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Séminaire BOURBAKI 575-01
33e année, 1980/81, n° 575 Juin 1981

THE WORK OF MAZUR AND WILES
ON CYCLOTOMIC FIELDS

by John COATES

Introduction

Let p be an odd prime number, upn+1 the group of pi+1-th roots of unity,
and Fn the cyclotomic field Q(ubn+1) . Let T(s) denote the Riemann zeta func-
tion. The remarkable connexion, perceived by Kummer in special cases, between the
arithmetic of the fields Fn and the rational numbers {(-k) ( k odd and positive)
has been one of the most tantalising and inaccessible problems in number theory for
over a hundred years. We owe to Ivasava [6], [7] several important contributiomns to
this problem, including a precise formulation of the problem in terms of his
I'modules attached to the tower of fields Fn (n =0,1,...) , which has subsequent-—
ly become known as the main conjecture on cyclotomic fields. In a discovery whose
importance it is difficult to overestimate, Mazur and Wiles [13] have recently pro-
ven this main conjecture by a beautiful generalisation of earlier work of Ribet [15]
and Wiles [22] on the construction of unramified extensions of the fields F_ via
points of finite order on the Jacobians of modular curves. The aim of the present
exposé is to give a not too technical account of the key ideas in Mazur and Wiles'
proof. From lack of both space, and knowledge on my part, I shall say very little
about the subtle and difficult geometry of modular curves and their reductions, even
though this plays an essential role in Mazur and Wiles' work. Indeed this subject
has considerable independent interest, and certainly merits a Bourbaki lecture de-—

voted to it alone.
Notation
Throughout, p will be an odd prime number, and sz the p-adic integers. For
each integer N2> 1 , Wy will denote the group of N-th roots of unity. If L/K
is a Galois extension of fields, G(L/K) will denote the Galois group of L over

K . Put
Fo=QM ny) 5 F = U Fno»
n P <0

and write An for the p-primary subgroup of the ideal class group of Fo. Let
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6 =G6(F /W , T =G [Fo) , A=G(Fo/W) .

The restriction map induces an isomorphism from the torsion subgroup of G_ onto

A , and we henceforth indentify these two groups. We then have

G =AxT.

oo
The cyclotomic character i G — Z; is defined by the action of G, on uﬁn,
i.e. o) = £¢(0) for all c€6G_ and (€ ],J.I)‘=° . It is an isomorphism by the
irreducibility of the cyclotomic equation. We write O and K for the respective

restrictions of Y to A and T . These give isomorphisms

(1) 9 : A= up_ N K:I' =10,

1
where U denotes the group of p-adic units = 1 mod. p . In particular, & gene-
rates the group of p-adic characters of A . Write j for the element of order 2
in A, given by complex conjugation for any embedding of F_ into T . A character
X of A will be said to be even (respectively, odd) if x(j) = 1 (respectively,
x(3) = -1).

1. The main theorem of Mazur-Wiles

It is simplest to begin by stating the result of Mazur and Wiles for the field
F_ . The p-primary subgroup A, of the ideal class group of F_ is defined as
follows. If n <m , there is a natural map A — A , and we let A = 1lim A_,
n m o - n
relative to these homomorphisms. Thus A 1is a discrete p-primary G_-module. It

is more convenient to work with the Pontrjagin dual
X, = Hom(Aoo,Qp/Zp)

which is a compact G _-module ; in general, if A and B are G _-modules, we
endow Hom(A,B) with the G_-structure given by (of)(a) = of(c-'a) . Let Y be
any compact Gurmodule, which is also a Z?—module. Recalling that G =4 x r,

we first decompose

@ Y= ov®,

X
where ¥ runs over the characters in A = Hom(A,Z;) (in other words, X runs
over the 9" for i mod. (p-1) ), and where Y(X)  denotes the submodule of Y

on which A acts via ¥ (i.e. om = X(o)m for all O€ A and m € Y(X) ).

Secondly, let A =12p[[T]] denote the ring of formal power series in an indeter-
minate T with coefficients in Zp . For simplicity, take Yo to be the unique
topological generator of I with K(Yo) = 1 + p , in the second isomorphism of
(1). Then, defining (1 + T)m = Yom for all m € Y(X> , it is not difficult to
see ([16]) that we can extend this by linearity and continuity to a continuous

0

action of A on Y . The proof of the following theorem of Iwasawa (see [8]

for a convenient reference, but in fact he established it much earlier) is algebraic
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in the sense that it depends only on global class field theory, and not on the

p-adic analytic theory of the numbers ((-2k-1) (k= 0,1,...) .

THEOREM | (Iwasawa).— For each X € A = Hom(A,Z;), %SO is a finitely generated
A-torsion A-module, which has no non-zerc finite A-submodule.

Similar algebraic arguments show that Xé}) =0 for x=9°,9,9"7, but
0 for y#o0,9,9 .

However, Theorem 1 and the structure theory of finitely generated A-modules ([16])

give no further information on the other components

immediately implies that, for each X € A , we have an exact sequence of A-modules

0—»X(X)

—)g — D — 0,
@ X X

where DX is finite, and 8X is of the form

3x = A/(fx,l) ® ... @A/(fx’rx)

with r_  some integer >0 , and £ k (1 £k < rx) non-zero elements of A .
H]

T
The ideal (l i fx k) in A 1is uniquely determined by X:}) , and we call any
k=1 ?

generator of this ideal a characteristic power series of Xé}) . Thus a characte-
ristic power series of Xé}) is only determined up to multiplication by a unit in

A . The simplest way to specify a power series in A wuniquely is to give its
values at any infinite subset of the points T = (l+p)S -1€ pzp, where s runs
over IRP (note that the elements of A converge at these points). Iwasawa [6],
[7] had the remarkable insight to see that many of the open problems on the arith-
metic of the fields Fn would be a consequence of a (conjectural) description of

a characteristic power series of X(X)

7, for each odd character ¥ in A distinct

from 97, in terms of the p-adic interpolation properties of the numbers T(-k)
(k = 1,3,...) . Here ((s) denotes the Riemann zeta function, and we recall that
Euler proved that

Bi+1
CER) = = =57 k21, k odd) , .

where Br is the r-th Bernouilli number, defined by the expansion

oo
B
t = 3 r tr

.

et-1 r!
Although it is not at all obvious, it is known that, given an odd character X in
A distinct from 91 , there exists a unique power series LX(T) in A satis-
fying
k k
(3 Lx((1+p) - D= -p)HTCK ,

for all positive integers k > 1 such that ¥ = 8k (i.e., writing X = st , for

all integers k 21 with k = i mod. (p-1) ). The following is Mazur and Wiles'

main result, which proves Iwasawa's conjecture in the affirmative.

