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Functionals Depending
on Curvatures with Constraints.

MARIA GIOVANNA MORA (*) - MASSIMILIANO MORINI (*)

ABSTRACT - We deal with a family of functionals depending on curvatures and we
prove for them compactness and semicontinuity properties in the class of clo-
sed and bounded sets which satisfy a uniform exterior and interior sphere
condition. We apply the results to state an existence theorem for the Nitzberg
and Mumford problem under this additional constraint.

1. Introduction.

In this paper we are dealing with geometrical functionals of the
form

1.1) FE) = [ oKy, ..., Ky 1) dOC"Y,
oF

where ¢ : R""!—R is a given convex function, E varies in a class of suf-
ficiently regular closed subsets of R", K|, ..., K,_; denote the elemen-
tary symmetric curvatures of 9E (see (4.1)), and 3" ! is the (n — 1)-di-
mensional Hausdorff measure.

In [3] BELLETTINI, DAL MASo, PAOLINI studied the functional F' in
the case n =2 and ¢(k) =1 + | k|?, where k denotes the curvature of JE,
and remarked that F' does not have the right compactness properties in
its natural class of definition, composed of all closed sets £ whose boun-

(*) Indirizzo dell’A.: S.I.S.S.A., via Beirut 2/4, 34014 Trieste (Italy).
E-mail: mora@sissa.it; morini@sissa.it
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dary is of class W2 ?: simple examples show that there exist sets of class
C*, except for a finite number of cusp points (the functional then is not
naturally defined on them), which can be approximated by a sequence of
sets of class C*, whose boundaries have bounded curvature. Moreover,
they show that the lower semicontinuous envelope, F, of F with respect
to the L!-topology cannot be represented as an integral of the form

[ fx doc,
OE

and that the fact that a set E belongs to the domain of F depends on the
global structure of E. For instance, if 0F is smooth except for a finite
number k of cusp points, then F(E) < + « if and only if k is even.
The idea of this work is to modify the domain of F' by introducing so-
me suitable constraints.
Fixed R >0, we choose as domain of F' the class

(12) Up={EcR", E closed and bounded: Vpe dE 3Ip', p":
pedB(p', RYN3B(p", R), B(p', R)cE, B(p", R)YNE =0},

where B(q, R) denotes the open ball centred at g of radius R; we will
say, equivalently, that Uy is the class of all closed and bounded subsets
of R", which satisfy the exterior and interior sphere condition with
radius R at every point of the boundary. Note that the introduced con-
straint has a nonlocal effect on the thickness, which cannot be too small,
and a local effect on the curvatures, which are bounded from above by a
constant depending only on R. Remark also that this upper bound on the
curvatures goes to infinity, when R tends to 0.

In the class Uy the pathological phenomena described above cannot
occur; indeed, they are related to the existence of approximating sequen-
ces of sets having regions with vanishing thickness or different connec-
ted components whose distance goes to 0.

In Section 2 we study the regularity of sets belonging to Uz, showing
that the functional in (1.1) is well defined. In Sections 3 and 4 we prove
compactness and semicontinuity results for ¥ in Ug. In Section 5 we con-
sider the case n =2 and we apply the theorems of Sections 3 and 4 to
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show the existence of a solution to the variational problem

i=
E/NQ OE,

k
(1.3) min{.zl(a f |g—gElrng|2dx+ﬁ£2(E’i)+yJ’(p(K)dDC1)+

+a J |g—gg\ug_1El|2dx:E1,...,EkeuRJ,
Q\U{;:IEz

where Q i_si la bounded subset of R?, a, 8, y are positive parameters,
E; :=E;\ 'U1 E;, g is a function in L?(£2). This functional was proposed
=

by NITZBERG and MUMFORD as a variant of the MUMFORD and SHAH ima-
ge segmentation model, allowing regions to overlap (for further informa-
tion about this model, see [9]). In this framework the constant R can be
interpreted as a resolution parameter of the segmented image: the thic-
kness of the reconstructed objects has to be greater or equal to 2R. We
conclude the section by giving an example of non trivial minimizer for a
functional of the form as in (1.3).

