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Séminaire BRELOT-CHOQUET-DENY 18=01
(Théorie du Ro%entiel)
1le ammée, 1966/67, n° 18 25 mai 1967

ON MINIMAL POSITIVE HARMONIC FUNCTIONS

by Kohur GOWRISANKARAN

Let (Q be a locally compact connected Hausdorff space with a countable base for
its open sets. Let there be a harmonic system of Brelot on Q satisfying the axioms
1, 2 and 3. Let there be a potential > O of this system on ( . We shall consider
here the poles on any compactification of Q corresponding to minimal harmonic
functions, and give some applications. Let st and gt be respectivetry the posi-
tive superharmonic functions and harmonic functions on Q . Let A be a compact
base (in the T—topology) of st , and Al the set of minimal harmonic functions

contained in A .

1. Mininal harmonic functions and their poles.

Let Q be a compact metrizable space containing ( as a dense open subspace.
Let T be the boundary of Q , viz. T = Q-Q.Let w>0 be a fixed harmonic
function on Q , and M its canonical measure on A (carried by Al ). Corres-
ponding to each w € i sy, wW>0, let Z% be the class of all lower bounded w-
hyperharmonic functions on ( . The following minimum principle is proved easily by

standard methods.

LEMMA 1. - For any Vv € Z% , the condition

lim inf v(x) >0, for all z el implies that v>0 .
X—Z

This shows that the set of traces of all filters of neighbourhoods of the points
of T dis associated to Z% [1]. Let us consider the associated Dirichlet problem.
Let us denote, corresponding to any extended real valued function f en I , the
upper (resp. lower) solution of this problem by F? (resp. Ig ). Any of these
functions, if finite, will be a w-harmonic function on ( . A resolutive function
for this problem will be called Fw-resolutive, and the solution denoted by F? .
Corresponding to each x € Q , let Fx - be the Daniell measure associated to this

?
problem.

LEMMA 2. - For any AT , if Py is the characteristic function of A , then

V.00
wI' —infRT
Oy el
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where {Vi}iel is the family of all open sets in Q containing A .

V. nQ
Proof. - Consider any such open set Vi . Then, %-Rwl is in Z% , and further

the 1lim inf of this function majorises ©, on I’ , and hence we get

V.nQ2
w T < inf Rwl .
Py eI
On the other hand, if v belongs to the upper class corresponding to Py and if

€ >0 , then we can find an open set V such that

v 5 A and v>1-c¢ on VnQ .
Hence,
wv VnQ
1 - ¢ >"RW *

Now, by varying e > 0 , and then v , in the upper class defining 'Fz , We get
A

the required opposite inequality. This proves the lemma.

COROLLARY. - For any compact set K ©T , we can find a sequence {Vn} of open
sets of ) such that :

(i) Vn = Vn+l for every n2>21,
(1) nv =K, v o
N
(131) T =2 1mr ™ .
w w

n-xo
Let ACST and {Vi}iEI be the open sets as in the above.

LEMMA. - Each V., n Q being an open subset of Q , the set Si of all points of

A, , where V., n Q is not thin, is a Borel subset [4]. Let
17— i ——

5. =N & .
Ayer 1

It is clear then that SA c SB for A€ B<cT and that ET = Al .

LEMMA 3. = For every compact set K ©I' , the set SK is Borel, ahd further

w'f:;K = ng hop (dan) .

Proof. - We can find a sequence {Vn} of open sets of Q such that Vh 3.§£+1

for every n 2> 1 and N Vn =K ., It is easy to verify that
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[se]
= N5
n=1
where Sn is the set of all points of Al where Vn nQ is not thin. Hence, &K
is a Borel subset of Al . Further,

- V_nQ

wI"W—_-limRn ’
n—-oow

and this-limit (being a decreasing limit) is nothing but

.|
Lin 'g b b (dn)

V. nQ
the greatest harmonic minorant of an (4], and we deduce the required result.

This proves the lemma.

COROLLARY 1. - Let C and D be compact subsets of T' satisfying :

(1) ccp,
(11) TF #0.
“p
Then,
=D —w —w
Wy ' " =wrTl ’ where Wy =W r .
@c %c - ®p

By the above lemma, the canonical measure . of Wy is nothing but W, Tes-
D

tricted to SD , and hence we get

W
=0 _ | f r —w
Wl "=+, hp_ (dh) = hp(ah) =, hu(dw) =w'l .
9 SC Wy SCnSD W &C W Pg

COROLLARY 2. -~ If u; s U, et , then, for any compact set K <T' , we have

U+, _u u
(u1 + u2) F@K =u, I~ +u,T .

