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QUAST TOPOLOGY AND FINE TOPOLOGY

by Bent FUGLEDE

Introduction. ~ When a subadditive capacity is given on a space, one may study

quasi topological notions such as quasi clesed sets, quasi continuous functions,
etc. (cf. [8]). The results obtained are analogous to those for the fine topology
in classical cases. Under suitable assumptions the quasi topology is shown to be
equivalent to the fine topology, as is well known in classical potential theory. In
case of the usual capacity with respect to a kernel, we establish this key result
under the principal hypothesis of a dilated domination principle which is fulfilled,
ee g. by the kernels of order o for all «o . Some of the results of the present

report were announced in [9].

1. Quasi topology. - Let X denote a Hausdorff space, and c @& capacity on X in
the sense of CHOOUET [3], defined for all compact subsets of X and with values in
(0 s + ®) . Let c* be the associated outer capacity, defined for arbitrary sub-
sets of X . We assume that c(f) = O +thet ¢ is subadditive :

c(Kl U K2) < C(Kl) + c(Kz) .

*
It follows that ¢  is countably subadditive on arbitrary sets :
* *
c (U [\n) <2e¢ (An) .
L capacity c¢ will be called true if, for any increasing sequence of sets,
3* 3*
c (U An) = sup ¢ (An) .

A mapping f ¢ X —3» Y of X into a topological space Y with a countable

base is called quasi continuous if there corresponds to any number € > O an open

¥
set Wc X with ¢ (w) < ¢ such that the restriction of f to X ~ @ is conti-
nuous. Quasi closed, quasi open, and quasi compact subsets of X are defined simi-
larly (cf. [8]).

For two sets A Lz y We bay that wz quesi contains A, , or that A, 1is

quasi contained in A2 , if ¢ (A nC A ) = 0 . Equivalent sets are sets Whlch

quasi contain one another. A prOperty valld except in some set equivalent to @ is

said to hold quasi everywhere (g. e.).
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LEMMA 1. = A quasi closed set A ig quasi contained in a quasi closed set Az

if, and only if, ¢ (A nw) c (A nw) for every open set w .

Proof. = The necessity is obvious. As to the sufficiency, the stated inequality
immediately extends to quasi open sets ® , and we merely have to take w = C Az

The intersection of any countable family of quasi closed sets is quasi closed.
Although the restriction to countable families is indispensable, we have the fol-
lowing main result :

THEOREM 1. = Suppose that X has a countable base of open sets, and that the sub-

additive capoeity ¢ is a truc capucity. Then every non-void set # of quasi clo=-

sed sets which is stable under countable intersection has a quasi minimal element,

i. e. a set HO € ® quasi contained in any other set H € X% .

Another way of formulating the conclusion of this theorem is that any non-void
family % of quasi closed sets contains a countable subfamily whose intersection

is quasi contained in each of the sets of # .

To prove the theorem, one spplies the method in Choquet!s proof [6] of a theorem
of Getoor [10]. Moreover, lemma 1 is used under observation of the fact that, since
¢ is true, it suffices, in verifying the inequality of that lemma, to consider
sets  from a countable base for X so chosen that it is stable under finite
union, and consequently that any open set @ 1is the union of an increasing sequen-

ce of open sets from the base.

It follows, in particular, from theorem 1 that every set A < X has an equiva=

lence class of quasi closures, i. e. quasi minimal elements in the set of all quasi

closed sets quasi containing £ . There are, of course, dual results concerning

quasi open sets.

3
It follows also from theorem 1 that every outer measure u  (or outer, subaddi-
tive capacity) or X which does not charge the sets equivalent to @ has an equi-
valence class of quasi closed supports, i. e. quasi minimal quasi closed sets car-

. *
rying o .

LEMMA 2. - For any decreas:l.ng sequence of quasi closed sets H of finite capa-
city, one has inf c (H Y =c (ﬂ H )

This holds for any subadditive capacity on any Hausdorff space. The proof is ele-
mentary, based on the special case where the sets Hn are compact.
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2. A key property of the fine topologies of potential theory (1).

In this section, we consider a set X on which a topology called the "fine" to-
“palogy ls—given.-All topological -notions-referring to-this—topology will be quali-
fied by the term "fine(ly)".