2. Preliminary results.

In this section we investigate the regularity of sets belonging to the
class Uy, introduced in (1.2) and we show that the functional (1.1) is well
defined in this class.

Let us fix first some notation. If £ belongs to Uz and p e 0K, we de-
note the centres of the interior and exterior balls associated to p by p’
and p” respectively, as in (1.2); moreover, we call S the class of all coor-

dinate systems centred at p such that the vector %(p " —p') coincides
with the n-th vector of the coordinate basis.

PROPOSITION 2.1. There exists a constant o0 > 0 (depending only on
R), such that for every E e Uy and for every pye oF, if we call C the
cylinder {xeR""!: |x| <o} x]—R, R[ expressed with respect to a
coordinate system belonging to S%, then OE N C is the subgraph of a
function f belonging to W2 *({xeR" ': |x| <o}). Moreover, the
W2 *-norm of f is bounded by a constant depending only on R (inde-
pendent of py, of E and of the choice of the coordinate system in S%).
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Proor. We first perform the proof in the case n =2 showing that
0=V3R/2 is a good choice.

Let E be in Ug and let p, belong to JE. Let us consider a coordinate
system belonging to S%. We can reduce to work in the cylinder C* :=
=[0, V/3R/2[x]— R, R[. For the proof we need the following lemma.

LEMMA 22. Let p= &, %) be in OENC*. If we call a(p) the angle
m [0, #[ between the x-axis and the tangent line to B(p', R) and
B®", R) at p, then
R:-7
2.1) |cosa(p) | = T—

Moreover, either B(p', R) or B(p", R) contains the whole segment
{z} x19, R — \VVR? - 7.

ProoF. Let us suppose by contradiction that (2.1) does not hold;
hence,

x
2.2) sina(p) > — .
P R
The point q:= (¥ — R sin a(p), ¥ + R cos a(p)) must coincide either with p’
or with p". To get the contradiction it is enough to show that
2.3) |po —q| <2R and |py—q|<2R;

indeed, if (2.3) is true, B(q, R) intersects both B(py, R) and B(py, R),
while it must be contained either in £ or in the complement of £. Let us
compute the distance between p; and g¢:

|ps — ¢q|*= (& — Rsina(®))® + (¥ + Reosa(p) + R)
=2R2+7%%+7%%—2R% sin a(p) + 2R 2cos a(P) + 2R(1 + cos a(p)) ¥ .
Using the estimate —R + \/R?2— % <% <R — \/R? — 7%, the absurd as-

sumption and (2.2), we obtain
Ipo’—q|2S6R2—4R VR2-2%2—-2R7% sin a(p) + 2R(2R — VR?-7%?) cos a(p)
<6R?-4R\/R®>-%%-2%%+2(2R - VR? - %% \/R% - %2

=4R2
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By similar computations one can estimate the distance between py and q.
Let p = (%, y) with ¥ <y <R —\/R — % and let us suppose that

_ R%2 -7
2.4) cosa(p) = ———.
R
We want to check that
|p - q|*<R?,

which, by easy computations, is equivalent to
y—Y <2Rcosa(p).

By assumption we know that

<2VR2-7%2<2Rcosa(p),

where the two last inequalities follow by the hypothesis |Z| < V3R/2
and by (24). =

Fixed x; in [0, \/3R/2[, let us suppose by contradiction that the strai-
ght line x = x; intersects E N C* in two distinet points p; and ¢;. Then,
if we call p, the point with smallest y-coordinate, by Lemma 2.2 it follows
that either B(p,, R) or B(p;', R) must contain the point ¢; and this is im-
possible. Therefore, we can conclude that 3E N C * is the graph of a fun-
ction f.

