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REND. SEM. MAT. UNIv. PADOVA, Vol. 104 (2000)

Level Sets of Gauss Curvature in Surfaces
of Constant Mean Curvature.

FEI-TSEN LIANG (¥)

ABSTRACT - For an embedded surface M in R® with nonempty boundary M, con-
stant mean curvature H and Gauss curvature K, we consider the sets E, (k) =
={xeM: Kx) <k},E (k) ={xeM: Kx)>klandI(k) = {xeM: K(x) =
=k}, (where M = M U 3M.) If kis not a critical value of K, such that I'(k) is not
empty, then one and only one of the following cases occurs: (1) At least one
component of I'(k) is a Jordan arc with two distinct endpoints on OM;
(2) E,(k) is simply-connected, enclosed by I'(k) and containing a unique um-
bilical point. I'(k) is a simple closed curve, on the other side of which E,(k) is
situated. E(k) is of the same connectivity with that of M and enclosed by I'(k)
together with oM ; (3) Each component of I'(k) is a simple closed curve inside
M, adjacent to which and on two sides of which a component of E(k) and a
component of E; (k) are situated, respectively; each of them either is diffeo-
morphic to a planar annulus or is of the same connectivity with that of M and
is enclosed by this component of I'(k), together with either another compo-
nent of I'(k) or components of M. This result then yields the convexity of M if
inf {K(x), x € M} is positive and M is simply-connected.

For an embedded surface M in R? with boundary M and Gauss cur-
vature K, we may consider the sets

1) Ey(k) = {xeM: K(x) <k},
@ Ey(k)={zeM},

and

@) Ik)={xeM UM : Kx)=k}.

(*) Indirizzo dell’A.: Institute of Mathematics, Academia Sinica, Taipei, Tai-
wan. E-mail: liang@math.sinica.edu.tw
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The main purpose of this paper is to characerize the topological proper-
ties of the leval sets Ey(k), E,(k), and I'(k) in case M is of constant mean
curvature by means of Gauss-Bonnet theorem and some applications of
the Hopf differential. We shall show that one and only one of the cases
listed in Main Theorem 2 below occurs. From this, we draw the impor-
tant conclusion that M is convex, in case inf {K(x): x e M} is positive
and M is simply-connected. Indeed, it is the attempt to verify the last
result which motivates the investigations made in this paper. We note
also that famous examples, (e.g. Delaunay surfaces), show the necessity
of the conditions of simply-connectedness in this result.

This convexity result is related to Hopf’s conjecture which in fact is a
consequence of the intuition that closed immersed surfaces in R® of con-
stant mean curvature are necessarily convex. Wente’s couterexample
[11] and subsequent discovery of ab undant examples of such immersions
violate this intuition on convexity. In contrast, Huang and Lin prove in
[8] via a variational approach that for a nonparametric surface M, the
negatively curved set, (that is, the set of points at which K is negative), if
exiats, must extend to the boundary oM of M. From this, the convexity
of M follows in case inf {K(x): x € M} is positive and M is nonparame-
tric, (which is a special case of the above mentioned result obtained in
this paper via an entirely irrelevant approach). Furthermore, Huang and
Lin introduce in [8] the notion of extremal domains , and prove that for
parametric surfaces immersed in R3, the negatively curved set, if exists,
must be at least as large as an extremal domain. This result has not
been surpassed via the approach used in this paper.

For nonparametric surfaces of constant mean curvature with capil-
lary boundary conditions, the convexity problem has been investigated
in Finn [4] [5], Korevarr [9], and Chen-Huang [3]. On the other hand,
Brascamp-Lieb [1] and Cafferelli-Friedman [2] obtain some convexity
properties of solutions to certain linear elliptic Dirichlet boundary value
problem.

Related results for higher dimentional parametric surfaces can be
found in Korevarr-Lewis [10] and Huang [7].

Introduction.

Gauss-Bonnet theorem says that, for E(k) diffeomorphic to the unit
disk or a connected plane bounded domain by m, circles (m, = 2), there
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holds

3.1) | KaA+ | Kyds=27 or 22-mp)a,

Eo(k) 8o (k)
respectively, where K, is the geodesic curvature along o (k), dA is the
area element of M and s is the arc length of 0E(k). Likewise, we
have

3.2) | KaA+ [ K,ds=27 or 22 -ms) 7,
Ey(k) OE: (k)
provided E (k) is diffeomorphic to the unit disk or a connected plane do-

main bounded by m, circles. In this connection, we note that, if M has no-
nempty boundary oM, we may set

4) K, = inf{K(x), xe M},
and
K, = sup {K(x), xe M };
then, if k£ is not a critical value of K such that
k<K, or k=K,

then the boundary of Ey(k) or E,(k) coincides with I'(k).