THEOREM 2 (Mazur-Wiles).— Let X € A be an odd character distinct from 91 .
Define the odd residue class 1i mod. (p-1) by X = o' . Then the power series
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LX(T) satisfying (3) for all k 21 with k = imod. (p-1) <zs a characteristic

power sertes of X .

Remarks.— (i) The. existence of the power series LX(T) (for X odd in A ,

X # 91 ) is in fact equivalent to congruences on Bernoulli numbers which were
known to Kummer (see [17], p. 243). The study of these congruences was revived and
extended by Kubota and Leopoldt [11]. Indeed, it is plain that I,X((l-fp)_S -1,
when viewed as a function of the variable s in Zp , is the p-adic L-function
attached in [11] to the even character Y9 .

(ii) As will be explained in § 3, Iwasawa [7] gave a completely new comstruction
of the LX(T) in terms of the classical Stickelberger elements for the tower F_.
His construction has the great merit that it immediately suggests a link between
LX(T) and the A-module X:f) . Specifically, Iwasawa's construction together
with the classical theorem of Stickelberger on the factorisation of Gauss sums
shows that LX(T) must annihilate &iX) (X odd, X # 91).

(iii) Recall that r denotes the number of direct summands occurring in the
A-module é; . Let (Hp) denote the hypothesis that we can choose Ty <1 for
all odd characters X in A . If (Hp) is valid, Theorem 2 is an easy conse-
quence of Iwasawa's work referred to in (ii), and the analytic class number
formula [1]. But this approach breaks down completely if hypothesis (HP) does
not hold. While the numerical evidence is in favour of hypothesis (Hp) , there
is little theoretical evidence to support its validity, beyond the fact that it
would greatly simplify the whole cyclotomic theory. It is striking that Mazur and
Wiles' work gives no information at all about the values of rx .

(iv) Although the work of Mazur and Wiles throws no light on the mysterious
question of determining the characteristic power series of the A-modules &Sb)
when ( runs over the even characters of A , we briefly recall our fragmentary
knowledge on this problem. Let (Ip) (resp. (Kp) ) denote the hypothesis that
Xé?) =0 (resp. A§¢° = 0 ) for all even characters Y of A . Note that (Kp)
is none other than the classical hypothesis that p does not divide the class

number of the maximal real subfield of Q(“p) .

Lemma 3.— We have the implications (Kp) = (Ip) = (Hp) .

We do not give the detailed proof of this well known lemma, but simply
remark that the first implication holds because the theory of I'-modules shows
that, for any Y € A , Aé“” = 0 implies that Aéw) =0 for all n=20 . To
establish the second implication, one uses class field theory and Kummer theory

to prove that if X(w)

" =0 for an even character ¢ # 8° , then r, <1 for the

odd character X = Y9~1 . We also note that it is unknown whether (Ip) implies
(Kp) . Since (Kp) has been verified numerically in [21] for all p < 125,000 ,

we see that (Ip) is also valid in this range. But there is little theoretical
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evidence in favour of (Ip) , and the whole question seems inaccessible at present.

2. Consequences of the theorem of Mazur-Wiles

We begin by explaining how two long conjectured refinements of Kummer's ana-
lytic class number formulae for the field Fo = Q(“b) are consequences of Theorem
2, If S 1is a finite set, write # (S) for the cardinality of S . We write
| lp for the p-adic valuation of mp , normalised by lplp = p~1 . Note that we
can decompose Ap as a direct sum

Ao = A} ® 4y,
where A$ (resp. Ap ) is the subgroup on which j acts by +1 (resp. -1).
For X € A, let the number L(x,0) € Qp be as defined in § 3 ; in fact, L(X,0)
belongs to the field obtained by adjoining the values of X to Q@ .

The first class number formula of Kummer asserts that
(4) #U4) = lp TT L0

-1
x(3)=-1 P
the product being taken over all odd characters in A .

s

THEOREM 4 (Mazur-Wiles).— For each odd character X # &1 in A , we have
—1
# a8 - Lo Izt

This theorem is a refinement of (4) because it can easily be shown that

#=(Ag§)) = IpL(3—1,0)|P = 1 . We stress that Theorem 4 seems inaccessible to clas-

sical methods on cyclotomic fields, althougher Stickelberger's theorem gives the
partial result that L(X,0) annihilates Aéx_1) for all odd characters X # 91 .
The first person to obtain results in the other direction was Ribet [15] , who
introduced the key idea of constructing unramified extensions of Fo via the
Jacobians of modular curves, and who proved that Ang1) # 0 when L(X,0) 1is
divisible by p , for any odd X # 91 . We now outline the derivation of Theorem
Xo(oX)

4 from Theorem 2. Since has no finite non~zero I'~submodule, we have

00 /g0y _ .
# X /1xX) = 1L 01

by Theorem 2. The construction of LX(T) given in [7] shows that LX(O) =L(x,0) .

But Xi})/TxiX) is dual to (Aéf‘1))r , and this latter group can be identified
-1

with ASX ) by virtue of the following well known and elementary fact : for all

n <m, the natural map A_ — A_ 1is injective, and induces an isomorphism
—\G(Fp/Fp) o by

(Am) n/Fm

A; e . Although it plays no role in this argument, we recall that

it is still unknown whether the map A; — A; is injective for all n<m .

Let Eo be the group of global units of the field Fo , and let Co be the
intersection with Eo of the subgroup of FX generated by 1 ~ T , where (
denotes a primitive p-th root of unity. We call Co the group of cyclotomic

units of Fo . The following facts were derived by Kummer from the theory of
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complex L-functioms attached to Fo/Q . Firstly, the index of Co in Eo is

finite. Secondly, if we write Bo for the p-primary sybgroup of Eo/Co , then
(5) # (B3) = # (AY) ,
where B denotes the elements of B, which are fixed by complex conjugation.
THEOREM 5 (Mazur-Wiles).— For each even character X in A s, we have

# wP) = % 3%

See [5] for a proof that Theorem 5 is a consequence of Theorem 2.

We next briefly indicate one consequence of Theorem 2 for the higher K-theory
of Z . For each integer m > 0 , let K Z denote Quillen's higher K-group of
Z . I1f m 1is even and positive, Borel has shown that sz is finite. For
r>1, let wr(Q) denote the largest integer N such that the Galois group of
m(uN) over @ is annihilated by r .