THEOREM 1. = The following four statements are equivalent :

(Rr (1)) Every finite continuous function on I' is M-resolutive H
W — e ——————————————

(ﬂ; (2)) The characteristic functions of compact subsets of T are Fw~resoluti—

ve 3
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(ﬂ£ (3)) For any two disjoint compact subsets C and D of T,

Fv:; =--I-:W +'1'.‘:W H
e 9% 9D

((Rg (4)) For any two disjoint compact subsets C and D such that wy=w f"XD#O,

W
=D
P

=0 .

23933. - The equivalence of the first two statements can be proved by standard
Baire class arguments. We shall now show that these are equivalent to the last two.
If we assume (ﬁr (2)), then, from the add1t1v1ty of the w—solutlons, we find that
(Rr (3)) is true. Let us now assume (R (3)), and show: that (ﬁ (4)) is a consequen-

Ce.

Let C and D be two disjoint compact sets such that wy # O . From (Ri (3)),

we get that Yap = Yo + Wy . But, from the corollary 2, lemma 3, we deduce that
- W _w
Woup T oD _ w T C+uy T,
%c % %
i. e.
Wy = Wy + W fWD

C C D P

Since wy # 0 , we get that F =0 .
®
Finally, let us suppose that (ﬁ? (4)) is true. We shall show that (Rr (2)) i
true. Let K ©T Dbe a compact set There is nothing to prove if ™ =0. Hence,
let us assume that
=

W =W F@K #0 .

Let us first note that
W e
wl = % T .
% X
Now, I =K is the limit of an increasing sequence of compact sets Ah . For each
W, W,
n, T ko 0 , and hence, T K _o . This implies that
Pp rx
n W,
FK=1 .

P
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It follows that

This completes the proof of the theorem.

DEFINITION 1. — The harmonic function w is said to satisfy the resolutivity

axiom relative to I' (or simply (Rg)), if anyone of the above four (equivalent)

properties holds good for w .

The following lemma is proved easily.

LEMMA 4. = Let h be an element in Al « Then, fg is identically h or zero,
A

for any AcT .

THEOREM 2. - Let h € A

1 If KeT is a compact set such that fﬁk = 1, then

there is at least an element P € K such that

f‘h =1 .

{2}

Proof. — If there exists no such point in K , we can find an open neighbourhood
V0

VQ (in Q) of each point of K such that RhQ is a potential. Hence, we can

choose a finite number of points Ql s see Qm such that

covers K . We get immediately that 'f"floK - 0 from the lemme 2 and the fact that

V. nQ
Vo o Y
SR

is a potential ; contradicting the assumption. The theorem is proved.

COROLLARY. - Corresponding to each h € Al , there is at least one point P €T
such that

=1 ‘.
“(p}
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. —h .
DEFINITION 2. - Let h e Al » Any point P e ' such that T =1 is called a

“{p}

pole corresponding to h . If the set of poles corresponding toa he Al consists

of a single point, then this point is called the unique pole of h on r.

The following propositioﬁ is an immediate consequence.

PROPOSITION 1. - Let h € Al . Apoint P in T 1is a pole corresponding to h
if QnV is not thin at h, for every neighbourhood V of P .

PROPOSITION 2. — Let p be the projection mapping from the set of all potentials

in A with point support ( p maps each such potential to its support in Q ). Let .

QeT Dbe apole corresponding to h € A, . The filter p—l(ﬁ) , where § is the
trace on O of the filter of all neighbourhoods of Q , is adherent to h .

Proof. - Let V be any open set of Q . Then, it can be seen easily as in [2]
(using a sequence of relatively compact open sets covering V ) that RZ (for any
positive harmonic function u ) is represented as an integral with a measure sup-
ported by p_l(V) in the compact base A .

Let, now, W' be an open neighbourhood of Q , and let W=0Q n Wt . Since Q
is a pole of h , Rg =h . If p-l(W) does not have h as an adherent point,
then Rg could be expressed as an integral over some subset of B A A . This is
impossible in view of the fact that h is minimal (and Rg = h ). Hence, p—l(W)
is adherent to h . This being true for each open neighbourhood W' of Q , the

proposition is proved.