For any set A € X , we denote by XK the fine closure of A , by i(A) the set
of finely isolated points of A , and by

b(h) =X nC 1i(n)

the finely derived set. Following BRELOT, we call b(L) +the base of A (2). Any
set B of the form B = b(4i) for some A c X is called a base.

We denote by & the class of all finely isolated sets E c X , i. e. sets E
such that i(E) = E . The fine topology of classical potential theory has the pro-
perty forming the hypothesis of the following theorem.

THEOREM 2. - Suppose that every finely isolsted set E is finely closed. Then we

1 A2 c X

(a) (Al nC A, e g = (b(Al) c b(ﬂ?)) . The converse implication holds if

have for any sets A , A

Al and A2 are finely closed.
) LaCb) =i() =i(®) € & .

(¢) b(b(4)) = b(L) = b(K) . Thus any base B = b(L) is finely perfect, B = b(B).

The proof is elementary and based on the fact that, since every point forms a fi-

nely closed set, we have i(X) = i(n) for any set L C X .

3. Quasi continuity implies fine contimuity g. e. (quasi everywhere).

Let X denote a Hausdorff space and c¢ a subadditive capacity on X with
c(@) = 0 . In addition to the given topology, we consider another topology on X ,
finer than the given one. We shall refer to this second topology as the "fine" to-

pology, and we denote by L the fine closure of a set A CX.

1
(") For a similar study covering also the probasbilistic cases, see DOOB [7].

(2) In Brelot's definition, the so-called non-polar points of A are ihcluded in
b(4) . There would be no difficulty in modifying the subsecuent definitions and re-
sults accordingly. We have not adopted this convention here bec=use, in the appli~
cations we have in mind, all points are polar.
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* %
THEOREM 3. - Suppose just that ¢ (K) = ¢ (&) for every set A c X . Then any

quasi closed (quasi open) set is equivalent to its fine closure (fine interior). If

Y is a topologic:l space with a countable base, then every quasi continuous func—

Fion is finely continucus g. e.

Proof. - If 4 1is quasi closed, there corresponds (cf. [8]) to € >0 a closed
3
set F c i such that ¢ (A v F) < e . Writing A \ F = B , we have

Kc(FuB) " c¥uB=FuBchAuB,
+ S~ o
c (T h)<e (B =c (B) <e .

If f¢: X —— Y is quasi continuous, and if (Qn) is a countable base of open

subsets of Y , we write
-1
3 - - fine 4 . -
b = f (Jn) s B fine interior i
*
Then £~ is quasi open, and hence U (An \ Bn) =E has ¢ (E) =0 ; and f is

n
continuous in the fine topology on X at any point of X \ E .

4. Thinness and fine topology with respect to a cone.

Let X be a Haucdorff space with a countable base, and let ¢ denote a subaddi-

tive, true capacity on X . Further let U denote a convex cone of lower semi-

continuous functions on X with values in (0 , + ) .

Following BRELOT [1], we associate with any set A ¢ X +the reduced function Rﬁ
defined by
Rﬁ(x) = inf{u(x) | ue U, ux1l on A}

(interpreted as + < if no such u exists).

A is called thin of order o (0<ao < 1l) at xe€ X, if there is a function
u € U such that

u(x) < o 1lim inf u(y) as y —> x, yedn C {x},
cr equivalently if there is a neighbourhood « of x such that
RAnwnC{x} (x) <o .
We say that A is thin at x if 4 dis thin of order 1 at x , and thot A is

strongly thin at x if . is thin of every order « > 0 at x . For any set
A € X , we denote by e(L) the set of points of X at which A is thin.

It was discovered by CLRTIN that the complements of the sets thin at x and not

containing x form the neighbourhoods of x in a topology on X called the fine
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topology (with respect to U ), and this topology is the coarsest among all topolo-
gies on X finer than-the giventopology and such that the functions of class U
are all comtinuous.

In the sequel, the qualification "fine(ly)" always refers to the fine topology
with respect to U . The finely isolated sets, forming the class & . considered in
§ 2, are the sets E thin at each of their points, E Ce(E) . The base of a set
LcX dis bA) = Ce(n) '

We proceed to study the consequences of the following axioms (3)

(1) c (A) =c ( ) for every set A cX.
(11) (e(l) SE) = (¢ (F) 0) . :
(I11) (¢ (E) = o) => (e(E) = X) .