THEOREM 6.— Let n be an odd positive integer. With the possible exception of its
2-primary subgroup, the order of KanZ is divisible by vwn+1(@T(-m) .
Lichtenbaum had earlier conjectured that the order of KanZ 1is precisely
+ wn+1(@)C(-n) . The essential result in deriving Theorem 6 from Theorem 5 is the
following theorem of Soulé& [19], [14] (which remains valid if we replace @ by
any totally real finite extension H of @ , Z by the ring of integers of H ,
and Q(HP“) by H(ub«) ). Let 3 = lim ubn be the Tate module. Thus 7 isa
free Zzp—module of rank 1 , on which G, acts via the cyclotomic character U .
If M is a G_-module which is also a Zb—module, we define, for each integer
k=20,

(6) M) = M @zptf 8, ...8 J ( k times) ,

P P
endowed with the diagonal action of G, . Soulé's theorem asserts that, for each

odd prime p , and each odd positive integer n , there is a canonical surjection
KanZ(p) —» (AZ(@)® ,

where the group on the left denotes the p-primary subgroup of KaonZ . Presumably
this map is an isomorphism, but this is unknown at present for n > 1 . In any
case, a formal calculation using Theorem 2 shows that the order of the group on

the right is lwn+1(Q)§(-n)l;1 , and so Theorem 6 follows.

3. Iwasawa's construction of the p-adic L-functions

We first introduce the partial zeta functions for an arbitrary finite abelian
extension K of @ . By class field theory, K < m(uN) for some integer N , and
we choose N to be minimal with this property. Let G denote the Galois group

of K over @ . If ¢ is a rational integer prime to N , we write o, for the
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restriction to K of the automorphism of Q(uN) whose action on Wy is given
by CTr Qc. For each O € G , we define the partial zeta function of O by
G(oss) = X m ° (R(s) > 1) ,

Om=0
where the sum is taken over all positive integers m with g, =0. Now QK(G,S)

has an analytic continuation over the whole complex plane, and it is known that
CK(C,TD) is rational for all n =0 in Z . See [2] for a discussion of the
integrality properties of these numbers. For K = Q(uN) and © = O, » we have
the explicit formula

o = - X B (S

c n+l N

here Bn4+1(x) denotes the (n+ 1)-th Bernoulli polynomial, and {y} denotes the
fractional part of a real number 1y .

Let Z[G] (respectively, @Q[G] ) denote the integral (respectively, ratio-
nal) group ring of G . We now define the analogue of the classical Stickelberger
ideal which plays a central role in Mazur and Wiles' work. Let PB(K) € @Q[G] be
given by

B(X) ogé QK(O. Do .
Take S to be an arbitrary finite set of prime numbers which contains all primes
dividing both N and the integer w2(K) ( = largest integer m such that
G(K(um)/K) has exponent 2 ). Then it is not difficult to show that, for each
positive integer ¢ prime to S ,

©)) (07" - c2)B(X)

belongs now to the integral group ring Z[G] . For the proof of this and related
facts, see [1] and [2]. We then define J(K) to be the ideal in Z[G] generated
by all elements (7) for ¢ ranging over all positive integers prime to S (in
fact, S(X) does not depend on S ). We call A(K) the Stickelberger ideal
(but we stress that 4&(K) is only an analogue of the classical Stickelberger
ideal), and its paramount importance will be explained later in the exposé.

We now briefly indicate Iwasawa's construction of the power series LX(T)
in terms of the Stickelberger ideals. Take K = Fn = Q(Upn+1) , and write Gn
for the Galois group of Fn over 0 . We define Sn to be the ideal of the
p-adic group ring EZP[GH] generated by all elements (7) with the conditions on
c given above. Now we have the canonical decomposition Gn = A x En , where En
is cyclic of order pn , which allows us to consider each Gn-module as a

A-module, in particular. Moreover, if r denotes the projection of Gn on En .

and ¢ € A, the map G — ¢(0)rn(o) from Gn to the group ring
R = zp[zn]
induces an isomorphism

@) -~
(8) zp[cn} - R
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Lemma 7.— Let ¢ € A be distinct from 92 . Then the isomorphism (8) maps Sg(,(’b)

to the principal ideal of Rn generated by

B - I g (0,216
OF ocon ®
B

Indeed, € Rn when ¢ # 92 , because we can choose a positive integer c
prime to w2(Fn) such that rn(oc) =1 and O, sgenerates A . The assertion of
the lemma is then clear from the definition of the ideal Sp . Next, let

n
wn = (1 +T)p - 1 . We have a unique isomorphism of Zp—algebras
9) Rn = A/wnA

such that the image of Yo in 2In is mapped to 1 + T mod. wnA . Passing to the
projective limit, we obtain an isomorphism 1im Rn -=> A which maps Yo to
1 + T . Now it follows easily from properties of the partial zeta functions that
the B,gq’) (n =0,1,...) define an element of 1"1_m Rn when ¢ # 92 . Write
G¢(T) for the corresponding power series in A . One can evaluate these functions
at the points T = (1 ‘l-p)k - 1 (where k 1is an integer 2 0 ) using the congru-
ence given in Theorem 10 of [2]. We only state the result. For each X € A , wWe
define

Lx,-k) = T T, (0,-k)x(0)

ocea ~°

for all integers k 20 . If X = 8 is the trivial character, we have

L(,-k) = (1-p5)T(-k) .

THEOREM 8 (Iwasawa).— et ¢ be a character in A distinet from &2 . Then,
for each integer k 2 0 , we have

G (L +m* = 1 = L@, -k-1)

The number L(X,-k) is zero if and only if X and k have opposite parity
(since the corresponding result holds for the complex L-functions because of the
I~factors in their functional equation). In particular, G (T) is identically

¢

zero when ¢ 1is odd.

COROLLARY 9.— Let X be an even character in A distinct from 9% . Then the

power series LX(T) 18 given by

LD =G (A+p)=11+T) = 1) .

4. Reduction of the problem

The first reduction of the problem is based on the generalisation of the

analytic class number formula (4) to the fields Fn (n = 0,1,...) .

PROPOSITION 10.— In order to prove Theorem 2, it suffices to show that, for each
odd X € A distinct from &1, LX(T) divides a characteristic power series of

e
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By the Weierstrass preparation theorem, each non-zero f in A can be writ-
ten uniquely in the form £ = pum(T)U(T) , where u =0, m(T) is a distinguished
polynomial, and U(T) is a unit in A . Then the degree A = A(f) of m(T) and
the integer U = uEf) are invariants of f . Write cx(T) for a characteristic
power series of X X

(-]

class number formula (4) to the fields Fn implies that

. As is explained in [9], the generalisation of the analytic

Ty = FALy . Tuley = Fuly ,
where X rumns over all odd characters in A distinct from 91 . Thus Proposition
10 is now clear.
Secondly, the construction of unramified extensions using the Jacobians of
modular curves, makes it imperative to replace the G -module A _ by its twisted
version Qw(l) =A_ Q%ZPH , endowed as before with the diagonal action of qw .

Let
zZ = Hom(Aw(l),Qp/Zp) .

X .