Since fis between the functions —R + \/R*— 22 and R — \/R? — z?,
which are both differentiable at x =0 with null derivative, f is dif-
ferentiable at =0 with derivative equal to 0. By a change of
coordinates, we can repeat the same argument at every point belonging
to [0, \/3R/2[; therefore, f is differentiable in [0, VV3R/2[ and the
tangent line to the graph of f at any point coincides with the tangent
line to the spheres associated to the same point. From here, we
obtain by Lemma 2.2 the following bound on the norm of the derivative
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of f:
daf ||
@5) e , v

for every x e [0, \/3R/2[.

To conclude the proof of the proposition in the case » =2, it is suffi-
cient to check that the derivative of fis Lipschitz with constant depen-
ding only on R. First, we observe that, by (2.5),

af

af 2|x|
dx (#)

R

(2.6)

S )

for every x e [0, V/3R/2[. Given p; = (21, f(®;)) and p, = (%, f(az)), We
consider the following change of coordinates:

( 1
T = ———Z(x—xl + (2 *f(wl))ﬂ(xl))
dx

d
1+ (d—i(x,))

z= ———(— ﬂ(acl)(oc— x)+2 —f(xl)),
dx

!

which transforms the point p, in the origin and the tangent line to JF at
p1 in the Z-axis. With respect to the new coordinates, oF is locally the
graph of a function f and the point p, has coordinates (%, f(%)); then,
by (2.6),

if .| _ 2l%l
2.7 —— <
( ) d:};‘ (xZ) R ]
if
2.8) | % < _?R.

If we denote by L the Lipschitz constant of f in [0, \/3R/2[, we have
that

2.9) |5&2|S|p1—p2|S\/1+L2|x1—x2|.
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Therefore, the condition (2.8) is satisfied if |x; — xﬂSJiR— =: 1

By the relation 2V1+L*
—f( ) - —f( ) = (1+ L oil& 2))5’1@2)
by (2.7), and (2.9), it follows that
2.10) —f< 2)——f( NE |1+ Y o—j:( e | L
dx
s_z—lgiz 1+ﬂ( o—f(xz) P

By the boundedness of the derivative of f, we can conclude that there
exists a positive constant ¢, depending only on R, such that, if |x, —
—uz| <4, then

—(®) = — (@)

SClX;— Xy .
I o |2) — @ |

l df df

In the case |x; — 22| > A, we can find a finite number of points y, :=
=0 <Y <...<Yp-1<¥Yx =% such that |y;,,—y;| <A for every
j=0, ..., k—1. Then, we obtain

df 2

—( 1)——( *2) L

(?/]+1) x(?/])

<c .Zolyj+1—yj| =cla; — @y .
i<

The proposition in the case n =2 is proved.

In the case n = 3 we can reduce to the 2-dimensional one by a slicing
argument. For simplicity we sketch the proof only for » = 3; the general
case can be treated in the same way.

From now on, we will write the coordinates of a point p € R? as a pair
(¢, 2) e R X R. Given E e Ug and p e 3E, we denote by ITZ the projec-
tion on the plane which is tangent at p to the balls B(p', R) and
B(p", R).
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If ge OF we define

1
af(q):=nﬁ(§(q"—q')),

b2 (@) :=V1- (0 ().

LEMMA 23. There exist two constants 6 >0, M >0 such that, for
every E e Uy and for every p, qe 0E with |IT5(p —q)| <9, it results
that bF(q) > M.

Proor. Let us suppose by contradiction that for every ke N there
exist E;, e Ug, pi, 91, € OF), such that

1 1
@.11) | T3P — qu) | < 7’ 0 <by(q) < 7
Up to rototranslations, we can suppose that p,=(0, 0), p, =(0, —R),
and py = (0, R). If we denote by (x;, 2;,) the coordinates of g;, we obtain

that
Pt = g1 |2 = | @i, 0) + Ragh(q)) |* + (2, — Rb(q)) - R).

Since by (2.11) the right-hand side tends to 2R? as h— o, for h large
the ball B(p;, R) intersects B(q;, , R), which is impossible. =

Now we are in a position to prove the crucial lemma which allows us
to perform the two-dimensional reduction.