(IV)  Every function u e U is quusi continuous.

i

1l

Wote that axiom (I) forms the hypothesis of theorem 3 above, and that axioms (II)
and (III) together imply the hypothesis &f theorem 2 because any set F +thin at

all points of ( E is finely closed. Consequently, we obtain the following lemma

LEMIL 3. - Suppose the axioms (II) and (III). The sets E of class & (the fi-

nely isolated sets) are characterized by each of the following equivalent proper-

ties

(e(B)> E) <=> (e(®) =% <=> (¢ (B) =0) .

For any set . , the r'ine closure 7 is equivalent to the base b(L)

THEORE! 4. - Suppose axioms (II), (ITI), and (IV). Then (%)

(a) For any set L C X and any number € > 0 , there is an open set “ c X such
that e(i) Cw and c ( Nw) < e .

(b) iny finely closed (finely open) set 4 C X is quasi closed (quasi oven).

(¢) If Y is a topological space with a countable base, then any finely conti-

nuous function f ¢ X —— Y 1is quasi continuous.

Proof. - Suppose first axioms (II), (III), and (IV). Ve begin by proving that,

for any set 4L € X, RR is quasi upper semi-continuous, i. e. the set

(3) The present axioms are, as a whole, somewhat wesker than the axioms in [97,
partly because we do not assume anything about the poler sets.

) Property (a), which implies (b) and (c), was discovered by CHOOUET [5] in the
classical cases. This property also implies the axioms (II) and (IV).
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B={xeX| RA(xD >t}

© is-guasi closed for every real t . Let ¥ denote the class of all sets

Euz{xeX‘ u(x) >t} ,

where u€ U and u>1 on A4 . According to the axiom (IV) the sets of class #
are all quaxi closed, and it follows therefore from theorem 1 that there exists a
sequence of sets Hn.E # whose intersection H is quasi contained in every set

H C i C ]

and hence

b(H) c r1Eu.= BCH.
u

Since b(H) is equivalent to H (lemma 3), so is B , and consequently B is

quasi closed.

In the rest of the proof, we do not use the axioms (directly), execpt when sta-
ted. The quasi upper semi-continuity of RA for all sets [ is equivalent to (b).
In fact, for any finely closed set 4 , we have £ D b(i) , i.e. C & ce(n) , and

hence

Ca=(C 4 ne(r) =u (oonn {xe X | Rﬁnw (x) <1}) .
n "

Being thus a countable union of quasi open sets, ( [ is quasi open, i. e. L is
quasi closed. Conversecly, (b) implies that any finely upper semi-continuous func-

tion £ : X —> (0, + <) (in particuler f =R, for any set 4 ) is quasi

.1\1.
upper semi-continuous because the sets {xe€ X | f(x) >t} are finely closed and

hence quasi closed.

Next, we observe that the Choquet property (a) is equivalent to the conjunction
of (b) and the axiom (II). In fact, (b) amounts to stating that, for every set
AcX, X is quasi closed, i. e. to every € > 0 there corresponds & closed set
FclX with c*(K \F) < e, or in other words an open set w, (=CF)> C & with

¢ (En wl) < ¢ . And the axiom (II) amounts to stating that, for every set 4 Cc X,
* %*
c (bne(r)) =c (i(1)) =0,

*
i. e. to every e >0 corresponds an open set w, i(r) with ¢ (wz) < e . Con-
sequently, (b) and the axiom (II) are together equivrlent to the existence, for

every set A and every € >0 , of an open set “ (= w

w>o (C 7)) uilh) =e(r)

Y wz) with
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such that

* * * * #
c (Lnw e (An wl) +c (wz) Sc(En wl) +c (ub) < 2e .

Finally, we show that (b) => (c) => axiom (IV). Suppose (b), and let
f+ F — Y be finely continuous. If (Qn) denotes a countable base of open
subsets of Y , the sets f_l(Qn) are finely open, hence quasi open, =nd it fol-
lows easily that f is quasi continuous. Clearly, (c) implies axiom (IV) since the
functions of class U are finely continuous.