Thus %n(l) -
PROPOSITION 11.— In order to prove Theorem 2, it suffices to show that, for each
even ¢ € A distinet from 972, G¢(T) divides a characteristic power series
of 2®

Since Zy(l) = X, , it is plain that if d¢(T) is a characteristic power
series for Z(¢) , then d¢((1 +p)~1(1+T) - 1) 1is a characteristic power series
for Xir) , where X = ¢O . Hence Proposition 11 follows from Proposition 10 and
corollary 9.

The final reduction of Theorem 2 involves a technical ring-theoretic concept
for replacing the characteristic power series of a A-module when one works at a
finite layer Fn of the tower F_ . In gemeral, let R be a commutative ring,
and M a finitely presented R-module. Take any finite presentation of M , say

(10) R? &1 M —o0.

We define the Fitting ideal $k(M) of M to be the ideal of R generated by

all q x q minors of the matrix of € (if m < q , we put Fk(M) =0 ). See [14]
for the basic properties of ?k(M) . In particular, yk(M) does not depend on the
choice of the presentation (l10). We now use this notion with R given by the
Zy—group ring Rn =ZP[En] — A/wnA under the isomorphism (9) ; here

wn = (1 +T)Pn - 1 . Recall that Sp denotes the ideal in Zp[Gn] generated by
the elements (7) with ¢ rangin% ;ver all positive integers prime to Wz(Fn) .

¢

For each ¢ € A, we identify Snp
(8).

with its image in Rn under the isomorphism

Assertion @n .— For each even character ¢ # 92 in A , we have
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Fo P oz ) < 5P

It is precisely this statement which Mazur and Wiles use the theory of modu-
lar curves to prove for all n 2 0 . In view of the construction of G¢(T) given
in § 3, it is not difficult to show that the validity of (®n) for all n =0

implies the sufficient condition for Theorem 2 in Proposition 11.

5. The work of Kubert-Lang

We owe to Kubert and Lang [10] the important observation that the Stickelberger
ideal defined in § 3 also arises naturally in the study of the cusps on the modu-
lar curve X4(N) . In this section, we sketch that part of their work which is
used by Mazur and Wiles. Throughout, #, will denote the upper half plane, and
%* =¥u Q U {o}. Also N will denote an integer =21 , and G = (Z/NZ)X/{tI} .

We recall that TI'y(N) denotes the group

r(N) = {(Z‘ 3) € SLo(Z) : a

which operates in the natural fashion on ?{9* . Over the complex field T (see

1}

dElmod.N,cEOmod.N},

[18], and also the discussion in § 6), we define the modular curve X (N)/T by
X4 (N) /T = T4 QO\IEF .

We write T for the natural projection of H* on X,(N)/T . By definition, the
cusps of X4(N)/T are the elements of TTN(Q U {e}) , and it 1is convenient to
describe them by the following notation. On the set V of all pairs of integers
(x,y) with (x,y,N) = 1 , we impose the equivalence relation defined by the three
conditions (i) (x,y) ~ (x',y'") if x=x"mod. N, y =y' mod. N,
(i1) (x,y) ~ (-x,-y) , and (iii) (x,y) ~ (x+y,y) . Denote the equivalence class
of (x,y) by [X] . Let now x , y be relatively prime integers. Then the map
oy -;é — [;{] establishes a bijection between the set of cusps and the set of
equivalence classes of elements of V . By definition, the set %O(N) of zero
cusps of X4,(N)/T 1is the set of all cusps of the form [;{] , where (y,N) =1
(in fact, each such cusp can plainly be written in the form [y] , where
(y,M) = 1).

The group G = (Z/NZZ)X/{:tl} acts as a group of automorphisms of X,(N)/T .
Given O € G , choose an integer m prime to N such that o is the image of
m in G , and choose m' such that mm' = 1 mod. N . Let 6111 be an element of
SL,(Z) such that m' 0

Gm E(O m) mod. N .

We then define the automorphism <o> of X4 (N)/T by <o>(n'.N(z)) = TLN({Sm(z)) .

An immediate calculation shows that <O> operates on the cusps by
1
<o>[¥] = [0 3] -
y m y
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In particular, the set of zero cusps Y (N) is given by

e (N) = {<0>[?] o€ c} .

As a preliminary step to constructing functions on X,(N)/T , we recall some
classical facts from the theory of elliptic functions. Let L be any lattice in
€, and let O(z,L) be the Weierstrass o-function of L . Write
¢(z,L) = o'(z,L)/o(z,L) , and for w € L , define

n(,L) = C(z+w,L) - C(z,L)

We write n(z,L) for the extemsion of n(w,L) to T by R-linearity. Let

y = T2 (z,L)

¢(Z’L G(Z,L) .

For L fixed, note that ¢(z,L) 1is not a holomorphic function of 2z , because
n(z,L) 1is not holomorphic in 2z . We now vary both z and L simultaneously.
Let o = (aq,02) be a fixed element in R2\Z2 , let T be a variable in the

upper half plane ', and let LT be the lattice ZT ©® Z . The function n2(T)
(which has nothing to do with n(z,L) ) is defined by :

1 Red .
o\ TS 21iT
2 = 12 - g =
n2(x) = (2ni)ql 1 (I-qp)) , q =e .
We recall that, if M, = (2 :) € SLo(Z) , then there is pP@) € W2 such that

n2@T) = o) (ct+d)n2(1) .
We now introduce the function

Y (1) = ¢t +o0z,LINn2(7) .
The following elementary proposition lists the properties of KDQ(T) which will
be used in the sequel. Recall that B,(x) denotes the secont Bernoulli polynomial.
PROPOSITION 12.— (i) tba('c) 8 a holomorphic non-vanishing function of T 1in the
upper half plane %, given explicitly by

1 . _ . ©o . _ .
an g - quz(m)em (o l)az(e2n1azqct>t1 -y TT {(1 _ q:Tn+o.1e2nm2) (1= e Zmaz)} .
m=1

(ii) For each MhHE SLo(Z) , we have
4, ) = o(’lf&)waér) H
(iii) If B = (B1,B2) €Z2 , then
Lba.g.B(T) = wa(.t)eni(a-162_a281)€(e) ,
where €(B) =1 Zf B € 22Z2 , and €(B) = -1 othervise.

COROLLARY 13.— Let N be an integer > 1 , and suppose that Na € Z2 . Then the
1/N

order of wa(r) as a power series in a4 18 given by

3 Baoa D
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We can now construct functions on X4(N)/T , whose divisors have support
amongst the cusps. If O € G , one verifies immediately from (iii) of Proposition
12 that the function Lbc('l:) = w(O,m/N) (T)‘”(o,—(mm))(ﬂ depends only on O ;
here: m 1is any integer prime to N whose image in G is o . In the following,
L: G=->Z will denote a function, which will always be assumed to satisfy
Z u(o) = 0. We define
o€G . w(o)
9,™ =TT (™

otG
For 0 € G, put %,0 for the residue class of m2 modulo N , where m is
any integer whose image in G is o .
THEOREM 14.— Su(‘l:) 18 a function on X4 (N)/T <Zf and only if
(12) Z w©)%20 = 0 mod. N .

