JAN MIKIEWICZ

Sample density as the function-estimate of
population’s distribution

Statistique et analyse des données, tome 7,n°2 (1982), p. 57-70
<http://www.numdam.org/item?id=SAD_1982__7_2_57 0>

© Association pour la statistique et ses utilisations, 1982, tous droits réservés.

L’acces aux archives de la revue « Statistique et analyse des données » im-
plique I’accord avec les conditions générales d’utilisation (http://www.numdam.org/
conditions). Toute utilisation commerciale ou impression systématique est consti-
tutive d’une infraction pénale. Toute copie ou impression de ce fichier doit
contenir la présente mention de copyright.

‘NuMbDAM

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=SAD_1982__7_2_57_0
http://www.numdam.org/conditions
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

.57,

Statistiques et Analyse des Données
1982 - Vol. 7 n® 2 pp. 57-70

SAMPLE DENSITY AS THE FUNCTION-ESTIMATE
OF POPULATION'S DISTRIBUTION

Jan MIKIEWICZ

Technical University of Wroclaw
ul. St. Wyspianskiego 27
50370 Wroclaw, POLAND

Resumé : La méthode proposée constitue une certaine variété de la méthode des
fonetions potentielles, cependant, en tant que fonction attribude aux points qui
représentent en R les éléments échantillons la répartition rotative de Cauchy

a été appliquée, et au lieu de la somme, le produit normalisé de ces fonctions a
été accepté. Parmi les estimateursnon paramétriques de la densité de probabilité
le type discuté se caractérise par une simplicité particuliére, et il a une inter-
prétation gnoséologique. Un théoréme concermant la conmvergence de cet estimateur
a été présenté.

Abstratc : The method proposed is a certain type of the potential functions

method, in wich the rotational Cauchy distribution is assumed as the function
assigned to points, representing sample elements in A ; instead of the sum, the
normalized product of, these function is takem into account. Among the nonparametric
estimates of probability density function, this is especially simple and has a
gnosiological interpretation. A certain theorem concerming the convergence of this

estimate is presented.

Mots clés : Probability density function. Nonparametric esiimate.
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O - INTRODUCTION

In many problems dealt with in Nature's exploration the objects under study
appear in the form of composed populations. Each class /i.e. subpopulation/ is a
population by itself with its own natural probability distribution.

Such distributions of composed populations on ]fn—space are generally of
irregular type with many maxima of probability demsity function. That may be
easily shown in terms of the formula describing the density function/referred

to as d.f. /of the composed population / x ¢ R/
(n f(x) = o f, &) + azfz(x) *ooo o f (),

where o for i = 1,2,.,.,k, denote fractions which in the total mass of the
population represent classes, and fi(x) indicate d. f. of the i~-th subpopulation.
A case such that the division of the population is not known is especially
difficult and important. This situation is pattern recognition problems [1] is
called the "recognition without the help of a teacher". There should be distin-
guisﬁed some problems which have not been satisfactorily solved so far. They are

the following :

I. Definition of "demarcation lines /hypersurfaces/ between territories in R™
deviding optimally the masses of representants of particular classes /the well

known problem, see e.g. [1],[10]/.

2. Definition of fontiers /contours/ of classes, which is possible when the clas-
ses are not very dispersed /particularly important in pattern recognition
problems/.

3. Estimation of gravity centres of classes /important in biology/.

All these problems may be also considered in terms of the sequential approach,

associated with the search for an optimal sample size.



1 = THE BASIS OF THE SAMPLE DENSITY CONSTRUCTION

The method discussed here enables solving all of these problems. It requires
the following assumptions : the component populations are of continuous type,
defined on the real space r® ; moreover, d. £. of subpopulations is differen-
tiable Such assumptions are based on many empirical cases ; in some other cases

they are admissible when treated approximately.

The well known method of obtaining the "picture of population" is the cons-
truction of “empirical distribution function", see [6]. There are some objectionms

to this method. Let us consider them here :

1. Most of the populations considered in empirical sciences are of a continuous
type. It follows that this estimate is an insufficient "picture' to represent

these populations, especially for small samples.

2. The distribution function is usually a worse gnosiological tool for empirical

investigations that the d. f.