Recall also that, at non-umbilic points, the Gauss curvature K of a
surface M of constant mean curvature H satisfies the partial differen-
tial equation

5) A log(H® - K) =4K,

where A is the Laplace-Beltrami operator on M.

In Section 1, we shall first present some preliminary results on the
Hopf differential ¢ with |¢|?>=H?— K, by means of which (5) is easily
derived in the end of Section 1 and the geodesic curvature K, along I'(k)
is calculated in Section 2. In particular, for each component I(k) of I'(k),

we obtain precise formulae for J K,ds in terms of k, H 2k, | VK| and
(k)
J'a% log ¢, where V denotes the covariant differentiation on M. Name-
k)
ly, we shall prove in Section 2 the following

MAIN THEOREM 1. Suppose M is an embedded surface in R® with
constant mean curvature H and suppose k is not a critical value of K
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on M. For a component T(k) of I'(k) which is a simple closed curve insi-
de M, denote n as the unit outward normal with respect to the domain
at the left of T(k) when I(k) is traversed counterclockwise. If T(k) is de-
scribed counterclockwise so that a component Ey(k) of Ey(k) is at the
left of T(k), then there holds

JKgds= —i f(v log |¢|%)-nds
Tk T

while, if a component E,(k) of E,(k) is at the left of I(k) instead,

JKgds=—% I(Vlog|¢|2)-nds+ Iailog¢ds.
I(k) T(k) I(k) 5

Here YV denotes the covariant differentiation on M.

In consideration of the fact that |$|? takes the constant value H* — k
along I'(k), we may reformulate previous results as follows.

MAIN THEOREM 1*. Assume k and M satisfy the same conditions
as in Main Theorem 1. For a component I'(k) of I'(k) which is a simple
closed curve, there holds

1 [ |VEK|

4. ) H® -k
40 L0

ds,

if the former case in Main Theorem 1 occurs, while

1 VK

— jl Iols+ Jiarg¢ds,
_J Os
e

J K,ds =
i 1) ok
I(k) I(k)

if the latter case in Main Theorem 1 occurs.

Suppose the boundary of M consists of m components, namely
M=0,MUHMU...UJ, M.

For each ¢, 1 <i <m, if there exists a number k;, for which a component
T*(k;) of I'* (k;) is a simple closed curve intersecting 9; M at a finite num-
ber of points and not enclosing a simply-connected region inside M, then
weset OF M= U T’*(ki); if, however, for 3; M, no such a number k; exist,
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Figure 1

then we set 0 M = 9; M. Denote M * as the domain contained in M and
enclosed by Sf MU ... U 5% M. (See Figure 1). We then set

Eg (k) ={xeM* |K(x) <k},
and
Ef k) ={xeM* |K(x) >k}.

Delete small neighborhoods of umbilical points on M first and then
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after a simple limiting procedure, we obtain the following results by vir-
tue of Main Theorem 1, the partial differential equation (5) and Green’s
identity.

COROLLARY 1. Assume k and M satisfy the same conditions as in
Main Theorem 1. Consider a component E¥ (k) of E¢ (k) or a component
E¥ (k) of Ef* (k) whose boundary consists of q components of 3M*, q =0,
together with p components of I'(k), p = 1, each of which is a simple clo-
sed curve. If, for such a component Ei (k), its boundary SE¥ (k) is de-
scribed counterclockwise so that E¢ (k) is at the left of dEF (k), then we
have

K,ds= - [ KdA;
220 B (k)

if, on the other hand, for such a component E} (k), its boundary SE* (k)
18 described counterclockwise so that E¥ (k) is at the left of KT (k), we
then have

%)
I Kgd8=— JKdA+ J _arg¢ds'

3Et (k) Btk SFY (k)

Corollary 1 and the Gauss-Bonnet formula (3.1) yield the following
result.

