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IE DISTRI TICH OF SEQUIANCES I ARITHIETIC PROGRE3SIONS

by Heini HALBTERSTAL

In 1963, I gove a tell {3} on this theme at a number theory meeting in Rone, when
I suggested various possible lines of enquiry that seemed to me to spring froi cer—
tain results about the distribution of primes duve to BUIBISRI and to DAVEHPORT and
nyself. Iy purpose to-day is tec indicate the progress along these lines which has

occurred since then.

1; Let A(n) be von ilangoldt's function. As usuel, write

"l’(x i d s h) = ,A(n) ,

ngx,n=h nod q

'\f,r(x HERC S h) - (‘C/¢(Q)) ’

B(x ; ¢, h)

]

and

B(x ; q,n] .

B(x , q) = RAX(p Yo
h,q)=

In its latest form, due to H. L. [GUTGOLIRY ([ 4], chap. 15), the theorem of Bonhige
ri-Vinogradov on the distribution of pri-es in arithmetic progressions asserts (1

do not give the rost general foraulation) that, for any A >0 ,

. A ‘)

(1) 2 1/2 i1 a(x ’ q) 4 x/lcg X, X >'x0(n) ;
a<x "’ log X

and it ds easy to see that a result only insignificantly weaker than (1) follows

from (see [4], chep. 15)
2 2 -
(Z)quQ qEL.(x , q) < XB/'" ™ log14 X, X1/2 log C x & QS X1/2 , ¢ > 0 , X > XO(C)

A-13

(Conversely, (2) with Q = x1/2 log b4 follows easily from (1)} The form (2),

. . . c s . . . 1
apart from having applications, is in a suitable form for comnarison with ()

2
22 . i X
(3) %$Q3,2g=l,(h,q)=l & (X HERe h) = Gx log Q{l + O(log Q)} + OGI;;—I—;) ’

Rgx, A>0, x> xO(A) .

This result stems fro: a series of papers by BLRBAN, DAVINPORT-IIALBARSTAL znd GAL-
LAGHER, and OTGOIIERY (L4j, chap. 17) was the first to give an asymptotic formula ;

its present sharp forn was computed by CROFT [1], a student of nine, following a

suggestion of 1OYTGOIIERY.,

Of the relations (2) and (3}, (2) is the deeper but does not imply (3) which has

1 : : 3 B —
(%) Assuming the grand Riemann hybothesis, the errcr is x'/2 log” x , for any fixed

B>0.



2>-02
a longer range of volidity for € . Actually, using an old result of TURLN, it fol-

lows from the generalised Ki that

2 4
(4) zq<Q g zh:l,(h,q):-'l X 5 9 h) <Q xlog x,

which, for @Q & XL/2 y 13 a substantially stronger result than (2) (and therefore
(1) too). Curiously enough, if we restrict g in \4\ to prime values only, then
(4) (with Q= x1/2 ) is true, without use of any unproved hypothesis, even with
log x in place of log4 x 3 this follows directly frou the large sieve, and so one
is a little surprised to find (4) lying apparantly #9% deep. Inequality (4) would
imply conversdy that none of ((s) , L(x , x) has a zero p uvith p > 34 .

2., These results give ris~ to a whole class of tantalising speculations. First cf
o~
all, since ¢(x 5 9 h) counts the primes fron a set of about X/q elenents, one

would exvect on probabilistic grounds that

B(x ; q, h) aﬂ(x/q)(l/2)+a log x 3

1/2

[GRH ===> only x log2 x] accordingly, o e nay conjectnre that (cr. (1))

5 /2, /

/9 E(x ’ n < x logx, Q<x,
“<gsh

or, to put it in a wzeker but nore likely form,

5 . A
(5) 2 et 3(x , q) < x/log” x .
a \_’\.

The same probabilistic considerations support also (4).

Llthough (5), if true, lies very dsep indeed, any rasult intermediate in quality
between (1) and (5) would also heve imvortent coisejuences. JTriting such a result in
the form
(6) 2 E(x,q)(ex/logAx, R=23(A) >0, 1/2<a<1l,

as&/108°x
it is well-kncwn that the validity of (6) with ~ = 0.54 would imply that (2)
n=op+?P (n > no) is nossible ; and my student, J. . PORTER [6], has proved

2
that the validity of (6) with o = 1 - (1/k) would imply that

(7) a<p<h a.(p - a)

- (p - VETY

1
1 _r 2 , _ k=1 k-2
"‘(Eftfiji'ana(l + pk"l(p . ﬂp!a (1 -@/9 x log X,

for k= 3,4, «.. [(7) follows with k = 2 from (1)]. R. C. VAUGIAN [6] has pro-
vided some independent support for (7) by showing, without using any hypothesis,
that (7) is true for alnost ail a , and that the numbor of possible exccptions is

surprisingly small.