LEMMA 24. Let 6 >0 and M > 0 as in Lemma 2.3. Let E be in Ug,
p € OE and choose a coordinate system in S%. Then, for every (%, 0) with
|%| <O the section of E with any vertical plane y passing through
(@, 0) satisfies in y the exterior and interior sphere condition with
radius MR at every point of 9E N C, where C:= {xeR"~1: |x| <6} X
x]-R, RJ.

ProoOF. Let y be a vertical plane passing through (z, 0) and let (v, 0)
be a unit normal vector to y. Let ¢ e 9E N C N y. By Lemma 2.3, we have
that

laZ(@) | = V1- bF (@< V1 - M
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hence, if we call a the angle in [0, n{ between ¢”" —q’' and (v, 0),
then

(2.12) leosa| = |af(g) (v, 0)| <V1-M?2.

Then the point q satisfies the exterior and interior sphere condition in y
with radius Rsina, which by (2.12) is greater than ME. =

Now we can prove the proposition in the case n = 3.

Given Ee Ur and pedE, we choose a coordinate system in S
and we call C the cylinder {xeR?: |x| <3} x]— R, R[, where J :=
=min {6, VV3MR/2}, and 6, M are as in Lemma 2.3. Applying the 2-di-
mensional result to the sections of £ with the vertical planes passing
through the point p, by Lemma 2.4 we obtain that OF N C is the graph of
a function f defined in {xeR®: |x| < 3}.

To show the differentiability of f, we can repeat the same argument
as in the 2-dimensional case. Moreover, Lemma 2.3 gives a uniform
bound on the norm of the gradient of f.

Using Lemma 2.4, the 2-dimensional result, and Lemma 2.3, we can
find ¢ €10, 8] and N >0 such that in {xeR®: |x| <o} the restriction
of f to any straight line is a function of class W? ® with W% *-norm less
than N.

To conclude, we define the function

. 1
g(xh 902) = hlﬂo h[aml f(xl + %’ xZ) - azl f(xlv x2)]y

for a.e. © = (x;, x;). By the above remark, ¢ is defined a.e. and belongs to
L > with L *-norm less than N. Using the absolute continuity of J,, fon
the straight lines x, = constant, it is easy to check that g coincides with
the second distributional derivative &% f. Analogously, we can prove that
there exists &%, f in the distributional sense, and that it belongs to L *
with L ®-norm less than N. To show that 9, J,, f exists and belongs
to L with L *-norm less than N, one can argue in a similar way, by
considering the restriction of f to the straight lines x; —x,=
=constant. =

LEMMA 2.5. Let {E},}, be a sequence of connected sets in Up such
that hlim diam (E),) = + . Then

lim £4(B,) = +o0.
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PRrooF. Since hlim diam (E)) = + o, for every heN we can find

pt, ..., p). € OF), where my, is the integer part of diam (E},)/4R, such
that |p}—-p/'|=4R for every i#j. We clearly have that
{B((p})', R)}i-1, m, 18 a family of disjoint balls all contained in Ej;
hence,

veey

Lr(Ey) = m, L"(B(0, R)),

and the second term goes to infinity as h—> . =

3. The compactness result.

In the sequel, if { f;}; is a sequence in W* * () and f'is a function in
W2 =(8), we mean by the notation f;—f in w*-W?% *(£) that the se-
quence { f; }; converges to f'in the weak*-topology of W* *(£2). Given E c
cR", we denote the characteristic function of £ by y 5. If 9E is sufficiently
regular, we denote the unit outer normal vector to JF at the point p by

v (p).
We start by recalling two notions of set-convergence.

DEFINITION 3.1. Let {E)}, and E be measurable subsets of R". We
say that the sequence {E)}, converges to E a.e. if y g, = x p a.e., and that
{EW}), converges to E in L' if y5,—xp in L'(R").

DEFINITION 3.2. Let {E,}, and E be closed subsets of R". We say
that the sequence {E)}; converges to E in the sense of Kuratowski (and

we write E,—E) if
i) ppeEy, Ipy,—p = pek;
ii) Vpel, Ap,eE,: p,—p.