THEOREM 1. Assume k and M satisfy the same conditions as in
Main Theorem 1. Then a component Eg (k) of E¢t (k) which is of the type
mdicated in Corollary 1 must be diffeomorphic to a planar annulus;
and hence the component Ey(k) of Eo(k) (defined in (1.1)) containing
E¢ (k) either is diffeomorphic to a planar annulus or is of the same con-
nectivity with that of M.

Also, by Lemma 2 and Lemma 3 in Section 1 below, together with the
fact that ¢ vanishes precisely at umbilical points, we have
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LEMMA 1. For each simple closed curve I on M traversed counter-
clockwise, we have

J—a—arg¢=0 or 2mm ,
E ds

where m is a positive integer.

Lemma 1, Corollary 1 and the Gauss-Bonnet formula (3.2) enable us
to infer the following

THEOREM 2. Assume k and M satisfy the same conditions as in
Main Theorem 1. Then a component E¥ (k) of E* (k) which is of the type
indicated in Corollary 1 must be diffeomorphic to either a unit disk or
a plan nar annulus. In the former case, E¥ (k) coicides with a compo-
nent E,(k) of E.(k), contains a wumnique wumbilical point and

f % arg ¢ = 2. In the latter case, the component E, (k) of E,(k) con-
OF1 (k)

taining E¥ (k) either is diffeomorphic to a planar annulus or is of the
same connectivity with that of M.

Theorem 1 and Theorem 2 then yield

THEOREM 3. Suppose M is stmply-connected and either a complete
surface of constant mean curvature H without umbilical points or a
minimal surface, i.e. H= 0. Suppose k is not a critical value of K on M.
Then each component Ey(k) of Ey(k) or component E, (k) of E, (k) which
contains a component E§ (k) of E¢* (k) or a component E¥ (k) of E* (k) of
the type indicated in Corollary 1 must either be diffeomorphic to a pla-
nar annulus or is of the same comnectivity with that of M.

Also we obtain from Theorem 1 the following result.

THEOREM 4. Assume k and M satisfy the same conditions as in
Main Theorem 1. If no component of I(k) is a Jordan arc with two di-
stinct endpoints on M and if a simply-connected component of E, (k)
is enclosed by a component I(k) of I'(k), then, adjacent to T(k) and on
the other side of I'(k), there situates a component of E,(k) which either
is diffeomorphic to a planar annulus or of the same connectivity wit h
that of M.
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Figure 2

We shall, however, prove in Section 3 the following result.

THEOREM 5. In Theorem 4, the component of Ey(k) indicated there
cannot be enclosed by two components of I'(k); in other words, this com-
ponent of Ey(k) is enclosed by a component of I'(k) and one or more
component of oM.

Assuming the truth of Theorem 5, we have, by virtue of Theorem 1,
Theorem 2, Theorem 4 and Theorem 5, the following

MAIN THEOREM 2. Assume k and M satisfy the same conditions as
in Main Theorem 1. If I'(k) is not empty, one and only one of the follo-
wing cases 0CCurs.

(1) At least one component of I'(k) is a Jordan arc with two di-
stinct endpoints on OM. (See Figure 2).

(2) E,(k) is simply-connected, enclosed by I'(k) and containing a
unique umbilical point. I'(k) is a simple closed curve, on the other side
of which E(k) is situated. Ey(k) is of the same connectivity with that of
M and enclosed by I'(k) together with oM. (See Figure 3).

(8) Each component of I'(k) is a simple closed curve inside M, ad-
jacent to which and on two sides of which a component of Ey(k) and a
component of E,(k) are situated, respectively; each of them either is dif-
Sfeomorphic to a planar annulus or is of the same connectivity with that
of M and is enclosed by this component of I(k), together with either
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Figure 3

another component of I'(k) or one or more components of M . (See Figu-
re 4).

As a consequence of Main Theorem 2 and Theorem 3, we have

Figure 4
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MAIN THEOREM 3. Suppose M is simply-connected and is either a
complete surface of constant mean curvature without umbilical points
or a minimal surfaces. Suppose k is not a critical value of K and M.
Then either (1) or (3) in Main Theorem 2 must occur.

We may observe that Main Theorem 2 yields the following

MAIN THEOREM 4. If M is simply-connected and if K, defined in
(4) is positive, then K >0 inside M; i.e. M is convex.