2 . .
(%) P2 denotes & number tlhat is a prise or the product of two prines.
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3. This regularity on thue average of the distribution of primes in arithuetic pro-
gressions, as typified by (1) and (3), may be a property shared by other integer
sequences. Let us return for a monent to probebilistic considerations. Let O be
the space of integer sequences w , and impose on 0 a probability messure in the
manner pionecred by ERDUS and REIYI, and described in detail in Chapter % of "Se-
quences", by writing

Hn{fJ: nE\J)}=C¥ <n=1.,2,3’a00),

where {an} is a decreasing sequence of positive nwibers between O and 1 ten-
ding to O as n =--> o ; supvose also that the natursl extension of o to a
function Gy on (1 , + o( is continuous. This procedure throws into reliel all
integer sequences with essentially the sane rate of growth, for it turms out in the

resulting probability space that, with probability 1,

w(x) = 2n<x,n€wvl ~ §£<X dn = M(x) (x — w) ’

gay., ELLIONY [2] has proved that for any assisned sequence {an} of basic probabi-

lities satisfyine the conditions set out above, and any A > 1,

. 2 .2 A=2
(&) 2:q<rf1(:;)/1ogAx 4 B (n,q)=1 {zhﬁx,neu»nih mod q ' H(x)/a}" < H5(x) 106 =

with probsbility 1.

For exasple, with o, = l/log n (n=23 ’ ced) , we obtain a statement about prime-
like sequences, and therefors some support for conjecture (5) (in a form analogous
to (2)) s and when

v =/ (n =2 _ 1/ . 2\\=1/2
o, =c Jlogn (n=3, ...) (c = 1’”2]7p:° od 4 (1 - (1/p9)) )

=D m
We Obtain s=zquences distributed rather like the numbers that are sums of two squares.

We may expect such results for specific sequences to be extremely difficult to

establish ; but internediate results, e. g. res:lts analogous to (1) and (2), aay

well be accessible if required. VWOLKZ [97 studied such questions recently in connec-—
tion with multivlicative functions and he has found some interesting results vhich

I shall now describe brieflw.

WOLKE set hims:1f the task of deriving asymptotic formulae for sums of the type
§£SX d(n) f(n + a) y T multiplicative.
Such sums go back to R AUIAT, IWGIAH  (£(n) = d(n)) , HOOLAY (f(n) = d3(n))
and LITTIK (f(n) = dk(n) y k=2, 3, +..) ; HOOLEY's method was intricate and
LINNIK used his highly complicated dispersion nethod. “OLKE has shown, on the con-

trary, that if one knows enough about 2é<x f(n) , and if one has a Bombieri-like
~
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estimate of

(9) 2 ﬂ/ave max(h,q):l lz:ngix,nEhmodq £(n) - 5%67

qsx
(e >0, erbitrarily 512ll),

then asynptotic formulae of the desired sort are readily attainable. To be precise,

zh\ ,(n,q):l f(n)l

his Bombieri~lilie result is as follows ¢ if

c

(i) zp.q I£(p) = 7] <= (7 =1(s) >5/2, 1=n() >0),

then there exists & D= D(f) >0 and, for each e >0 a number A = A(f , €) >0,

such that

2
(10) 2, mox 15 ¢(n) = 2o T 20 2GR Ly 0™ x|
<x” & (h,q)=1 n<x U 5lq D p2
n=hmodq

< x 1og'r"A T .

Conditions (i) ana (ii) ensure, by'virtue of the work of Wirsing, adequate infor-

mation about ZnSx f(n) .

WOLKE's nethod is based on the large sieve, but uses nuch else besides ; it is ra=-

ther complicated and should renay further study.

4. If we take £(n) = p%(n) sbove we find that OIKT's result (10) is not applica—
ble because T =1 here ; but, in any case,>the condition (h, q) = 1 is not ne-
tural here and one would expect to go higher with q than x l/gﬁe o Indeed, ORE

[5] has proved that if

oz q,n) = w3(n) ,

n<x,n=h mod q

and

. ) 1 £(q)
™q, h) = QJQ (1 2> qﬂxiQ)ﬂhﬂ(h'q”’

a3

then, for any A >0 ,

(11) 2 , max =1 IQ(X $ gy h) - F(q , h)l < -
qu2/ >N10g™ 1z w2 ((n,q)) log™ x

Here 2/3 appears to take the place 1/2 in BOiBIHRI, and although ORR's argument

X

takes little advantage of averaging, it does seem hard to iuprove upon. It would be
worthwhile to do so, for one could then inprove the classical result of ERDO S—PRA-

CHAR on the least squarefree nunber in an arithmetic progression.

Just as (11) is an analogue of (1), so there is a partial analogue of (3) for
squarefree nuabcrs. Uriting

e

S(x, Q = 2 h:-z—l {a(z, ¢, b) - xF(q , B) ,
2$Q u2((n,q))=1

it is curious that one cannot readily obtain, as in the prime casec, an asyuptotic
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foraulr. Jh~t is know is thet 5
Q , 1-st,::5/8 )
s(x, Q) <‘!“B/2)FE , x5/8 <Q SXZ/B

kxl/z Y2 1063 %, 23 <x

The first result is due to ORR and WLRLIUONT [2], the 1ast two to CROFT. ORi's

paper gives mrny interesting applications.

On probsohilistic grounds one would expect the difference Q(X S Q h) - xF(q y h)
(as UONTGO.LIRY orinted out to me in o letter) to be about (X/q)'(l/ Are o large g,
and so CROFT's estinate for large Q is about righte However, reoching an asymnto-

tic formula still presents scie technicnl difficulties.
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4
(3) This esti abe io not available for x7° < Q< x¥° 1og10/ 3 x s but VARLIIONT
shows alsc that S(x ’ Q) < xl+E xa) £ x3/2(2w+1)+E if
1/2 <o £ 1 o Note that WARLLIONT uses (h , ) = 1 .

3 always, and that s(x ,