Scholium. - Suppose zll four axioms. Then the quasi topology is equivalent to the
fine topology in the following sense : Nuasi continuity is the same as fine conti-
nuity quasi everywhere. i set A 1is quasi closed if, and only if, it is equivalent

to a finely closed set, e. g« % or b(i) . 4 cuasi closed set is quasi con-

z’sl
tained in a quasi closed set [;2 if, and only if, b(f\.l) C b(.fsz) » Ivery equiva-
lence class of quasi closed sets contains precisely one base, the base of all sets

of the class.

5e & _countawility propertvy of the fine topoiogy.

Keeping the notations and assumptions stated at the beginning of the preceding
section, we infer from theorem 1 in view of the above scholium that every family

(Hoz) of bases, b(Ha/) = Hoz , contains a countable subfamily (Hoz ) such that
n
b(NH ) <b(H) for every o , i. e.
o o
T ) = b0 B, )
b(hn H) =b(n H .
a ¢ n %n

Clearly this base is the greatest minorant for the given family (Ha) within the
set of all bases, ordered under inclusion. Thus, we obtain the following result
(cf. DOOB [7]) which serves as a substitute for the absence of a countable base of

finely open sets.

THEOREM 5. - Suppose all four axioms. Then the set ® of all bases in X is a

lower semi-complete lattice under inclusion. For any subset & < 8 , the greatest

minorant is the base of the intersection of the sets of d ¢

inf & = b(n &)

and there is always a countable subset with the same greatest minorant.

¢

COROLLARY. - Any outer measure p,'; (or outer, subadditive capacity) on X which
does not charge the sets E with ¢ (E) =0 , has a smallest finely closed support,
and it is a base.
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In classical cases, this is Getoor's theorem [10] (cf. also CHOQUET [6]).

THEOREM 6. - Suppose all four axioms. For any decreasing directed family of sets

Aoz contained in a quasi compact set,

info()=ci)=c( b)) .
o o o
o o o

This result is due to BRELOT [2] in classical cases and in his axiomatic theory

of superharmonic functions.

Proofs. = For any A < X, we have

o (A) = o (A) = ¢ (b(a))

in view of axiom (I) and lemma 3. It remains therefore only to be proved that

c (b)) zinfe(a) ,
o o o o

and for this, we may assume that the sets Aoz are bases, Aa € B . According to

theorem 5 there is a sequence (ozn) such that

b(Na)=b(na ) .
OZOl nan

We may suppose the sequence (Aoz ) ige decreasing. Note that
n
3 % L3 3#*
cna)=c®na)) =cbdhs))=cha) -
o' o n n n n
Since the sets AO{ are finely closed, thoy are quasi closed. By assumption they

n
are contained in a quasi compact set, wud they are therefore themselves quasi com-

pact. Since c¢ does not charge the points, ard hencz not either the finite sets,

every compact set has finite capacity. Consequently it follows from lemma 2 that

3 ¥* *
c(Nh ) =inf c (A );,infc(Aa) s
n %n n %n o

which completes the proof.

6. On the verirication of the axioms.

%
The axiom (I) is obviously fulfilled if c¢ (4) depends only on
fueu| uxt in 3} ;

in fact, any u € U is finely continuous. Usually, in gpplications to potential
theory, the sets E with c*(E) = 0 are precisely the polar sets, i. e. subsets
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of sets of the form u " ({+ »}) , ue U » The axiom (III) is then fulfilled if;
for every polar set E and every point x e ( E, there exists u € U such that

W=+ .in B whereas u(x) <+ o (cf. [9]).

The most difficult axiom to verify in applications is (II). For any function
f: X =—» (0, +«), denote by £ the greatest lower semi-continuous function

majorized by f .

LEMMA 4. ~ Suppose there is a constant o« , O <o <1 , such that, for every se-

quence of functions u €U,

infun>ozinfu Qe €4
n n

Suppose further that c¢ does not charge the points of X . Then aily set E , thin

®
of order o at each of its points, has ¢ (E) =

In the gpplications to potential theory the thinness is always strong, 1. e.
thinness (of order 1 ) implies thinness of any order « > O . In that case, the
lemma gives a sufficient condition for the validity of axiom (II). In the classical
cases 1inf u, is itself a function from U and equal g. e. to inf u, e This fol-
lows essentially from the lower envelope principle. The above lemma indicates that

it suffices to assume a certain dilated lower envelope principle (cf. § 7).