Indeed, if K, is positive, for each number k£ <0, case (1) in Main
Theorem 2 cannot occur. Moreover, as M is simply connected, case (3) in
Main Theorem 2 cannot occur for any number k. Thus, case (2) in Main
Theorem 2 occurs for some number k = 0. This amounts to the truth of
Main Theorem 4.

1. Preliminary results.

Let M be an oriented two-dimensional connected surface and
x : M — R3 be an isometric immersion of M into R3. At a neighborhood of
any point of M, we may adapt an isothermal coordinate z =&, + £, in
such a way that the first fundamental form is, for some scalar
A>0,

ds? = A|dz|2.

Let us set

1\ o
ei=(_) x’ i=172’
Al 9&;

and define the unit normal vector field by
e3=e; X ey.
We may define 1-forms w;, wys, w;g, =1, 2, by the following formulae
dx =w, e; + wy ey,
de; = wp ey + Wizes,

dey = —wiz€; + Wozes.
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Then, writing, for i =1, 2,
Wiz = hy wy + hipgw,,

we have h;, = hg;, and the mean curvature of M is given by
1
H = —(hy + hg).
2
Furthermore, setting
1 .
= E(hn — hgg) — thys,

there holds
K=H-|g]*,

where K is the Gauss curvature of M.
The following result is a consequence of the Codazzi equation.

LEMMA 2. (Hopf [1], page 37) There holds

3(49) _,, oH

6 .
© oz oz

From Lemma 2, we immediately obtain the following result.

LEmMA 3. (Hopf [1], page 38) M has constant mean curvature if and
only if the function 12¢ is an analytic function of z.

Hence, at a non-umbilic point of the surface M of constant mean cur-
vature, we have

0=Alog(A*|¢]|®) =4 Alogi+ Alog(H?—K).
On the other hand, by the Gauss equation
K=—- Alogi.

These last two identities can be combined to yield (5).
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2. Geodesic curvature K, along the level curve I'(k) of K; Proof of
Main Theorem 1.

Set £&,=u, £,=v, and choose k£ such that I(k) is a smooth
curve

x(u(s), v(s)) = x(s),

where s is the arc length of I'(k) as a curve on a surface M of constant
mean curvature H. Let, henceforth, subseripts denote the variables with
respect to which partial differentiation is taken and

Xy X Xy
an_._.__—
|2, X 2, |

stand for the unit normal to M. Also, throughout this section, let dot de-
note the partial differentiation with respect to s, and then, along I(k),
the geodesic curvature

M K, =220 — i) + %(zz)uq-,(azﬂ-,z) _ %uzw(azwz)

wv—ou 1 A%, . 1 (A2, .
+ = b-=
W2+ iR 2 A2 2 A2

’

where the last equality follows from the fact that
® AP+ %) =1.
Along I'(k), |¢|*= constant H?—k, which yields

©) (|¢|Pa +(|¢]®) =0.

This identity enables us to express the right hand side of (7) in terms of
|¢|? and its differentiation with respect to z and z.

2.1. To motivate our calculation, we assume, first of all, that

(10) (||, =0 and ©v=0.
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Then, by (9), along I'(k),

i _ (1M _ 1M (1))
o (oD UsD+ (oD
ie.
. [i((|¢|2)2“(|¢|2)z].
u = V.
(1P + (|¢|*%
Thus

a1y wv—ou

2y 2
=_[ig(<|¢| = (9] ”)](b)z
s\ (|1%): + (|6

i
(191®:+ (|¢]*:

)
= —[i—((|¢|2)z— (|¢|2)z)]
Js

2y _ 2
+i(|¢| Y— (9] )z[

a3
— (o2, + (|8|D3)
(o12:+ (|9]%). id 121

s ] (o1 + (|¢]®:
?