: o, 3¢}

Proof.— This follows immediately from Proposition 12. Indeed (i) shows that, for
any U , ﬁu(l’) is meromorphic at the cusps and (ii) and (iii) imply that, for
all M= (: 3) in I4(N) , we have

o (%) - 0 (e (_ orie ogcu(omz(o)) ’
H 3 N N
whence the theorem is plain.
In view of Theorem 13, we define ¥ to be the set of all functions
L:G->Z satisfying (12) and ogcu(c) = 0 . The next result is also an imme-

diate consequence of (ii) and (iii) of Proposition 12,
PROPOSITION 15.— Assume that w €'®. Then, for each o© € G,

au(<c>r) = Buo(r) s

where U € ¥ is defined by us(P) = u(eo-1) .

It is easy to derive the expansions of Su(p) at the cusps from (i) of
Proposition 12. We only state the result explicitly for the zero cusps. Since
o (N) = {<0>[(l)] ,O0 € G} , Proposition 15 shows that it suffices to work with
[?] . Let K denote the maximal real subfield of Q(UN) , s0 that we can also
identify G with the Galois group of K over @ .

PROPOSITION 16.— Assume that W € ¥ . In terms of the local parameter at [?]

- e 2ni/NT

given by t 5 Su(‘r) has an expansion of the form

-oé:cu(o) -1

(13) t (1 - 2u()t + tzwu(t)) s

where wu(t) s a power series in Z[[t]] .

As far as order of vanishing at the other cusps is concerned, we merely note
the following two facts :
(14) ord au(r) =0,

[c]
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(15) ord[x1] Su(r) = ord[xz] ﬁu(T) .

y y
However, if y # O mod. N , it is not in general true that the order in (15) is
zero. In other words, the support of the divisor (Su(r)) is not in general
contained in §°(N) .

Let ©(N) denote the group of all principal divisors (Su(T)) with 1
running over 4 . If D is a divisor on X,1(N)/T , write pro(D) for the part
of D whose support lies in .%b(N) . The following result shows how the Stickel-
berger ideal &(K) in Z[G] defined in § 3 arises in the context of the modular
curve Xq(N)/C . Let Z[G]° be the ideal of Z[G] consisting of all elements of
degree 0 , and put

S®e =dx nzlcle .
THEOREM 17 (Kubert-Lang).— pro(8(N)) = &(K)om )

This is an immediate consequence of Proposition 16, and the following ele-

mentary lemma.
Lemma 18.— &(K)° = {B(K) s u©o 1 :u ev} .
o€G

Now let P(N) denote the group of all principal divisors (f) , where £
is a function on X4(N)/T , whose zeros and poles lie amongst the cusps, and which
satisfies (14) and (15) at the cusps. Since the Z-rank of ©O(N) 1is # (G) -1 ,

it is not in general true that ©(N) has finite index in P(N) .

THEOREM 19 (Kubert-Lang) .— The torsion subgroup of P(N)/O(N) <Zs annihilated by 2 .

The essential step in the proof is to deduce from the expansion (13) that a
relation f" = Sn(r) , where f 1is a function on X,(N)/T implies that m/2u(l) .
Proposition 15 then shows that m/2u(c) for all o € G , and the conclusion of
the theorem follows from Theorem l4.

Let Bo(N) be the group of divisors of degree 0 on X4(N)/T with support
in %o(N) , modulo the subgroup of principal divisors with the same property. The
theory of Kubert and Lang described above does not in general give a simple des-
cription of GL(N) as a Z[G]-module in terms of 1£(K)° alone, because of the
fact that Su(r) may have zeros or poles at the intermediate cusps [;] where vy
and N have a common divisor d with | <d < N . (Note that the finiteness of
é%(N) is already implied by earlier work of Manin and Drinfeld). At the end of
the exposé, we shall say a few words about the beautiful manner in which Mazur
and Wiles' work clarifies this problem, at least when N = pP*1 ywith n2>1 .
Note that when N = p = 5 , this difficulty does not occur since there are no
intermediate cusps, and the following result is a simple consequence of Lemma 7,

and Theorems 17 and 19.

THEOREM 20 (Kubert-Lang).— Let p 2 5 and let Co(p) be the p-primary subgroup
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of &,(p) . Then, for each even X 1in A distinet from 9 and 2 s, we have

co®® =z /11,02, .

6. Proof of Assertion @&, for n =10 .

All the techniques needed to prove Assertion @& are contained in [22], but
the final argument is not given explicitly. We sketch the proof in this section.

Let J4(p)/T denote the Jacobian variety of the curve X,(p)/T . Let £ be
a prime number different from p , and let 62 be as defined in § 5. The follo-~
wing correspondences on X1(p)/C induce endomorphisms of J1(p)/C , which we

denote by the same symbols :
‘ -1
z+k
T @) = 2 np( . ) + (6, (22)) @t

p-l z+k
Up (1 (22) = kfo np( P ) ’

— el
W(np(z)) EP(PZ)'

Also, for © € G, the automorphism <o0> of ZX4(p)/C induces an automorphism

of J4(p)/T , which we again denote by <o> . Put
U; = W_1UPW s

and define T to be the algebra of endomorphisms of J4(p)/T generated by the
T, for all primes 2 #p , U; , and <o> for all o € G . It is well known
that T is commutative, and is a free finitely generated Z-module.

In fact, the curve X,(p)/T has a canonical model which is defined over Q
(see [18], Chapter 6), and which we denote by X,(p)/@ . The elements of 5o (p)
are Q@-rational points for this model. Moreover, writing J,(p)/®@ for the Jaco-
bian variety of X,(p)/@ , the endomorphisms in T are all defined over @ . The
involution W 1is not defined over @ , but only over the maximal real subfield
F§ of Fo = Q(up) . Write Tb‘xgp) "for the set of cusps of X4(p)/C of the form
[}(;] , where x 1is an integer prime to p (we call these the c-—cusps). Since
W(\yo(p)) =%(p) , it follows that the o-cusps are defined over F§ . Moreover,
identifying G with the Galois group of Fg over @ , the Galois action of G
on \‘b/m(p) is easily seen to be the same as the diamond action. Let G’m(p) denote
the group of divisors of degree zero on X4(p)/T with support in %(p) , modulo
the subgroup of principal divisors with the same property. As Wo<g> = <g>1° W
and W& (p)) = 5@(13) the theory of Kubert-Lang gives the structure of the finite
group gw(p) c J.(p) (FY) as a Z[G]-module (neglecting the 2-primary part).