It is well known that on the space of equibounded compact sets, the
Kuratowski convergence is induced by the Hausdorff distance.

THEOREM 3.3. Let {E}}; be an equibounded sequence of sets belon-
ging to Ug. Then there exist E e Uy and a subsequence {Eh}; such
that

a) Eh]iE and Ey, —E in L';
b) 9E), > E and lim 9"~ 1(3E;,) = 9"~ (3E);

Jj—>
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c) there exists a constant nel0, 1[ (depending only on R), such
that for every p € O, if we call C" the cylinder {xeR"™': |x| < yR} x
x [ —nR, nR] expressed with respect to any coordinate system belonging
to S, and S the section C" N {z =0}, then OE N C" is the graph of a
function fe W2 *(S7"), and OE,, N C" is definitively the graph of a fun-
ction fje W% = (S"). Moreover, f;—f in w*-W? *(S").

Proor. Since {E}}, is equibounded, there exist a compact set £ and
a subsequence, which we denote again by {E}},, such that

3.1) B, SE.

Let us prove that £ e Up.

First of all, we remark that if {p,}, is a sequence such that
dist (p;,, E;) > ¢ > 0 for every h e N, then every limit point p of {p; }, be-
longs to CE. Indeed, let us suppose by contradiction that there exists
{pn, }» which converges to p € E; then, by ii) in Definition 3.2, for every
h e N there is g;, € E), such that {g; }, converges to p and so, |q,, — Py, | —
—0, in contradiction with the initial assumption.

CrAM 1. Every point p e 9F is the limit of a sequence {p;}, such
that p, € OE,, for every heN.

Let p € 3E . By ii) in Definition 3.2 there exists p;, € E}, such that {p; },
converges to p; clearly, it is enough to show that dist(p,, 9E),)—0.
If by contradiction there exists a subsequence {p,}; such that
dist (py,, OE},) > ¢ > 0 for every ke N, then the ball B(py,, ¢) is contai-
ned in E), . Since for every g e B(p, ¢) we can find g, € B(py,, ¢) such that
gx— ¢, then by i) in Definition 3.2, ¢ € E. Therefore B(p, c) cE, hence
peIntE, which contradicts our initial assumption.

CrLamv 2. If p,edE, for every he N and there is a subsequence
{pn, }» converging to a point p, then p e GE. Moreover, there exist p', p”
such that

pedB(p', R)N3B(p",R), Bp',R)cE, Bp",RINE=¢.
Since Ej, € Ug for every ke N, there exist p;, py such that the balls

B(p, R), B(pj, R) are contained respectively in E), and in CE,,. Up to
subsequences, we can suppose that {p, }, and {p; }; converge to p' and
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p" respectively. Therefore,

X X
B(pi, R)—B(p',R), B(pi,R)—>B(p", R),
and, since {p,,} = 3B(p;, R) N 3B(p;, R), we have that
8.2) {p}=9B(p', R)N3B(p", R).

If ge B(p', R), then q is the limit of a sequence {g; } such that ¢, e
e B(p;, R) cE),; by (3.1) and i) in Definition 3.2, it follows that g € E; this
means that B(p', R) is contained in E.

Let ge B(p”, R) and let q;, := ¢ — p” — pi for every ke N. It is clear
that g, € B(px, R), there exists a constant ¢ > 0 such that dist (gx, E},) =
=c, and the sequence {gy} converges to q. Thus, as remarked before,
geCE. We can conclude that B(p”, R) is contained in the complement
of K.

By (3.2), it follows that p e F and this concludes the proof of the
claim.

By Claim 1 and 2, we can deduce that E' e Uy and also

3.3) OB, oF .