(912, + (|¢|®):
2

(812 + (|¢]®):

_ 8 sz — (1012 ]
[’tas((|¢|)z (1612

u
+ —
v

3
_((|¢|2)z+(|¢|2)z):|
os

by (10), where, as

we have

2]
(12) i—((|9]»z— (|9]).)
os

13

= (1[5~ (|9]2) 3 +iC( 6Pz — (161D — (|0]D2) 5],
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and

3
(13) _((|¢|2)z+(|¢|2)2)
os

=((||De+ (|9]|Dzz+2(|0|P)z) 2 +i((| @D = (|@]D)z2) 0.
Inserting (12) and (13) into (11), we obtain
(14) wv — Vi

.Ul .uR
= 2(|¢|2)z2 ,v+f +((|¢|2)zz+(l¢lz)ii) “/U"‘f
v v

#2119 1% - (19121 |

)?
(o3, + |9z

= [20]¢ [ +5%) + (| 9] + (| [32)@* — %)
+24(|9]%)e: = (|91%)z2) 40]

(H)?
(|9, + (Jo|Pz:

2.1.1. To proceed further, we note that, along I'y(k), as |¢|*=
constant,

(15) (199 = + (|¢[: — =0.

|2 K

We emphasize here that the calculations performed in this subsection
18 valid no matter whether (10) holds. We aim at deriving (27) below,
which, together with the discussion made in 2.1.2 and the beginning of
2.1.3 will yield Proposition and hence Theorem 6 in the end of 2.1.3.
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Suppose first that, along I'(k), there holds,

8 AN,
(16) (v@ “%)("”'KO’

that is, I'(k) is described in such a way that a component E, (k) of E,(k)
(defined in (1.1)) situates at the left of I'(k). Then, observing that

we have, by (15) and (16),

2 —i(|p|?); .((|¢|2)z )”2
a7 = = - ,
2 eGP~ (el
and
z i(|9]2), .(<|¢|2>z )1/2
(18) = = ,
H (|p1®).(|¢|>))" (|o1®)z
which gives
o z i (@D L i 1 2
19 —|=—|=-=——Z_(|9|Yat~- (|9]?)e
az(m) 2 (oo 7 2 opio e 1
We may observe that, as (15) yields
Aol _ 2 UolD: _ 2
(oI»: 3 (¢ 3
we have
con 2P 1 (1 _ 1 %
' (oD% (2|99 (|9]D.  {(o|DLP]DDF\ =
2

_ -1 2
((|¢|2)z(|¢|2)2)1/2 |z|2 ’
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and

((|¢|2)z)1/2 -1 %2
20.2 = .
#02 (o127 (1D |52

By (19), we have

oz | o z

oz I 5 | Jz P |
z | o z

oz ’ P | oz | 3 |

i[_ ((|¢|2)z)1/2
20 ((l¢|M)*

1
( 2)22]
(91®:(|p|»)™ 9]

('¢|2)z2+

+i|:_ ((|¢|2)2)1/2
2

1
2z2+ ( 2)52]
Ao P opqepoe ¢!

Thus, in consideration of (20.1) and (20.2), we obtain

(21) A 2 D
oz lzl oz |z|

. 9 2o
= 201Dt (01Dt | 2 |12z | (L2118 1B0) 1.
2 |z|2
Likewise, we have
(22) i i + i_ L
oz |z| oz lzl
l 2 2 éz_éz 2 2 2y \-1/2
=-2_ (|o|9— @)zt B (1192 | [(@ DL @D~
2
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We may observe

e ()
ATEVARERTEERR

and also

(23.2) i_ & =i _z
oz |z| oz 12|

_ 1 [; 22+7
a1z \ 9%\ |z)?

)+

Inserting (23.1) and (23.2) into (21) and (22), we obtain

(|¢|2)zz+ (|¢|2)EE

i “ 2 ;a) 3243 ;
2% % O\ jz12 |l 21z

22 +72

|2]*

(|¢|2)z('¢|2)2)1/2_( )(|¢|2)22y

and also

(|¢|2)zz_ (|¢|2)z2

e e

2 -7

2
|2]*

((|¢|2)z(l¢|2)2)1/2+( )(|¢|2)22y

2

.9 |-z
z_

)

17
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And hence, as

12 4 32 2 23 2
24) ALy =4,
|22 |2]?

we have

@5)  FE+(|$]Det (|02 +E N9 |De— (|92 +4]2%(| 9]D)z

52 4 =2
- [(é2+52) (—éi +éi_) CrE
oz 0z 512
2]
52 _ 52
+(3 - 72) (—z—a— +éi_) G
(2 oz |z|2

. ( s . a) 2432 ] W[ @12, o |
z—+z—_ .
® SEIpap 2%]