Finally, the explicit formulae given above shows easily that

TE () =B (B -
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Write J1(p)[p®] for the group of p-power order in J4(p)(@) . Let GP
denote the Galois group of the maximal extension of @ which is unramified
outside p . As J4(p)/@ 1is known to have good reduction at all primes different
from p , the Galois module J4(p)[p™] 1is unramified outside p , i.e. it is a
Gp—module. For each prime 2 # p , let 7 € Gp denote a Fiobenius element for
2 . Also we write o, for the iqage of & in G = (Z/pZ) /{£1} . The following
is a reformulation of a classical tresult of Eichler and Shimura (see [18], Chapter

7.
PROPOSITION 21.— On J,(p)[p 1 , we have

= —1
TJL ‘pg,+£<°2,>¢’9, .

For the rest of this section, fix an even character X in A with X#1,
92 such that p divides L(-1,Xx"') . Write C, for the YX-component of the

p-primary subgroup of gw(p) . By Theorem 20, we have that as an abelian group
16 Co= Z_[L(-1,x"MZ_ .

(16) o -1,x™" o

Also T'(Cyx) €Cx -

CRUCIAL DEFINITION.— We let I be the annihilator of C, in T.

We also write M= (II,p) for the associated maximal ideal in T . For each
integer r with 0 <r <o, put Jq(p)[M ] for the set of points in J4 ) (@
which are annihilated by all endomorphisms o in the ideal mr .

It is essential to work with a quotient of the abelian variety J4.(p)/Q .
Let Xo(p)/T be the modular curve Fo(p)\BG‘ , where To(p) 1is the subgroup of
SL2(Z) consisting of all matrices ‘: 3 with ad~-bec =1 and ¢ = 0 mod. p .
Again this curve admits a canonical model Xo(p)/®@ such that the natural map
X4(p)/Q — Xo(p)/@ 1is also defined over @ . Thus, writing Jo(p)/Q for the
Jacobian of X, (p)/@ , we can define the abelian variety A/@ by the exacteness

of the sequence

an 0 — Jo(p)/@ — J4(p)/@ — A/Q — O .
The main reason for introducing A/Q is the following result [3].

THEOREM 22 (Deligne-Rapoport).— The abelian variety A/Fe has good reduction
everywhere (i.e. including at the unique prime of Fe above p ).
The Hecke algebra T also operates on A/@ . Write A ] for the
Gp-module of points in A(a) which are annihilated by all elements of '”br . The
exact sequence (17) induces a Gp—isomorphism Jq1(p) fﬂ{f] —“—»A[’ﬂlf] because X#1 .
We say that a Gp—module N 1is of up—type if every finite submodule of N
has Jordan-Holder filtration whose successive quotients are all isomorphic to the

Gp-module u.p . We omit the proof of the following proposition (see [13], [22]).
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PROPOSITION 23.— Let R denote the maximal ]J.p—type submodule of AMG . Then
Q s finite.

We now define B/@ to be the quotient of the abelian variety A/Q@ by Q .
Since B/F$ 1is isogenous to A/F§ , it follows that B/F$ has good reduction
everywhere. We can now construct the exact sequence of G -modules whose study
leads to the proof of Assertion @, . The canonical surjection of J4(p)/@ onto
B/Q induces an isomorphism from C, onto its image in B(@) (which we again
denote by Cs), because X # 8°. Now B/@ inherits an action of T, and we
write B[II] for the points in B(Q) which are annihilated by all elements of
I . Clearly C,c B[II], and we define the Gp—module M by the exactness of the
sequence

(18) 0 —Cp — B[] — M — 0.
Let WX denote the ]Fp-vector space of dimension 1 on which GP acts via ¥ .

PROPOSITION 24.— Each simple sub-quotient of the Gp—module M <s Zsomorphic

etther to or to W_ .
u'P X

Proof.— An easy direct calculation shows that, for each a in %m(p) and each
prime 2 #p , TR,(G') = (% + <o, >) (o) , where o, is the image of & in G .
Since W annihilates M , we conclude from this fact and the Eichler-Shimura

relation given in Proposition 21 that

(19 (@ - (@ = x(@))M =0

for all primes £ # p . In particular, (19) must hold on each simple subquotient
of M, and Proposition 24 is then a consequence of the Brauer-Nesbitt theorem
and the Cebotarev density theorem (see [22]).

To study (18) further, we must use the detailed knowledge provided by alge-
braic geometry of the reduction of B/F§ at the unique prime ¥ of F§ above
p . Write ¥ for the completion of F§ at % » & for the ring of integers of
¥, and kg
¥ is an abelian variety B /k~6> which is defined as follows. Let B/® denote the

for the residue field of P We recall that the reduction of B at

Néron minimal model of B/# . Then B,(,/k* is the special fibre of B/O, i.e.
B’b’*/k'lf’= (B/O) ®0k"6“ . By the universal property of the Néron model, T operates
on B/® and so alsoon the special fibre BX’/kZ’ . We define B,zs,[]I] to be the sub-
group of B'!?(k'ZP) which is annihilated by all elements in II . Recalling that Cg
is defined over &, we can identify Cs, with a subgroup of the 6-points of

B/ (as B/® is the Néron model, the canonical map from the O-points of B/®"
to the F-points of B/ is an isomorphism), and we write Cm’ for the image
of C_ under the reduction map from the O-points of B/® to the k ;points of

¥

B,v/k,x;. Plainly Cm"y)c B?S‘[H] . The following is a key result.
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THEOREM 25.— (i) C‘”"s’ RN Zp/L(—l,x—“)Zp ;s (ii) cw"f= Bh&[]l] .

Assertion (i) can be proven using analogues in characteristic p of the
arguments of § 5 (alternatively, as the ramification index of ¥ over Q_ is
< p-1, one can invoke the specialisation lemma of Raynaud, namely Proposition
1.1 on [12], p. 135). For the proof of (ii), which depends on a detailed knowledge
of the geometry of B’@/k'& , see [22].

PROPOSITION 26.— (i) As modules for the local Galois group GC&/) , we have

B[U]-"5 ¢ ®M; (ii) As a module for the global Galois group Gp s M s of
-t N

W -type

Proof.— See [20], p. 160 for an explanation of the terminology and facts about
commutative flat group schemes of finite order over O wused in this proof. The
fact that B/® has good reduction implies that the exact sequence (18) of
G(F/f-modules extends to an exact sequence of commutative flat group schemes of
finite order

(20) 0 — Coo/(Y—> B{ml]/0 — M/&@ — 0

(the exact sequence of general fibres of (20) is just (18) viewed as GG&/&)-mo-

dules). Moreover, we can identify the k.d,—points of the special fiber of Coo/O’
with C°°:’6’ , and the k_ﬁ,—points of the special fiber of B[II]/® with 3'8[]1] .

