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NULB3R3 "7I7.0 GOOD FLCTORIZATION PROPERTIES
by “ladyselaw HLRKIEYICZ

1. - Fo TOGELS (1943;[2]) has shown that in 4(/= 5) s the simplest quadratic
field with non-trivial class-group, slmost no algebraic integer has unique factori-
zation, that is to say, if F(x) denotes the number of non-associated integers o«

with [N(a)l &£ x , which heve unique fectorization, then F(x)/x tends to zero.

He proved also, that the same holds for the number H(x) of natural numbers

n < x with vnique factorization in Ql/=5)

In fact, analogous results are true for all fields with non-trivial class-groups,

as shown in [4],[61. For PF(x) , one gets evaluations of the fomm
™x) € x/10g%x, @>0,
whereas similar evaluations for H(x) nre obtained only for K/Q normal.

So we get the first question.

L J ~
QUESTION I. - Is the evaluation H(x) < x/logd x (o= w(K) > Q), true for all

fields K with non=-trivial class-group ?

,E’ - In 1960, L. CLRLIZZ [1] observed, that in an algebraic number field K with
the class-nunber h(K) > 3 , one can find integers o which have factorizations of

different lengths, i. ce o = T eee T =Py eoe Py with Wj s P; Airreductible,

i
and r ¥ s .

If G(x) dis the number of non-associated integers « with ]N(a)] < x , whose

all factorizations are of the s=me length, then again (see [4]) one has
6(x) < %/108® x (p = p(x) >0) ,

and the analogue for naturasl numbers holds, provided K/Q is normal [5]¢ For non-

normal K/Q , only o(x) is proved at this nonent [6].
So we have the second question.

QUISTION IT. = Obtain the evaluation O(x/logB x) (B > O) for natural numbers

having all factorizations of the same length, in a given field K with h(k) > 3.

25 - :We shall now indicate the main points of the proof of the following thcorem.

THEOREM., ~ If h = h(K) > 2, then

| ) 2(log log x)
F(x) = (¢ + (1)) ( 2 )1-g-(1fh) ’

log x
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where M is ohe moximel nuaber of non~vrincipal prime ideals, which can occur in a

factorization of a nunber counted by F(x) with the exponent one.

Let Xl g e Xn—l be the non-principal ideal classes in K o If I is any
ideal, without principal prine ideal factors, write it in the form
i1 il .
I:ﬂi(pil cee D ), 1<ig<h=-1,

ik,
i

wi ¥ s . > O .

We say, that the systen

T = *(I) = <{a 9 oo o } g eoceo o {Q’-. g sece Q’_ })
11 » e 1,1 Lk,

is the type of I « If I has no prime divisors from ~n class Xi say, then we

write ¢ in the place of {Qil ’ R
For a given type T, let i) = ﬂ{dij = 1} be its depth.

The proof of the theorem is based on the following result.

PROPOSITION. - Let @ be any set of principal ideals subject to the following

conditions :

;x—.,

(1) Ied, (1) = 7(J) === J €

5
(ii) If all »rimc ideal facters of I are principal, then I @ d s
2 e @\ G e s 9 9

(iii) 3B, I e d ==3 a(r(s)) € B, whenover r(I) is_defined.

Then

x(log log X)H

* (log X)l—(l/h)

I = (1) < x

-
m

(S + o(1))

max{d(7{I)) Ied} <B.

i

“we

with C = g_(a) >0 and I

This implies immediately the theorem, as &f « has a unique factorization, then
o has at most 2h - 1 different nrine ideal factors from a given class. Indeed, if

it has 3 2h , say D9 oo s Doy o eee then

('71 X .“)h)(pl+h vee ‘,JZh) = (p]."f‘h pe 00-)(p1 b2+h 000).

The proof of the proposiftion is based on the tauberian theorem of DELALGE,

One starts with the following lcruaa.

LEML, - If X € %(x) , and Fl(f) y see Fn(t) are real and

o<Fi(t)<t"2, a1,

for Re s > 1 write



N 8 ..‘S
s(s) = Z.) , g ... 1~_s) Zq",.",q F (W) ... F ()
Prreseniy S 2 "
’

with By een s pa e X , an? distinct Gy 5 eo0 9 Yy €4y distinet, and q4 #
then S(s) = P(log(l/s -1)), Pe Q[X] y O ring of funtions regular in

Re ¢ > 1, deg P =d , wnd the leading coefficient is positive at s =1 .

Proof. - Induction in d . This allows to show, that i1 T is given, and
S ={1: I=1 1I,, T(Il) =T, I, has all prime factors principal} ,

T 172
then

Zies 1D = (60108 5 1))/ (s - D2,

o

be[X], deg s = d(7) , lending coefficient of b positive at 1 , and in f¥ct

the same result holds if we sun up this equality over any set of 1 with a(«)

fixed.
There are alsc another applications of our proposition. Using it in the casc
K = Q , one regains a theorea of L. :iIRSKY [3] :

/
l/(p-l)(log log x)m
log x

min € x: d(n) =k} = (€ + o(1)) x

whose p = min{p 3 plk} ., P ko

s . . . t
Ls well as aonalogues of +his for all multiplicative functions with f(p') = C

X
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