For the first term in the bracket in the right hand side of (25), we
have

52 | 52
26) 3 +32) (—éi +éi_) gtz
oz oz |z|2
+(#2 - 72) (—éi +é—a—) G
oz oz |z|2
Spep|(-2 2 s 2|22 (=2
oz oz |z|2 |z|2

:O,
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by (24). Inserting (26) into (25), we obtain
@D E+2(B[De + (|9]2) + @ =2 ]D) — (| 9]P)z2)

+4122(|9]*)zz

- Kol [@u% 2 e 2)(2E
2|3 oz oz |z|2

24 52
—@-) (zi +%i_) anxail)
oz 0z |z|2

2.1.2. Assume again that (10) holds and hence so does (14). Inserting
(27) into (14), noting

) .0 -0
— = +Z—,
Js oz oz

and observing that, by (17) and (18),

©8) v _i_ 7k _ -1 H
(o2 + (oD 2 (o] + (o] 2 (|9]D:.(|¢]|D))’
we obtain
(29) nuv — VU
u? + %

_—i{(22+?2) 3 [#-2|| @E-29[a[F+2 ]
8 |2]2 Os |22 |22 Os |22

2.1.3. Under the assumption of (10), in case (16) fails to hold along
I'(k), then there must hold along I(k)
. 0 . 0
@_Ju—ywm>m

30
(80) ou v

which will reverse the positive and negative signs in the right hand side
of (17) and (18). Thus, the signs in (27) and (28) will both be reversed,
and hence (29) is still valid in case (30) holds along I'(k).
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2.2. Now assume that (10) fails to hold; i.e. at some point of
I(k),

(|¢|®)u=0 or o=0.
In case

(|¢|9,=0 and =0.

at some point of I'(k), then, by (9), there must also hold (|¢|?), = 0; hen-
ce | V K| =0 at this point of I'(k). This says that k is a critical value of K
and |V K| =0 at every point of I'(k).

On the other hand, if ¥ =0 and (|¢|?), # 0, then, by (9), there also
holds % =0, contradicting (8). Thus, it remains to consider the case

(31) v=0, (|¢|®),=0 and @=0, (|¢|?),=0.

Differentiating (9) with respect to s, we have

(D1 @) + 2| @ [P i® + (| @ |P)n 0% + (@ [Pt + (| $]*),5 =0

In consideration of (31), this gives us

(32) (|¢|2)uu(i¢)2+(|¢|2)u55=0,
in which
(33) (U1 = (|0 P + (|2

= (|91 + (|9]Pzz +2(| 9|z
Inserting (31) into (27), we obtain, by (33),

) 2
39 <|¢|2)W=M{2@ i 222 ]

in case (16) holds. (We recall that, as emphasized in the beginning of
2.1.1, (27) holds without the assumption (10).) By (31) and (32), we have,
however,

e 0
35) U — Vi =_(|¢|2)uu?:l/,
w? + 12 (|¢| D
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and, in case (16) holds, by (17) and (18),
A
(o1 [(e]*,]

Inserting (34) and (36) into (35), we see that (29) is valid in case (16) hol-
ds. The same observation with that made in 2.1.3 shows that (29) is valid
in case (80) holds instead. Thus, we may formulate

(36)

PropoSITION 1. If k is not a critical value of K, then setting

12+ WP

37) f =

2 1z @2+
and

—i 22—z 24D
(38) 9=— =

2 12 2+
there holds, at every point of I'(k)
wv—ovu 1 3 3
39 ——=—|fl—9g]|-9|— .
@ e (3o (3)

We may note that, by (24), for f and g defined in (37) and (38), re-
spectively, we have

fi+gi=1.
Also, we may define 6(s) by

@) —%  —cosb(s) and —— =sin(s).
(U2 + ?)12 (U2 +1?)2
Then f(s) = cos26(s) and g(s) = sin26(s), which yield
(41) f( ig) - g( if) = 2(cos?26 + sin®20) 6’ (s)
Js os
=26'(s).