It follows from (i) of Theorem 25 that Cm/O’ is étale, and from (ii) of Theorem
25 that M/0 1is connected. If we now compare (20) with the standard exact sequence
expressing BI[II]/® as an extension of an &tale group by a connected group, we
conclude that (20) splits to give

(c /&) © (M/0) = B[L]/0.

Assertion (i) of Proposition 26 is simply the statement that this decomposition
is valid for the general fibres. As M/® is connected, no non-zero subquotient
of M/ is &tale. If M were not of up—type, Proposition 24 and the speciali-
sation lemma of Raynaud ([12], p. 135) imply that the constant group of order p

over O 1is a subquotient of M/®, and so (ii) also follows.

Lemma 27.— The action of Gp on M s given by the cyclotomic character b ,
i.e. o(m) = Y©@m for all m €M and o € Gp .

Proof.— Let K be a finite extension of @ containing m(up) , and such that the
action of GP on M factors through %= G(R/Q) . Let H be the kernel of the
character x91 of % Since ¥ 1is even, H # % Take a prime number £ # p
such that the Frobenius element @y of ¢ in (% does not lie in H . We claim
that the kernel of the endomorphism @, - X("D!L) must be zero on M . If this were
not the case, the fact that M 1is of u.p-type would imply that there exists a

subquotient of this kernel which is isomorphic to up , and this is impossible
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because X((Dz) * 8((02) by our choice of £ . Hence @, - x(cpz) is an automorphism
of M and thus by (19) ((pl—k)M = 0, for all such £ . The assertion of the
lemma now follows from the Cebotarev density theorem and the fact that C’S is
plainly generated by (%\H .

If L is an abelian extension of Fn = Q(u _,,,) , which is Galois over Q ,
we recall that there is a standard action of G(Fn/@) on G(L/Fn) given by
o°x = hcxh81 ; here x € G(L/Fn) , O € G(Fn/Q) , and hc is any representative
of o in G(L/Q) . Define the integer p = 0 by

(1) pP*! = L1 is.

THEOREM 28.— et £ be the splitting field over Fp of the module BII] (i.e.
the field obtained by adjoining to Fp the coordinates of all points in B[I]).
Then £/FD s an unramified abelian p-extension, whose degree is the order of
M . Moreover, L is Galois over O , and the action of G(Fp/tl}) -~ A x G(FO/FO)
18 given by (1) A aets via X', and (ii) G(Fp/Fo) acts via the character

K=1 modulo pp+1 .

Proof.— The extension £/Fp is automatically unramified outside p , and (i) of
Proposition 26 shows that it is also unramified at p . We construct a pairing
G(£/Fp) xM — C_ by (o,m) —> ow - w , where w 1is any representative of m
in B[II] . It is clear that this pairing is well defined and that the kermel on
the left is zero. The kernel on the right is also zero because of the definition
of the abelian variety B/® as the quotient of A/ by the maximal up—type
submodule of A[ME°] . Hence, as C_ 1s a cyclic abelian group, we obtain an
isomorphism of G(Fp/m)—modules

G(.C/Fp) 2N Hom(M,Cw) .

The final assertion of the theorem now follows from Lemma 27.

So far, we have proven nothing about the degree of £ over Fp or equiva-
lently the order of M . Indeed, up until now, we have not excluded the possibility
that M = 0 . The key to overcoming this difficulty was pointed out by Tate. Let

R be an arbitrary commutative ring containing Zp as a subring.

Lemma 29.— Let V be a faithful R-module, which is a free Zp-module of finite
type. Let 1 be an ideal of R such that V/IV is finite of order " . Then
m

p €1I.

Proof.— By the elementary divisor theorem, we can choose a basis {ek: 1 £k <1}

r .
of V as a Z -module such that IV = & phleiz . Thus hq + ... + h_ =m . But
h- P hs T i=] . p r
plej €IV, and so p ltej = kzl Xj kek » with Xk € I . It follows that
hi . = . .
det(xik - p 1csik)v =0 . Since V 1is faithful, we conclude that

det(xik - plé.lk) = 0 , whence pm €1.
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To apply this lemma, we take R = Ty = lim 'H.‘/mn‘ﬂ‘ , and I = I[,”b= I Ty -

Before defining V , we recall that, if D 1is a .p-primary abelian group, then

TP(D) = Hom(Qp/Zp,D) s D Hom(D,QP/ZP) .

Moreover, there is a natural identification TP(D) Homzp(ﬁ,zp) VIfE D is a
HomZP(Tp(D),Zp) . Since B/®

has good reduction, the G@H/#) -module B[ﬂ(,r] extends to a finite flat commutative

]

free Zp—module of finite rank, it follows that )

group scheme BMM 1/0 . Write BS for the G(¥/#)-module of F-pointsof the gene-
ral fibre of the connected subgroup scheme B[”f]olo’ ([20], p. 160). Put B2= U BQ ,
r21

as
= R0 = o
and take v =180 = Hom(Bw,Qp/Zp) .

Thus V 1is a free Z -module of finite rank, and we endow V with the

’n‘m—structure given by (tf)(b) = f(tb) for t € Ty, £€V, bE Bg .

THEOREM 30.— V <8 a faithful 'II,,za—moduZe such that V/ o,y has the same order as

M . Hence the order of M <ig at least p°*'.

The final assertion of Theorem 30 follows from the first assertion and Lemma
29, since it is clear that po+1

Also V/]I%V is dual to

is the smallest power of p contained in ]Im .

BO[Iy] = B[I]® =M .
Thus it only remains to show that V is a faithful ']Tm-module. As V 1is a free
Zp—module, it suffices to prove that

T,(BY) = Romz (V,Z)
is a faithful ’JT”b-module. Let Ago be the analogous local Galois module for the
abelian variety A/Q . Since Tp(Ag) [ TP(B;’O) and the canonical map
Ty, — Ty, ®Z @ is injective, the proof of Theorem 30 will be complete once the

following result has been established.

PROPOSITION 31.— Tp(Ag) ®z @ Zs a free TI‘% ®Z Q module of rank 1 .

The four ingredients used in the proof of this result are : (i) ’Em®z Q
is a product of fields ; (ii) Tp(Am) ®Q is free of rank 2 over TI?@ ®z Q ;
(iii) the p-divisible group over © attached to A[’lﬁo] is an extension of an
étale group by one of multiplicative type ; (iv) a lemma of Serre asserting that
neither non—-trivial étale p-divisible groups nor their duals can occur as sub-
quotients of the p-divisible group attached to an abelian variety defined over a
number field K , which has good reduction at the primes of K above p .