3. In multidimensional cases the e.d.f. is defined, but practically it is useless.
Already in a twodimensional case, in order to get acquainted with e.d.f., it is
necessary to have a spatial model which gives to the empiric investigator not more
than a spatial set of sample points. With a larger number of dimensions, a

spatial model corresponding to intuition cannot be constructed and as an analytic

instrument for discrimination and pattern recognition, the e.d.f. is of low use.

From an other side there is a method of potential functions /see e.g. [11/.
These are sums of funétions belonging to a very large class of functions, assigned
to particular points of the considered /e.g. sample/ set. We may consider the
class of continuous functions and then the continuity of a functional estimator
is ensured. However, when the form of the function attributed to points is esta-
blished, the functional estimator as their sum is not consistent and this can be
shown easily. By the above mentioned consistence we understand the following
property of the functional estimate lf(xlsn) based on a random sample Sn of n

elements :

(2) ¥xe R v lim P{lg(x[s) - £ < e} =1,
n->e
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where ¢f is an estimate of d.f. f(x) of population from which the sample was taken.
In order to eliminate this defect of potential functions, a so called "kermels
method” was used /due to [9] and [5]/, in which the potential functioms
V(x,xi,h), of d.f. form, attributed to sample elements x,;, are called kernels,
for which the parameter h /of scale/ changes /decreases/ with the growth of a
random sample size, defined by n. Therefore h is the function of n and such
function must have certain properties of convergence to zero together with n,

if the function I; ¥(x,x;,h) put in the place oftf(xlsn) in the formula(2) has

to meet this condition of convergence.
To kernels method we raise three objections here :

1. Arbitrary way to assume the type of function as a kernel.

If there is an arbitrariness, then there is no optimization.

2. Lack of gnosiologic interpreation of the total dispersion dependent on "h",

which except for some limitations in convergence, may be arbitrary.

3. The introduction of the scale parameter "h" and its dependance on the sample
size, i.e. on its variation, cause complications ; especially as it is toilsome

in algorithms adapted for computer calculations.

The sample d.f. /sdf/ proposed by the author seems to be free from the above
presented objections relating to both the empirical d.f. as well as potential
functions, based also on kernels. It is defined, basing on the sample

Sn = {xl,...,xn} represented in m“‘, as follows :(x)

n
(3) Yixls) =c(s) 1 ¢ x|x)),
where i=1
(4) Glx|x;) = c 0+ [lx=x Y™,

and Cm(sn) > 0 is the constant normalisation coefficient. The functions (4)
attributed to the sample element X is a nommalized, rational Cauchy distribution ;

i.e. the scale parameter of this d.f. isi= 1.

(*) The power m is conditioned by the character of integral convergence on the
space r /necessary to make the function (4) a d.f./. If the sample consists at
least of m elements, then it is enough to put in the formula (4), the numer I

instead of m.
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This is of course one of the possible forms of potential functions attributed

to points. The admission of just this requires the following three asumptions :
1. Assumption of Cauchy distribution for each axis of the coordinates system.

2. Normalization of thescale parameter of this distribution i.e. the assumption

that A = 1,

3. Assumption of a rotational form of the multidimensional /multivariate/

distribution.

In [7] there assumptions and principles on which their introduction is based,
were discussed broadly. There this is presented in outline.

The introduction of Cauchy distribution is justified by the Bayes postulate
[4], which after all may be explainedon the basis of statistical game theory
/see e.g. [3]/. If we have only a sample element represented as a point in R® and
we do not have other information, then we must choose an element from class of
distributions so as to have the highest probability in the said point and the
largest dispersion /i.e. infinite/ of the distribution a posteriori.

The second assumption will be discussed broadly in the following paper of
the author concerning the applications of this method. Here only the interpreta-
tion of the parameter A will be given as the smallest distance of distinguisha-
bility. Let for i-th feature the accuracy of the best measuring instrument, i.e.
its dispersion, be equal to Ai. Tten for two elements of the sample of which
the results of measurements of the i-th feature do not differ more than by in
/after normalizing by 2/ i.e. generally for elements X and Xy G(xk,xl) < ZAi,
when considering only the i-th feature, we cannot state with high probability,
that they differ reall;. In this case the sdf /proposed here/ has a property of
"gluting",i.e. that between points xk,i and xl,i on the i-th axis there appears
then only one maximum. If however, it is G(xk,xl) > ZAi and in the vicinity of
points xk,i’ xl,i there are no other sample elements, sdf has a local minimum
between xk,i and xl,i /this property may be generalized on r"/.