In this connection, we may denote ¢ =x + 1y, x and y being real-
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valued function of s and observe that the unit outward normal to the cur-

ve |¢|*= constant in the (x, y)-plane is VK , Which, if a component

|V K| 5 i
Vu2+i}2, Vi + i

I(k) of I'k) is a simple closed curve, coincides with
if a component of E, (k) (defined in (1.2)) situates at the left of 7(k), while

is L “ if a component of E(k) (defined in (1.1)) situa-
\/uz + 17 \/,,12 ;.

tes at the left of I'(k).” Hence, by (8 9), (40) and (41), we obtain the

following

THEOREM 6. Suppose k is not a critical value and a component
T(k) of I'(k) is a simple closed curve. Then, if T(k) is so described that a
component of Ey(k) situates at the left of T(k), we have

uY — VU 1 19
J—ds= - — I—argqb,
iy WAV 2y O

while, zf I'(k) is so described that a component of E,(k) situates at the
left of I'(k), we have

fm;—mz 1 | 0 s
A

where arg ¢ denotes the argument of ¢.

2.3 We now proceed to calculate the sum of the last two terms in (7)
in terms of |¢|?, namely

(42) =(1')——i¢ai)log/12

Assuming that ¢ # 0 on I'(k), i.e. no umbilical point is on I'(k), we ha-
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ve, by (6) in Lemma 2 and the fact that H is constant,

(/‘[’2¢)E Hz_
=2=0,
) ¢
and hence, there holds
(% _ ¢:
A ¢’
and
(/12)2: @
A2 ®
Hence
(A%, -@AH; .9, - ¢z
(43) -2 }(2 +z /12 =z?_2;,
in which
- 2 2
(44) —é&+éﬁ=( (|¢|2)’ _(|¢|2)z)_( éﬂ+z
¢ ¢ || |9| )
But
L
¢ ¢
__1 (é——zi)lo ¢)-l((z_.+zi)1o a)
o2 5z) B 2 5z) 8
-l((zi-éi)m ¢)+_((zi+zi)1o ¢)
2\\" 5 az)® % “az) B?)
and
éfﬁ+é(¢i)z
¢ ¢
——l((é—a——zi)lo ¢)_l((¢i+éi)m ¢)
T\ ) B T\ TP R
—l((éi—%i)lo a)+l((éi+zi)m a)
o\ 3 %%z B T2\ TP ) B

23
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Hence
PSR
¢ ¢
= —z& +?(¢i)E —((z— +%i_)log2)
¢ o9z oz o}
=-z2L +?(¢i)2 - é.—logﬂ.
¢ 9 ¢

Thus, (44) yields
_ 9 '~ _
B L[ el 1,8
¢ ) 2 |¢] || 213 ¢
and then (43) yields
2 2 2 2y -
LD a0 =~1(_é<|¢>| ). ;U >z)+1(glogg)_
A A2 2 |p|2 |#|? 2\3s ¢
Inserting this into (42), we obtain, along I'(k),

(8 8 )y 12 10 ®
2((v8u uav)log|¢|)+2(aslog¢)

(o2 a2 etor) + g
2 u o) & os 8¢

In virtue of this identity, (14) and Theorem 6, we thus complete the
proof of Main Theorem 1.

3. Proof of Theorem 5.

Assume that Theorem 5 is false. That is, assuming & and M satisfy
the same conditions as in Main Theorem 1, a component T 1(k) of I(k) en-
closes a simply-connected component &, (k) of E,(k), adjacent to which
situates a component E, (k) of Ey(k) enclosed by I';(k) and another com-
ponent Ty(k) of I'(k), T'»(k) being a simple closed curve. (cf. Figure 5).
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Then, by Theorem 2, Main Theorem 1, and the location of E,(k), we
have

(45) nyds=—i j(v10g|¢|2)-n1ds+2n,

Ik k)

where 7, denotes the unit outward normal of T (k) with respect to £, (k).
Likewise, by Main Theorem 1 and the location of E,(k), we have

(46) ngdsz —i f(v10g|¢|2)~n2ds

Ty (k) Ty(k)

where 7, denotes the unit outward normal of I'(k) with respect to E, (k).
However, by Green’s Theorem and the partial differential equation

®),

_ 1 2. 1 2.
JKdA_ - J(Vlog|¢|)n1ds+4 I(Vlog|¢|)n2ds.

Ey(k) F1(k) Ty(k)

(Delete small neighborhoods of umbilical points inside Eq(k), if exists,
first and then perform a limiting procedure to obtain this.) Thus, by (4.5)
and (4.6)

[Kda= - [ K,ds-2x,

Ey(k) 8Ey(k)

contradicting (3.1) and the fact that Ey(k) is diffeomorphic to a planar
annulus.
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