THEOREM 3. - There is a unique pole on I' corresponding to a h € Al , iff anyone

of the following two conditions is satisfied ¢

1° ((R}I;) is valid.

2° The fine filter 85 is convergent.

Proof. ~ Let the axiom (Rg) be valid. If P1 and P2 are two different poles

corresponding to h € A then

17
S

2=T = <1 .
°(p.}  “fp}  *{p,up,}

'

This inequality is absurd, and hence there cannot be two different poles correspon-
ding to h . Conversely, if P is the unique pole corresponding to h , then for

any two disjoint compact subsets, C and D , evidently
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On 9p Powd

Let us now suppose that Sh is convergent to a P (evidently P e T ). Then,
for any QeI , Q#P , there is a neighbourhood W' such that W= W' nQ is
thin at h . This implies that no point of T, other than P , can be a pole of
h . Conversely, suppose P is the unique pole corresponding to h . Let W' be an
open neighbourhood of P in Q' , and let W= W' nQ . We can choose an open set

V in Q such that Vo T - W' and RX”Q is a potential (theorem 2). Let

K== (Vow) ,
it is clear that K is compact. Hence,
W=Q=-(KuQnV)

is in Sh . This being true for all neighbourhoods of P , & is convergent to

h
P ., The proof is complete.

DEFINITION 3. = Let

T
Al =f{h e A, @ there is a unique pole on TI' corresponding to n} ,

and @F the mapping AE -> ' which takes each h +to its unique pole on T .

LEMMA 5. - Let K ©TI" be a compact set. Then, the set of all points of Al for

which there exists at least one pole on K is a Borel subset of Al .

Proof. = The lemma follows immediately by observing that the set in question here

is nothing but SK congidered in the lemma 3.

The proof of the following theorem is exactly as in the chapiter V, 6, and we

omit it.

THEOREM 4. - The set AF is a Borel subset of Al , and @F : AE ->I is a

1

Borel mapping.

We have the following corollary [7].

COROLLARY. - The image by QF of every Borel subset of AF

1 is universally mea~

surable for all Borel measures on I .

THECREM 5. =~ A necessary and sufficient condition in order that (ﬂg) be valid -for

a ue H+ is that

r
“u(Al - Al) =0 .
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Proof. = For any two compact sets, C and D, of T , if Uy = u F;C , Then

u

=Ya P r
u, I' "=+ hp_ (dh) = - h o (an) .
Clop &5 7 Mug Sprf T T

Let (RE) be valid. Then, for any two disjoint compact sets C and D,

p‘u(gc n SD) =0 ,

i. es the set of all points of Al which can have a pole simultaneously in C and
D is of measure zero. Now,(chap. v, ), Al - AE can be expressed as a countable
union of sets of the form SC n SD , where C and D are disjoint compact sets.

We deduce that uu(Al AE) =0 .

Conversely, if uu(Al - AE) = 0 , then, for any two disjoint compact sets C and
. - 1" _ .
D , since 8C N SD = Al Al s, we get uu(éc n SD) = 0 . Hence (RE (4)) is true.

The proof is complete.

THEOREM 6. - Let (Rr) be true for w . Then T_ o which are Radon measures on
I' y are precisely the image by & of the measures %%g% dp (n) , for every x € Q.

Hence, for all ™ ~resolutive functions (or equivalently F u summable functions)
?

on I', the M=solution is given by

u() ) = [ (oo ) BEy ()

Proof, - Let K be a compact set in I, and P its characteristic function.
Then,

SCEERNORSNCON

for all x € Q . But, from the last theorem and the lemma 3, we get

SOREAE- - INCY »LK”AF Bl (an)
1

1l

I o (g o 900 B (e
1

Il

f @K(z) @[%%%%'uu] (an) .

This is true for all the compact sets K ©T', and hence the two Radon measures

d Fx u and d @(h(x) My ) are identical. This is again true whatever be the point
b



18-09

X € Q o The rest of the proof follows by a standard theorem in the theory of Radon

measures [7].

COROLLARY 1, = For any extended real valued function f on T,

—

r‘f‘(x) _ £(z) @[ﬁ%} w1 (az) .