The information about the dispersion of the measuring instrument appears
clearly in sdf : when we have only one element of the sample, we have no
information about this dispersion. Therefore sdf in this case has an infinite
dispersion. If we have only two elements of identical values of the i-th feature
/when considering only the i-th feature/, sdf has the smallest dispersion for
this case, i.e. equal to Ai. On the contrary, if we know the accuracy of the
measuring instrument for each investigated feature of continuous type, we know

thereby the constant value of parameter A /i=1,2,...,m/ for it, and we may



normalize the adequate axis of the Cartesian coordinate system with their help.
It enables the elimination of parameters in the normalized sdf formula (3)+(4).

The rotational form (4) of individual distribution on K™ was assumed because
it seems to be natural and because was analytically convenient /it makes easier
to prove the theorem ; compare the proof of lemma 1/.

In the formula (3) defining the distribution attributed to sample Sn /"'sample
alloy"/ the assumption of a product instead of a sum, which appears in the poten-—
tial functions method, is essential and should be alsoexplained. Because, as we
mentioned already when analysing the assumption 2, the parameter A has a gnosio-
logical sense and therefore must be constant, the sum of the assumed distributions
attribued to points of Sn is not a consistent estimate of f(x) /see formula (2)/.
In the lemma 2 we show that in the case when £(x) = 0, the product defined by
(3) and (4) is convergent to zero for n -+« according to the criterion (2),
while the sum potential functions /when remain positive on the whole space .
also in the limit/ is then convergent to the positive number.

The introduction of a product of individual potential functions to sdf may
be moreover motivated probabilistically : the probability defined by sample
density on any elementary interval is in sdf proportional to the probabilities

defined on this interval by distributions of all individual points.
2 - APPLICATIONS OF THE METHOD

The problem of calculation in practice of the normalizing coefficient
qn(sn), which must be so chosen as to make the function (3) the sdf, still remains.
Because of analytical difficulties each time calculation of this coefficient is
a serious problem of a data processing nature. However, for the discrimination
and pattern recognition this may be neglected, as for these purposes it is
enough to compare the ,values sdf defined on different points x € ntm, and the
constant coefficient does not exert an influence on these comparisons.

The point of using alternatively the method of statistical discrimination
and taxonomy depends on the interpreation of Sn set. If we consider this set
as a random sample, then the problems presented at the beginning appear. If we
do not have additional information, we consider this set deterministically and
then the taxonomy and particularly the so called "cluster analysis" should be
used [2]. One should emphasize here that the application of sdf defined by

formulae (3) and (4) appear to be an improvement in both these domains ;
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particularly the hypersurfaces of an equal density /aequidensae/ and also
minimal /demarcation—-/ hypersurfaces are analytically of a simplest form in this
case, as they are polynomials of low degree and the coefficient may be then
neglected.

In this paper because of the lack of place we shall focus our attention only
on the problem of sdf convergence to f(x). The algorithmic part of presented
method and some examples of its applications /to pattern recognition and biology/

will be the theme of a next paper.
3 - THE CONVERGENCE PROBLEM

Very general theorems are desired comcerning the distribution of maximum
sdf deviation from f(x), analogically to A.N. Kolmogoroff's theorem for empirical
distribution functions /see e.g. [6]/. However, the sdf defined by formulae
(3)+(4) is not receptive to the use of traditional methods of probability cal-
culus as e.g. the method of characteristic functions. Therefore the author
cannot present such theorem for sdf at this stage of investigations. The sdf
derivative has however a convenient analytical form, which was used in the proof
of the lemma 2.

The presented two lemmas are useful in proving theorems concerning the stochas-
tical convergence of sdf. The lemma 2, independent on this meaning, is useful in
pattern recognition problems. The theorem is limited only to the local conver-
gence of the derivative's sign of one of two factors in which sdf may be facto-
rised, to £'(x). This factor is based on the internal part of Sn, set, relative
to the optional area A on which f'(x) has the constant sign. If however, the
author's hypothesis based on the lemma 2, that the second factor of sdf (based
on the external set Sn-S;) does not exert an influence within the limits of A
on the derivative's sjgn of sdf, then the thesis of the presented theorem is

generally true, i.e. sign q'(xlsn) converges stochastically to sign f£'(x).
Definition

The function W(x,xi), where x ¢ R™ , will be called the rotation—potential

function, if it is continuous and has the point, referred to as X; /the index
i will be used in sets/, which will be called the centre, and satisfies two

following conditions :



.64,

. . m . . e
For two optional points x', x" ¢ R is satisfied :

1°) when 6(x',xi) = 6(x",xi), then W(x',xi) = W(x",xi),
2°) when 6(x',xi) > s(x",xi), then W(x',xi) < V(x",xi),

where § means the Pythagorean distance formula.

