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4L GENER:LIZED CH.LCON'S INEQULLITY
LND ORDER COMVERGENCE OF PROCESSES

. it
by Nassif GHOUSSGUB (*) and Michel TALLGRAND (7))

ibgtract. - We show that, if (X.) is a sequence of Bochner integrable random
varisbles, almost everywhere order"bounded and vaiued in a Banach lattice with an
order continuous norm, then

/ (Qin sup X, = lim inf An) < lim SUp T /(};cy -XT)

where T is the set of bounded stopping times. We then obtain order comvergence
theorems for martingales, submartingeles and subadditive processese

1« Introduction.

Let (@, $, P) be a probability space, (5n) an increasing sequence of
Sub=g=glgebras of § such that § = c;(Un $n) o Denote by T the set of bounded
stopping times. In [1], R V. CHLCON showed that, if (X) is an 1} ~bounded,
(s n)-adapted sequence of real random varisbles such that Xo)oeT is bounded,
then the following inequality holds.

/ (Uin sup X_ = lim inf X )dP < lim S e / (X - %) .

The aim of this paper is to show that this inequality still holds if one considers
Bochner integrable random variables valued in certain Banach lattices, from which we
can conclude order convergence of some vector valued processes as martingales and
submartingales. The techniques that we use apply also to give the order convergence
of the vector valued ergodic theorem and subadditive ergodic theorein.

The main idea of the proof is to reduce the case to an Ll—-v.nlued process and then,

by a randomisation argument, to reduce ik to the real casee

In the finite dimencional case, the 1! boundedness implies, via the maximal
inequality, that the process is bounded a.e. Since such a property is not satisfied
in the infinite dimensional case, we must assume that, for almost el1 weqQ,
supn|xn(w)| exists in the Banach lattice, at least to assure the existence of
1lim sup Xn and 1lim inf Xn .

Clearly, the inequality is of interest in ordered spaces where the order conver-
gence is stronger than the norm comvergencee. That is in spaces which have an order

contimious norm. We will limit ourselves to this cases. We shall start by recalling
some well known facts.
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LEBM. 1. = Let E be an order continuous Banach lattice which has a wesk unit,
then there exists a probability space (X, £, p) such that E is order isometric

to an ideal of L(X, £, ) o

For a proof, see LINDENSTR/USS, TZ/FRIRI [4].

The following lerma is also standard.

LEDR. 2. - For every Bosghner integrable random variable

1
X 3 (Q,s,P)—-)L[X,Z,p,],

there exists Y: o x X=-—>R, 5@y measursble such that P a. e. Y(w, o)
represents X(w) o Moreover, Y is unique modulo a (P @ p)-negligible function. The

following also holds
(1) Xe L;[Pk_:) Ye L;[P ® u] where E = ix, s, ul 3

(11) if X e L{P] then /X dP 1is represemted by t — /Y(w, t) &®(w) ;

(11i) if Y is associated to a sequence X ~ such that for almost all w the

sequence anT(w) is order bounded in E, then lim sup ¥ ~and lim inf ¥  re-

presents the functions w —3 lim sup Xn(w) gnd W =3 lim inf Xn(w) .

Consider now the filtration (Sn ®y) on  x X . The next lema describes an
approximgtion process for the stopping times relative to this filtration. Since
the arguments are standard, we give a sketch of the proof.

LEMMA 3. - Let ¢ be » stopping time for the filtration (ﬁn x ©) such that
P<T<q e Then, for all ¢ >0 , there exists a finite partition (Aﬂ,) of X

by measurable sets and stopping times (o f&) on q such thet p go, <q and that,
if the stopping time ¢ is defined by

("") G(W ’ t) = Zz lAz(t) GE(W) 9
then

Pou{r#cl<ec

Proof, ~Let k€N, and p <k <q « The set {r =k} belongs to ‘Sk(gz,hen—

ce there exists a set B, which is a u~'on of rectangles C x D, with c € §

k k

and Dey , and sucljl that

Poul{r=%)B) <5 -
q
Let o be such that {o = k} =Bk-Upgs<kBs s foreach k, pgkgaqe.
Clearly, ¢ is a stopping time and P @ uf{v # o} < e ¢ If we denote by A  the

2
atoms of the finite algebra of X generated by the projections on X of all the

rectangles involved, then o can be written as in ().
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THEOREM 1. - If E is a Banach lattice with an order continuous norm, and (X )
- n

is a sequence of E-valued Bochner integrable random varisbles verifying

(1) sup_ ]Xn(w)l exists for almost all weq,

and

(i1) (/%) op is order bourded in E .
[oJe)

Then, the following inequality is satisfied.