Proof. = We know that

h —
[e(a) a2 b1 (@) 2 T2
On the other hand, let v € Zu and satisfy

lim inf v(x) > £(z) , for all z el .
X-3z
The function v in Q continued by its 1im inf on the boundary is lower semi-

continuous, and this function § 2 f on [ . Hence, we get

V) =T = L a(e) B w1 (e0) 5 o) a7 (an)

This is true for all such v , and the required opposite inequality follows.

~u

COROLLARY 2. - A set A CT is TI'-negligible (i. e. rcP =0), if
- A

wlstwi=o .

In particular, T = QF(AE) is I"u-negligible.

Remark. - A real valued function £ on T is Fu-resolutive ( u as in the

theorem), if f o § is W, ~summable.

2. The case of "progor'bionalitz".

Let us now assume that the axiom of proportionality is valid in addition for the
system on Q , i. e, the potentials with the same point support are proportional to
each other, In this case, Q can be identified homeomorphically with the set of
extreme potentials on A [2]. Let Q be the closure of Q in A, A the boun-
dary (i. e. Martin boundary). Then A o Al , and A consists only of harmonic
functions. We shall show that the axiom of resolutivity is valid in this case (for
all u>0 ).

THEOREM 7. - Let u>0, ue€ Bt , and K © A any compact set. Then, there

exists a measure A on A , supported by K , satisfying
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a(x) Z;{(x) T a0 aam) .

Proof. = The existence of the measure is proved by the method of Martin, and the
adaptation of the proof is exactly as in [2]. We have only to note the fact that

any open set V of Q is the increasing union of a sequence of relatively compact

open sets 6, and RV is the limit of R .
n u u

THEOREM 8, = For every h e A the fine filter 3h is convergent to h .

1 9

Proof. - Let w! be an open neighbourhood of h € Al sy and w=w! NQ . We have

to show that Q = w is thin at h . For this, it is enough to show that sz =0,

where K = A n Cw! .

Suppose Zh # 0 3 then this function is =1 (lemﬁa 2). Hence there exists at
least one pole h! € K for the function h . Hence Zg = 1 . But, by the last-
{n'}
theorem, we get that
h(x) AR (x) = ant(x) , i. e. oh! =h .
(P{hl}

This is impossible, since h and h' belong to the same base and are not propor-

tional. The proof is complete.

COROLLARY 1. - Every h e A, has a unique pole (i. e. h ) on A .

1

COROLLARY 2. -~ The axiom (Rﬁ) is valid for all u € H' sy u>0.

(Consequence of the theorem 5.)

Remark. - In this case (of proportionality), it is easily seen that the axiom (Ru)
introduced in [2] is valid for all u € gt o In other words, we have shown here

that the axiom D is not needed for proving the validity of this result.

3. A sufficient condition for the Erogortionalitz of Eotentials with same point
supgort.
Let us now go back to the general case. We shall give a sufficient condition in

order that the potentials with the same point support are proportional.
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THEOREM 9., - Let K © (O be any compact set, and h € Al « Then h! = h = Rﬁ is

a minimal harmonic function for a unique connected component of Q - K .

Proof.

Case 1 ¢ K polar. Then RIE =0 . Let u be a positive harmonic function on
Q = K (which is connected) satisfying O <u <h . Then, % is a bounded h~-
harmonic function on Q =K , and it can be extended to a h=harmonic function u!
on  such that 0 <u' 1 [1]. It follows that hu' is proportional to h on
Q , and hence u is proportional to h on Q - K . This shows that h restricted

to Q=K is a minimal harmonic function.

Case 2 ¢+ K is such that Q = K is connected (and K not pola:c). Let w=0~=K.
We shall show that

G,={Ecow: (R;*:,'E)w £ ht}

is a filter on o (in fact equal to ffh A w )e Then it follows that h' is a mi-

nimal harmonic function on w [3].

Consider E S w and E € ffh . Then F=K y(E is such that CF belongs to
fS’h . Hence, there exists a v € st y Vv>h 01‘1 K ;JCE , and such that v(y) < h(y)
at some ye€ E, and v<h on Q. Let p=Rﬁ=R§r. Consider v =Dp on .
The function v - p > 0 , superharmonic on w , and v-=p>2h=-p=h'! on w-E.