To show the convergence in L!, it is enough to prove the pointwise
convergence of { g, }, to x g for every p ¢ OF ; indeed, by the regularity of
E, we have that £"(0F) =0. If pe IntE, then by (3.1) and (3.3) there
exists p, € Int £, such that dist (p,,, E}) > ¢ > 0 and p, — p. Then p defi-
nitively belongs to B(p;, ¢), which is contained in Int E),; hence, y g, (p) =
=1 for & large and so, {x g, (p)}, obviously converges to y z(p). If pe CE
and by contradiction there exists a subsequence {k;}, such that p e E),,
then by i) in Definition 3.2 p € £, which is absurd.

Let us prove the third part of the proposition.

Let p e . By (3.3), there is a sequence {p; } such that p;, € 9E), for
every heN and p,—p. From now on, we will work in a coordinate
system belonging to S%. By Proposition 2.1, there exists 6 €]0, 1[, depen-
ding only on R, such that, if we set C:={xeR" ™ !: |[x| <6R} x]—
— R, R[, then 9E N C is the graph of a function f defined on the base of C
and of class W? *. Let us denote by C, the cylinder obtained by transla-
ting the centre of C in p, and by rotating the axis of C in such a way that
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it is directed along v 5z, (p,). By Proposition 2.1, ), N Cj, is the graph of a
function f, defined on the base of C), and of class W% . We recall
that

3.4) IAile<(Q-V1-0®R,

(see the proof of Proposition 2.1). Since v g5, (p;,) is parallel to the vector
pi =i, {Pn }» converges to p', {py }, converges to p” (see the proof of
Claim 2), and v 5z(p) is parallel to the vector p” — p’, we have that

3.5) Vg, (Pr) =V (D).

By the convergence of {p,}, to p and by (3.5), it follows that for ~ suf-
ficiently large C), contains the cylinder C7= {xeR""': |x| SnR} x
x[—nR, nR], where n €]l — \/1 - 62, d[. Using (3.5), (3.4) and the equi-
boundedness of {Vf,},, one can easily check that for % large enough
3E, N C" can be expressed as the graph of a new function f;, defined on
the base of C”.

Using again (3.5) and the equiboundedness of { f;, }, in W? ®-norm, it
is easy to see that f, e W% *(S") and the W? *-norm of f,, is bounded by
a constant dependlng only on R. Then there exist a subsequence { f h L
and a function f e W? *(S”) such that {f n ti converge to f in w*-
W? =(S") (and then in C'-norm). It remains to prove that f coincides
with fon S7.

CLAM 3. It results that

~ X ~
(3.6) graph f;, — graph f
and
3.7 8B, N C"58ENCY.

Let p; e graph f n, and let {p; }; be a subsequence converging to a
point p. The point p, has coordlnates (., f 1, (%)) With |a, | <nR; up to
subsequences, {;}; converges to a point x such that |¢| <#nR. By the
uniform convergence of the functions, we obtain that {p;}; tends to the
point (x, f(x)), which belongs trivially to graph f. Then property i) in
Definition 3.2 is proved. Let p = (x, f(x)) e graph f with |x| <yR. The
point py := (x, f hk(w)) belongs to graph f n, and {py}r converges to p;
hence, property ii) in Definition 3.2 is verified.
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Since C” is closed and by (3.8), property i) in Definition 3.2 is trivial.
By (3.3) property ii) is easily verified for the points belonging to dE N
NIntC";if pe dE N 3C" and p = (x, z) with |x| = 7R and |2| <#nR, then
it is enough to take the sequence p, = (x,f,(x)) € 3E, N 3C".

By Claim 3, since graph f n = 0Ky, N C7, it follows that graph f coin-
cides with 8E N C”. Then, f =fon C” and the whole sequence {f}, }, con-
verges to fin w*-W?2 *(S").

Let us prove the second part of b).

By point c¢), for every p e dE' there exists a cylinder C centred at p,
with base a (n — 1)-dimensional sphere S, such that 0E N C is the graph
of a function fe W? *(S), for h large E, N C is the graph of a function
fre W2 =(8), and f, —f in w*-W? *(S). We can recover JE with a finite
number of these cylinders Ci, ..., C,,. Let us call fi the function such
that graph fj = 8E, N C;, and f* the function such that graph f*=9E N
N C;.