To complete this section, we note that Assertion ®, for the character
¢ = X~1' 1is equivalent to the existence of an extension £/Fp satisfying the

P*1 | This

conditions given in Theorem 28 with the degree of if/Fo at least p
follows easily on recalling that the map AB — A7 is injective, and that the

global Artin map gives a G(Fp/m)—isomorphism from Ap to G(LD/FD) , where Lp
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is the maximal unramified abelian p-extension of Fp .

7. Remarks on the proof of Assertion ®n for n >0

This is essentially the content of [13], and the proof is long and diffucult.
The definition of the correct analogue of the abelian variety A = J4(p)/Jo(p)
for n > 0 is by induction on n . Put &, = A , and suppose that the abelian
variety 8@n_q has already been defined as a quotient En-q : J,(pP) —» &, of
J1(P™ . Let T(pM*1,pN) be the group consisting of all matrices (i 2 in
SL2(Z) , with ¢ = 0 mod. p™"' and a=d =1 mod. p". The modular curve
X(pP*+1,pM) associated to I'(p*1,pN) can also be defined over .02 » and we have
the canonical maps

X4 (pD+1) &,X(pnn’pn) n X4 (p) .

The inverse image and norm map on divisor classes of degree 0 give rise to
respective homomorphisms .

Mo IEPHL,PD) — T (pMHY) , iy ¢ J(PH,PD) — T4 (D)

where J(p™*1,pN) denotes the Jacobian of X(pP*1,pR) . Let &n be the
subvariety of J(p™*1,p") given by the kernel of En_4°n,, . Mazur and Wiles

then define the abelian variety @&n over @ by the exactness of
0 — M) — I, S — 0.

THEOREM 32 (Langlands [23]). The abelian variety @n has good reduction everywhere
over the maximal real subfield of Fn .

Let go(pn“) be the image in J,(pP+?) of the group of divisors of degree
0 on X4(p™1') with support in the set of zero cusps, and let Cn?gn(l}g&,(pnﬂ))
be the image of this group on the abelian variety &n . Write Cn(p) for the
p-primary subgroup of Cn . Via the diamond operators, we regard Cn(p) as a
module over the Zp—group ring of (Z/pn“z)x/{.tl} . By a remarkable combination
of the geometry of the reduction of &, at the unique prime above p in Fh ,
and the ideas of Kubert and Lang, Mazur and Wiles [13] establish the following

result.

THEOREM 33.— Let ¢ be an even character in A distinct from 8° and 92 .
Then, in the notation of § 3, we have an isomorphism of Rp-modules

Cn(p) (@ — Rn/sr(xq)) .

Roughly speaking, once these two deep theorems have been established,
the proof of ®n for n > 0 follows fairly closely the proof of &, . Certain
additional complications occur at the end of the proof because Cr(lp) is no longer
a cyclic group. Also it is of vital importance to prove the analogue of (ii) of

Theorem 25 when n > 0 .
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8. Final remark

Let F be a totally real finite extension of @ , and C(F,s) the complex
zeta function of F . Siegel and Shintani have given proofs that the numbers
C(F,-k) (k >0 and odd) are rational, and Serre, Deligne~Ribet, and Pierrette
Casson-Noguds have established the existence of analogues of the interpolation
power series LX(T) for these numbers, where ¥ is now an odd character of
G(F(ub)/F) . It is natural to conjecture that Theorem 2 holds in this more general
situation, where A_ 1is now the p-primary subgroup of the ideal class group of
F(uﬁg . It seems that the methods of Mazur and Wiles generalize
to prove this conjecture when F is a totally real abelian extension of @ .
However, the problem for arbitrary totally real F seems as inaccessible as ever.
Nothing is known beyond some weak information given by the analytic class number

formula (see [1]).

240



(1]

[2]

[3]

[4]
(5]

[6]

[71
(8]

[91

[10]

[11]

[12]

[13]

[14]

[15]

[16]

(17]

[18]

[19]

[20]

[21]

575-22

REFERENCES

COATES, J., p-adic L-functions and Iwasawa's theory, in Algebraic Number
Fields (ed. A. Frohlich), Academic Press, (1977), 269-353.

COATES, J., SINNOTT, W., Integrality properties of the values of partial
geta functions, Proc. London Math. Soc. 34(1977), 365-384.

DELIGNE, P., RAPOPORT, M., Schémas de modules de courbes elliptiques, in
Springer L. N., 349(1973).

DWYER, W., FRIEDLANDER, E., FEtale K-theory and arithmetic, (to appear).

GREENBERG, R., On p-adic L-functions and cyclotomic fields I, Nagoya Math.
J. 67(1977), 139-158

IWASAWA, K., Some modules in the theory of cyclotomic fields, J. Math. Soc.
Japan 16(1964), 42-82.

IWASAWA, K., On p-adic L-functions, Ann. of Math. 89(1969), 198-205.

IWASAWA, K., On Zl—extensions of algebraic number fields, Ann. of Math.
98(1973), 246-326.

IWASAWA, K., Lectures on p-adic L-functions, Ann. Math. Studies 74,

Princeton (1972).

KUBERT, D., LANG, S., The index of Stickelberger ideals of order 2 and
cuspidal class numbers, Math. Ann. 237(1978), 213-232,

KUBOTA, T., LEOPOLDT, H., FEine p—adische Theorie der zetawerte, Crelle
213(1964), 328-339.

MAZUR, B., Rational isogenies of prime degree, Inventiones Math. 44(1978),
129-162.

MAZUR, B., WILES, A., C(Class fields of abelian extensions of @ , (to appear).

NORTHCOTT, D., Finite Free Resolutions, Cambridge Tracts 71, Cambridge, 1976.

RIBET, K., A modular construction of unramified p-extensions of Q(ub) 5
Inventiones Math. 34(1976), 151-162.

SERRE, J.-P., Classes des corps cyclotomiques, Séminaire Bourbaki, exp. 174,
(1958/59).

SERRE, J.-P., Formes modulaires et fonctions zéta p-adiques, in Springer
L. N. 350(1973).

SHIMURA, G., Introduction to the arithmetic theory of automorphic functions,

Publ. Math. Soc. Japan 11, Iwanami Shoten and Princeton (1971).

SOULé, C., K-théorie des anneaux d'entiers de corps de nombres et cohomolo-
gte étale, Inventiones Math. 55(1979), 251-295.

TATE, J., p-divisible groups, in Proceedings of a Conference on Local Fields,
Springer (1967), 158-183.

WAGSTAFF, S., The irregular primes to 125000 , Math. Comp. 32(1978), 583~591.

241



575-23

[22] WILES, A., Modular curves and the class group of Q(Ep) , Inventiones Math.
58(1980), 1-35.

[23] LANGLANDS, R., Modular forms and %-adic representations, in Springer L. N.
349(1973).

John COATES

Université de Paris XI
Département de Mathématiques
Batiment 425

F-91405 ORSAY

242



