction to the choice
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of these integers proves the theorem.
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