Let £ >0 be such that

(3E), := {peR": dist(p, 3E) <¢}c U C..

We can consider a partition of unity associated to the recovering
{Cy, ..., Cy}, i.e. a family of functions ¢ ;e Cy*(C;) (i=1, ..., m) such
that 0< ¢, <1,

2 ¢z=1 on (aE)sy 2 ¢2SI on U Ci'
i=1 =1 =

i

By (3.3), for h large OE),c (OF),. Then,

:)c"—’(aEh);ﬁ j¢id:)cn-1=.§ Iqbid%"‘l.
i=1 i=1

E,NC, graph fi

Using the Area Formula and the C'-convergence of { fi}, to fi, it is easy
to see that for every i=1, ..., m

lim j«pid:)c"—l: fgbidf)(?"“.

graph fj graph f*
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Therefore,

DC”‘I(BE)zﬁl j 6491 = lim > j $,;doC ! =

h—>® j=1

graph f* graph fj;

= lim 9" '(3E,). =

4. The semicontinuity result.

Given K € Ug, we think JF oriented by the outer normal field (all the
results we will state still remain true if we choose the opposite orienta-
tion). We denote the principal curvatures (i.e. the eigenvalues of the se-
cond fundamental quadratic form) of OE at the point 2 by k;(x) with ¢ =
=1, ..., n — 1, and the p *-elementary symmetric function of the principal
curvatures, called p™-elementary symmetric curvature, by

n—1\"1
4.1) K,(x) =( ) 2 K (@) ... Kk ()
p 1si<..<fpsn-1
for p=1,...,n—1. We also use the notation

H:=K, and K:=K,_,

for the mean curvature and the Gauss curvature respectively. In the case
n =2 we simply denote the curvature by k.

It is well known from differential geometry (see [10]) that the p”‘-ele-
mentary symmetric curvature is the coefficient of the term of degree n —
— 1 — p of the characteristic polynomial of the second fundamental quadra-
tic form. If OF is locally the graph of a function f, then the second funda-
mental quadratic form is given by the product G ' B, where G = (g;) is
the matrix defined by

1+, [ ifi=j,
o { 8. f3,f i ix],
while B = (b;) is the matrix
3, 0, f

Vi+ V2
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By induction, it is easy to prove that for every p=1, ..., n —1 there
exists a continuous function v, =y ,(s, ), linear with respect to £, such
that

K, (x, f(x)) =9 ,(Vf(x), M(V*f(x))),

where M(V2f(x)) is the vector of the determinants of all the minors of

V2f(x).

In the sequel we will consider functionals of the form

F(E) := jq)(Kl, s K1) doCm 1,
oE

where @ : R""'—>R is a given convex function. Functionals of this type
arise in different contexts; for instance:

® the Willmore’s functional (see [5, 11]), F(&E)=
= [ |H@) |"" doe (@)
oF
e F(E)= I[HZ—KZ]‘"‘”/de)C"*I, studied in [12];

oF
n—1
® F(E)= I (p( > K%(x)) dI"~1(x); in the case n = 2 and ¢@(x) =
i=1
oF

=1+ 2, we find the functional considered in [3]:

F(E) = f(1+1<2)d:>cl.
oF

THEOREM 4.1. Let ¢ : R""'—>R be a convex function. If E e Up
and {E}; is a sequence in Uy such that E,—E in L', then

j¢(K1, o Kuo) A S Tminf [ (K, -, Ky y) dOC

oF OE),

For the proof of the theorem we need the following lemma.