But (v - p)(y) <h'(y) , and hence E & G

To prove the opposite inclusion, let us consider a relatively compact open neigh=-
bourhood & of K . Let q = Rﬁ s this function is a potential on Q . Using the
minimah principle [5], it is easy to see that the greatest harmonic minorant in w
of the function ¢q 1is Ri{l = RI; . Hence, q = }%‘t is a potential on w , and
q—-R§=h-Ri{1 on 8 nw.Now, if E € G, , then, En (w=8) also belongs to

6, . For
h? ’ A

&), < BB o 00y

W
where A= (w-E) u(wns); and it is clear that B n (w = 8) also belongs to
Gy |

Now, there exists a superharmonic function v 20 on w such that v >h!' on
(0=-E) u(wns) , vgh ad v'(y) <h'(y) for some y € E . It is clear that
the function w=v + ﬁllf{x in w and w=h on K belongs to st . Further, wgh

majorises h on (w=E) ué, and w#h on Q. Hence Q- E belongs to § .
This shows that (Sh, = {Eh nw , completing the proof of the theorem in this case.
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General case : As in the case 2, we can show that Sh nws= Gh' is a filter
(where w=Q-K ). But as in [3], we can see easily that there exists a unique
connected component wh of w (note that the connected components of @ are at

most countable) such that © e (and hence V = U w, is thin at b ). Now,
n

VUK

h! = h - Rﬁ =h - Rh in w0,

is minimal harmonic on w s and the fine filter corresponding to h' on W is

precisely Eh nw -

The proof is complete.

Let us now take a point P in Q such that w = Q= {P} is connected. Let Q
be the Alexandroff compactification of Q with A the point at infinity. Q is

also a compactification of w .

LEMMA 6. - A minimal harmonic function uw >0 on o has a pole at A if, and

such that u is proportional to h = Rﬁp}

on W

only if, there is a h € Al

Proof. - The proof is trivial if {P} is a polar set. Let us assume that {P}
is not polar. The last theorem shows that the condition is sufficient. It remains
to prove the necessity of the condition. By the proposition 2, we know that there
is a sequence {xn} of elements of w , converging to A such that there is a
potential q, on W with support at X, (and belonging to a compact base of the
cone S; ) with qn(x) -> qu(x) for all x € w . But every such q, is a constant

mgltiple of P, - RéP} , Where P, € A, 1 supported by X . Suppose
n

- {4}

q, = B, (2, R, )

But, by the compactness of A , we can find a subsequence of {pn} which converges

to a harmonic function h on Q (since the supports X, of p, converges to in-
finity). From this subsequence, we can choose yet another subsequence such that

P

Rg } .converges to a potential p with support at P . It is seen easily that u
n

is equal to V(h - p) . Now, using the minimum principle, it can be shown that

A
P = RﬁP} o Hence, u is a constant multiple of h = RﬁP} in w e If h is not

minimal, suppose h = h1 + h2 with h1 and h2 not proportional, then

{p

u = c[n, - Rhl} +h, - Rgz}]

and this is impossible. The proof is complete.
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COROLLARY. = Every minimal (positive) harmonic function on ® has a unique pole

(either at P or 4 ).

Remark. — The proof shows that, even if Q - {P} is not connected, a.minimal
harmonic function on any connected component with a pole at the Alexandroff point
of Q comes necessarily from an element of Al « The same proof applies to minimal
harmonic functions on the connected components of Q - K , where K is a compact

set of Q.

THEOREM 10. - Let {P} be a polar set of (O . Then the set of extreme potentials

on (0 with support at P have the same cardinality as the set of positive minimal

harmonic functions on Q = {P} with pole at P .

Proof. - Since {P} is polar, there is a one-one correspondence between the mi-
nimal harmonic functions on ® (= Q - {P}) and the extreme potentials on Q with

support at P . The proof is easily completed.

THEOREM 11. — Let P € O be such that {P} is not polar, and Q - {P} connected.

If the set of positive minimal harmonic functions on Q = {P} with a pole at P

consists of a single element, then the potentials on (Q with support at P are

proportional to each other.

Proof. - Let u be the unique positive minimal harmonic function on Q = {r}
having a pole at P . Let P, and P, be potentials on Q with support at P .
The canonical measure of the harmonic function p, on Q - {P} does not charge
the set of elements of the form h - RﬁP} where h e A, . Hence, both 1 and P,
are constant multiples of u on Q = {P} . Hence, 1 and p, are pro portional

to each other-on the whole of Q . The proof is complete.

Remark. - An example of N. BOBOC and A. CORNEA shows that the converse of this

theorem is not true.
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