/(lmsuan-llmiann)dPSllmsupc,TéI,/(%G-XT)d.P.

Proof. - Since the Xn's are almost separably vealued, we can assume that E is se~
parable, hence with a wegk order unit [4]. By lemma 1, it is enough to show the
inequality in Ll[X s Z » u) e Denote by T' the set of bounded (ﬁn x 5) stop-
ping times and by T; the set of those which can be written as in formula (#).

For every ne N, let Yn be an Sn ® & representetion of Xn e Let 7 €T,
with p <t <a « It follows from lemma 3 that, for every ¢ > 0 , there exists
T'ET'S,With psf'sq,and

I/Y,T"/YTtl e o
Hence, we have

» 2P T

Write now ~(w, t) = ZZ llg(t) gz(w) (r € T;) o For c, such that

p=inf r <o, <sup 7,

£
/T dPew =3, /Az A ) (w, t) aP(w) dyu(t)

=21 [ X dgswp

- /XOdP,

) Q G,@ o>Pyc€l N

since t -3 / Y
Q o,

(w, t) dP(w) represents /Q Xc dP(w) « This shows that
w F
I/ Y g Sy (supo?p,c o /Q X dP)d,,(t) . The same proof shows that

7R WA I/ S LAOR

Using now Chacon's inequality on the real line, we get

// lim sup T,(wy ) = Lim inf ¥ (v, t)
slinewp o JIx Gy t) - TG, AR g p)
lim ¢p . [ X aP)dy = i i
S/X( PoeT /Q o} )dy /X(lmlnfcéxodp)dp.
By lemma 2, we get :

Sy U, Qim suwp X (W) = Lim inf X (w))aP(w)]d,
< fr (Uin SUp em /Q (X=X )dP)d, .

Replacing X by any measurable subset A s the inequality will still hold, hence

[ (Lim sup X = 1lim inf X lim -X .
O D n n) < S'llpc’T /(XO‘ }xT) Ue 8e €o
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xhich core’wu’ s the proof.

Following [2], an ﬁn-;-adapted sequence in L1[E] is said to be an ordermart if
the net (/ X ) order comverges in E . Vector valued martingales are cleardy or-
dermarts s fg(n) is said to be a suwermariingales(res;s a submartingale) if the
nap g =3 (/ XG) is decreasing (resp. increasing). We have the immediate corcdlary.

COROLLARY 1.

(a) If E has an order continuous norm and (Xn) is an orderamart such that

sup, ]Xn(w)] exists for slmost all weq , then X _order comverges ae €.

(b) The seme holds when we wemplace the hypothesis (X ) orderamart by X su-

permartingale.

M. - (a) follows immediately fiom the inequality. For (b) we notice that, for
almost all w, (Xn(w)) is valued in a weakly compact orger interval, hence Xn
converges weskly to X e Ll[E] o Consider mow 2 =X -E "[x] ; we have
:i.n.‘l’.‘(I 74 Zc) =0 , thus (Xn) is an orderar..;t which is order convergent.

Recall also that if ¢ is a measure preserving point transformation on
(Q, §, P) , we say that a sequence (Sn) in Ll[E] is a subadditive process if,

Sn+ S, o en « See [3].

for every n, k , we have S "

nk &

THEOREM 2. -~ If E has an order continuous norm and (Sn) is a subadditive pro=

— B e —— > v

ccss such that sup.;¢ l(':)!,"',:‘ e *"~ts u» c., then S /n is o-convergent a. e.

Sketch of proofe - hgain, we cen reduce the case to E = Li[x » & s p] and rando-
mise the problem by considering 81'1 t Qx5 =R associated to Sn by lemma 2.
The sequence (81'1) is a real velued subadditive process with respect to the point

trensformation ¢'(w , t) = (6(w) , t) &

Using the convergence in the real case, it is enough now to notice that in

1
L'(X, £, p) en order bounded and -almost everywhere comvergent sequence is
order convergent .
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