Lemma 1
Let the set of n points S = {xl,xz,...,xn}, x; € Rm, be divided by the
(n-1)-dimensional hyperplane H in two subsets : Sl =Sn Zl and S2 =Sn 22, where

I, I, mean semispaces obtained by the section of RT with H. Sl has n, and

S2 n, elements /n = nl+n2/.

Let n, > n2 and in S] n2

tive to H /additional assumption/. Let to each X; the rotation-potential function

elements are symmetric to all elements of Sz, rela-

be assigned /see definition/, with the centre in x;. For the set S the function

£ is defined :
(5) £(x,8) = c[W(x,xI) ] ?(x,xz) ®...0 W(x,xn)],

in which @ means addition or multiplication.

Then, for two optional areas : | and c :2’ symmetric relative

u
2
to H, the inequality is fulfiled :

r
(6) J b, E(x,S)dx > J u, g£(x,S)dx.

When ® means in tQis formula the multiplication, the constraint Vi > 0 is

necessary.

The_proof :
Let S; be the subset of S symmetric, relative to H, to S2 and let D be the set-
difference : D = S—S;-SZ. It is easy to see that for each pair of points x',x",

where x' ¢ Zl and x" ¢ 22, symmetric relative to H, due to the definition and

(5), the inequality is fulfiled



(7 g(x',D) > g(x",D).
Consequently it is fulfiled
(8) ex',8) > g(x",8s),

because, as the consequence of (5), £(x,S) may be decomposed in factors or sum
elements (%), and due to the additional assumption it is E(x',S;) = E(x",sz).

This gives, after integration, the thesis.
Lemma 2

Let Sn be the sample of n elements drawn from the population with the unknown
d.f. £(x), where x ¢ R™ and let Ac R™ be the area of m-dimensional measure
u(A) # 0, such that for x ¢ A is £(x) = 0. Then the sdf defined by the formulae
(3) and (4), for area A* ¢ A, such that for optional ¢ > O, p(A)-u(A") < e,
fulfils the equality

9 Yee &5 Yoso !1:: P{Y (x|S) < n} = 1.

The_proof

Let the hyperplane H be orthogonal to the j-th axis of m-coordinates system in

3

R™. Let Hj cut th:.s axis in the point with the coordinate X, . We shall assume

at the first stage of proving, that £(x) = O for all points x ¢ ]Rm, such that
3y,
o

theirsj—th coordinate x . It will be shown mnow, that for these points in

this case is valid (9).

The derivative of s (xISn) for j-th variable is of the form :

n xj—xi
(10 y'x|s) = -2 ¢x|s)) 'El P
=, of +x; *)2
k=1

Let (Xi} be the matrix of random variables such, that for constant i (i.e. in
the row) they have the joint distribution defined by f(x), instead rows have

identic and independent each other distributions. If we put for optional x3 > xg

(*) The constant coefficient ¢ in (5) may be omitted here.
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vl =xd - Xi, and
n
k Jk -1
Y:-‘_ = [1+ kZl (x -Xi)zl ’

it results from assumptions that
i *
P{O < Yi} =1, and 0= Yi <1,
for i = 1,2,...,n.

It is easy to see, that for optional distribution of Yi fulfiling given
condition, is valid (x) :
n

an v lim P{ £ Y <w} =o0.
w<e 1
oo i=1

For the product of random variables YiY; is also fulfiled :
Jg* -
P{YiYi < 0}

and when the formula (11) for the random variable YJY is used it results, that

for xJ > xg is valid :

\

a2) ¥ lim P{ z Y-‘Y < w} =0,
W< i

N0 i=1
which shows that in this case the second factor (the sum) in (10) is uncons-

trained, when n + », with probability 1.

Because @ is the product of functions, which for assumed x-es are /with
probability 1/ decreasing, limited from below by O, and also differentiable,(f
must be in this interval in the limit decreasing or everywhere equal to zero. The-
refore |tP'(x[Sn)[ must be in the limit constrained and by virtue of (10) it
must be so, that for xJ > xg and n» =, ¥ > 0.