Proof of lemma 4. - Let (wn) denote a countable base of open subsets of X,

and let E be a set thin of order « at each of its points. Writing

En,p = {X € E ﬁwn | BEﬂDn‘{X} (x) < o "'%} ’

we have E =y E n,p ° It suffices therefore to verify that c% (En p) 0 for each

n and p « Let S denote a countable, dense subset of such a set En . For cach
4

s €S, there is u, €U such that us(s)<a-l/p »and u 21 in Enw ~{s},

in particular in En D v~ S . Writing

b
h=infu_ ,
seS
we thus have h<a - 1/p in S, and h>1 in E p\ S . By hypothesis, it
followsafrom the latter :Lnequa,l:x.ty that h >a Qe €e in En ,p N~ S . On the Sther
hand, hgh<a -1/p in S implies hg oz-l/p in SDE o because h is
lower semi-~continuouse. Th:l.s leads to a contradiction unless c (Bn \9) =

Since S 1is countable, c (S) = 0, and we conclude that ¢ (E) =0 .
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7. The usual capacity with respect to a kernel.

From now on, let X be a locally compact space with a countable base of open
sets, and let G denote a kernel on X , i. e. a lower semi-comtinuous function on
X x X with values in (0, + ») . We denote by c¢ the usual capacity (of. [8])
with respect to G , and by U +the class of all potentials G\ of bounded measu-
res A 30 on X with respect to the adjoint kernel \é(x , ¥) =Gly 5 x)

THEOREM 7. - Suppose that :

(1) G and G satisfy the continuity principle,
(i1) G is finite and continuous off the diagonal, infinite on the diagonal

(x = v) , and
(iii) G(x , y)— 0 as one of the variables tends to the point at infinity, the

convergence being uniform with respect to the other variable on any compact set.

Then

(a) ¢ is a subadditive, true capacity which does not charge the points.
* P

(b) ¢ (A) =inf{A(X) | GA>1 in A} .
*

(¢) (c (4) =0) <=> (A is polar) .

*
(@) (¢ () <®) <=> (A is contained in a quasi compact set) .

(e) The thinness is always strong.
(£f) The axioms (I), (III), and (IV) are valid.

Indication of proof. = The assertions (a), (d) and the axiom (IV) were establish-

ed in [8] (the fact that c¢ does not charge the points being equivalent to the hy=-
pothesis G(x , Xx) = + » )+ It was also proved in [8] that (b) holds for compact
A , and that, for arbitrary 4 ,

3% v
c (&) =inf{A(X) | GL 31 g.e.din 4} .

It follows easily that (b) holds for any K, in particular for any open set, and
therefore for arbitrary & . Next, (c) and the axiom (I) are easily derived from
(b), and so is the axiom (III) because each transposed potential G with A(X) < +w
is finite and continuous off the support of A (cf. also § 6). Finally (e) was es-
tablished by BRELOT [1].

I do not know whether the remaining axiom (II) holds under the present rather
weak assumptions on the kernel. It suffices, however, to add the following hypothe-
sis, called the dilated domination principle :
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(Ddil) There exists a constant k such that, for any two positive measures u

and v , of which . has finite energy | Gu du ,

(Cvz‘p.s‘év on the support of u) => (éusk‘é\; in X) .

Since the assertion in axiom (II) is of a local character, and since an exceptio=-
nal set equivalent to £ is involved, it would actually suffice to assume that
quasi every point x of X has a neighbourhood on which (Ddil) holds (the cons~
tant k being allowed to depend on x ). Wucther this weaker form of (D dil) holds
for all kernels satisfying the hypotheses of theorem 7 does not seem to be known.
It might be added that the analogous weaker form of the dilated maximum principle
is known to hold under the assumptions of theorem 7 (cf. CHOQUET [4], OHTSUKA [12]),
and the same is easily shown to apply to the corresponding weak form of the follow-
ing dilated principle of positivity of masses :

(P dil) There exists a constant m such that, for any two positive measures p
and v P
( & < Gy everyuhere) =—> (J dwsm ) dv)

In proving that axiom (II) follows from (Ddil) under the hypothesis of theorem 7,
we may therefore assume that (P dil) holds.