When none hyperplane such as H (1 < j <m) exists, there exists the area

A" ¢ A, surrounded with the set of (m—~1)-dimensional hyperplanes H 2,...,H1

(*) For pattern recognition problems the Cauchy distribution with the cutted out
"window" (the area A on which £(x) = 0) is of interest. By virtue of lemma 2,
this "window" may be reproduced using sdf.



(1 > 1), of which measure p(A*) is optionally close to the measure u(A).

In this case the complementary area to A*, relative to ]Rm, may be divided in
parts (e.g. by aid of other hyperplanes) where each part is adjacent to omne 1
hyperplanes so, that for HJ all X, € Sn, belonging to such part of ]Rm, create

the set SJ Then occurs :
(13) L.

For each SJ, the proper rotation of coordinates system may be performed so,
i

that for all x; € SJ, x5 < xg with probability 1, as in the case described at the

beginning. Then also occurs :
: ;
(14) ‘f(xlsn) =c jzl gf(x|sn),

and for each factor in (14), with the adequate Hj’ for n > », it is possible to
carry out the previous presented proving.

Wich the product (14) corresponds the set—product of semispaces equal to A*
and for all Si the formula (12) is fulfiled, which shows that for the product
(14) ‘f -+ 0, for n » =,

Theorem

Let f(x), for x ¢ ]Rm, be the differentiable d.f. of population and let
Ac R™ be the optional area on which the derivative f'(x), taken in the defined
direction, has everywhere the same sign /not equal to zero/. Let Sl_l be the random
sample drawn from this population and H be the optional, (m-1)-dimensional hyper-
plane orthogonal to defmed derivative's direction, cutting the interior of A.
For the area A" cA symetnc relative to H and for the set Sn = Sn n A" is

then valid :
(15) ¥ lim P{sign cf'(x|s;) = sign £'(x)} =1,

x€H
n->x

where prime means the derivative in the assumed direction.

S 1
(16) A=):AJ,+}:
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so that it is possible the form the pairs : A%, A%, situated symmetrically
relative to H. Let us consider initially one, optional pair of adjacent cubes.

Let e.g. £'(x) < O in the direction from A% to A%. Then

Qa7 I . f(x)dx > I . E(x)dx.
2
Probabilities in (17) will be signed ¢, €, (cl > ez). Let 38; be the set

of elements X; € Sn for which X; € A%, having n, elements, and Jsi be the set
;, 2 elements (i = 1,2,...,n). When n is
growing unconstrainable it is easy to see, on the basis of Borel's theorem

of x; € Sn for which X5 € A;, having n

(see e.g. [8], p. 270) in respect to the Bernouilli's scheme, that in this case :

n €
n +; - € le ’n in € +: }
172 172 172 172

n
(18) P{

=|,

and in consequence with probability 1 the inequality n, >, is valid.
Then, due to the lemma !, for optional pair of symmetric, relative to H, areas

By, B, ¢ R™, with probability 1 :

(19) I £(x, Is! + Is2)ax > I £(x, Js! + Is2)dx,
n n n n
B B
1 2
by additional assumption concerning the symmetry of Jsg and some subset of JSL,
agreeable to the lemma ! (as we shall show this assumption appears to the

overfluous).

When B], Bz are adherent through points x ¢ H, (19) gives, for p(Bl+Bz) -+ 0,

where p means the diameter of the set, the inequality
.

(20) v o £ 6,dsl e K52 <o,

where the derivative's direction is orthogonal to H.

Let now n »wand 1 + » simultaneously, so that

(21) max p(al) - o.
1s3<1
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In this case the additional assumption may be omitted, because the symmetry
inside the elementary cubes lost the importance. Then for all j = 1,2,...,1
the inequality (20) is valid, for optional established x € H, with probability
1, and therefore it is also valid with probability 1 for the total subset S;,

which gives the thesis in this case :

: '
(22) Veen 111_::.:} ¢ (x[s ) < o.
This ends the proof in the case when f£'(x) < O in the assumed directiom.

In the reciprocal case, it is sufficient to change the turn of the derivative'sg

direction vector and the further proof runs identically. In the formula (15)
appears, under the probability sign, the equivalence, because negation of the
sentence on the right side causes negation on the left side too. This ends the

proof.
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