We begin by deriving from (P..,) and (D,..) the following dilated lower envelope
dil dil

principle :

(L dil) There exists a constant k such that, for any finite set of potentials

Uy 5 eeey up from the class U , there is a potential u e U with the following

properties 3

u > :i.nf(u1 5 ene up) quasi everywhere |,

ugkinf(a , ..., up) everywhere .

v
To prove this, write us = G\., with bounded measures 7‘3’ s J =1, eee yp,

a,n.d pu-b f = inf(ul y *vo g up) -

Since £ is lower semi-continuous, there is an increasing sequence of continuous

functions fn > 0 of compact supports such that f = sup fn . Applying Kishi's
n
existence theorem [11] (or, if G is cymmetric, the Gauss variationsl principle),

we find measures by > 0 of compact suprorts such that
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G n 7 £, duasi everywhere @) ’
(V4
Gpns fn on the support of by

Simee £ < fg uy = ij , we infer from (Ddil) that,
‘ ‘épn <k ‘éxj everywhere .
By virtue of (P ) this shows, in particular, that u (X) < mk A, (X) , and so the
total masses p,n(X) remain bounded. Hence, the Brelot-Ghoquet convergence theoren
is applicable (ef. [8]). Let p be any vague cluster point for the sequence (p.n) .
Then

Ep, > 1lim inf apn > 1lim fn = f quasi everywhere .

n n

On the other hand, for any Jj =1, «sc , p,

Ep, < 1im sup ép,n <k \é)‘j everywhere ,
n

and consequently Ep, < k £ everywhere.

Having thus established (L dil)’ we next extend this principle to the case of an
infinite sequence (un) of potentials u = \é)\n € U, again under application of

the convergence theorem. Writing this time

fn:inf(u soe o un) , f=1mf =infu ,

n n

l b
we obtain from (L dil) a bounded measure u > 0 such that

E“‘n > fn quasi everywhere |,

‘épn\ <k f everywhere .

Since Gp,n <k fn <k G)\l , it follows from (Pdil) that the total masses p,n(X)

remgin bounded. Let |, denote a vague cluster point for (_U,n) « Then

E’.LL > 1lim inf é_J,n > lim fn =f quasi everywhere ,
n n

v ~
Gu € ldm sup Gy < k Lim £ =kf everywhere .
n n

(°) In the first instance, we obtain Gu except in some set of inner capa-
city O . Since Cq is quasi continuous (ax:Lom (Iv)), and £, is continuous, the
exceptional set is Quasi open, hence capacitable (cf. [8]), and consequently also
of outer capacity O .
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It is now clear that also the principal hypothesis of lemma 4 is fulfilled with
= 1/k . In fact, since u = Gp, is lower semi—contimuous, and ou =k = ug f

everywhere, we have ou < £ , and consequently

A

f>ou>af quasi everywhere .

This completes the proof of the remaining axiom (II) under the hypotheses of theo-
ren 7 and the additional assumption (D dil) (or just the above mentioned weaker form
of this principle).

It is well known that the kernels of order o on R-

G(x,y):]x-y]a-n (0<a<n) ,

satisfy the actual domination principle for o £ 2 only, but the dilated domina-
tion principle (Ddil) for all « . Hence the preceding theory is applicable to
these kernels.

In conclusion, let us remark that results similar to those described sbove for
the usual capacity with respect to a kernel G can be obtained for the energy ca=-
pacity with respect to a symmetric kernel of positive type, taking for U the set
of all potentials GA of measures A > 0 of finite energy. The continuity princi-
ple and the hypothesis (iii) of theorem 7 are now replaced by the principle of con-
sistency end the hypothesis that G(x , yl)/G(x s yz) remains bounded as x tends
to infinity in X while vy and Yo remain in a compact set. In order to secure
that any set of outer energy capacity O be polar (with respect to the present co-

ne U ), it is assumed moreover that X is not thin at any point.
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