LEMMA 4.2. Let ¢ : R"xXR""1—[0, + [ be globally continuous
and convex in the last n — 1 variables. Let £ be an open bounded subset
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of R*~! and let f,, fe W* = (Q). If fy—f in w*-W?> *(Q), then

[ oa, K, s K doc M g) <
graph f

< lim inf j (g, Ky .., K, 1) dIC"1(q).

graph f;,

ProoF It is not restrictive to assume that Q is smooth.
As remarked above, for every p =1, ..., n — 1 and for every x € 2 we ha-
ve that

K, (x, fi(x) =v,(Vfi(x), M(V*f,(2))),

where 3, is globally continuous and linear in the second variable.
Using the Area Formula, we can write

4.2) j (g, Ky, ..., K, ) doC""1(q) =

graph f,

= [¢' @, fi@), V@), V@) de,
(2]

where

o' (x, 2,8, &) :=¢((x, 2), Y1(s, M(E)), ..., Yn_1(s, M(E)) V1+ |s|?

for every xe 2, zeR, seR", and §e M"*". Let us define the fun-
ction

9" (x,s, &) =¢'(x, f(x), s, )

for every x € 2, se R", and £e M"*". Since ¢" is positive, globally conti-
nuous and polyconvex in &, by Theorem II.1 in [1], it follows that

fqb"(x, Vi(x), Vif(x)) do < li;n inf J(/)”(x, Vi, (@), Vif, (x)) de
o (2]
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that is

43 [¢' @, f@), V@), V(@) dz <

Q

< lim inf j o' (x, f(x), Vf,(x), VEfi(x)) da .
Q

Using the uniform continuity of ¢ ' on bounded sets and the uniform con-
vergence of {f;}, to f, we have that

44)  lim f | ¢ (x, i), V@), V2 fil@) — ¢ ' (x, f@), Vi(@), Vifi(x)) | dac=0.

Q

By (4.2), (4.3), and (4.4), the thesis easily follows. =

ProoF oF THEOREM 4.1. First of all, we observe that the sequence
{E}}4 is equibounded; indeed, let M > 0 be such that E'c B(0, M) and let
E), be the union of all the connected components of E, which intersect
B(0, M). By the L'-convergence of {E,}, to E, it is clear that

Jim L"ENE)=0.

Recalling that, if E # 0 belongs to Ug, then £L*(E) = £L™(B(0, R)), we
deduce that for & large E;, = E,, i.e. all the connected components of E,,
definitively intersect B(0, M). The equiboundedness easily follows by
Lemma 2.5, and allows to conclude that the sequence {E)}, satisfies a),
b), ¢) of Theorem 3.3. (Note that we have incidentally proved that in the
class Ug, L'-convergence and Kuratowski convergence are actually
equivalent).

Let us suppose for the moment that ¢ is positive. By Theorem 3.3, for
every p € OF there exists a cylinder C centred at p, with base a (n —1)-
dimensional sphere S, such that dE N C is the graph of a function
fe W2 >(8), for h large 9E), N C is the graph of a function f, e W2 = (S),
and f,—f in w*-W?% *(S). We can recover OE with a finite number of
these cylinders Ci, ..., C,. Let us call f} the function such that
graph fi = 9E), N C;, and f* the function such that graph f*= 8E N C;.

We can consider a partition of unity associated to the recovering
{Cy, ..., Cy}, i.e. a family of functions ¢ ;e Cy”(C;) (i=1, ..., m) such
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that 0 < ¢, <1,

(4.5) % ;=1 on E, Erplslon UC
Then

J(p(Kly"wKn—l)d:)‘anl:.E J ¢i¢(K17-~~’Kn—l)d3Cn_l
oF “=lagac,

='Zl I ¢i<p(K1,...,Kn_1)d3{:n71

graph f*

<lim inf 2 j 00Ky, ..., K, 1) docm!

h—> o =

graph fi

=lim inf 2 j oKy, ..., K, ) doC"1

h— o =

8EhnC,
< lim inf Jw(Kl,...,Kn,l)d%”‘l,
J3E},

where we used Lemma 4.2 and (4.5).
If ¢ is bounded from below by a constant c e R, we can apply the pre-
vious argument to the function ¢ —c, to conclude that

jq)(Kl, o K, ) dacr = o Y(3E) <
oF

< lim inf j<p(K1, oy K, ) dotr = ¢ 1(BE,)

E),

= lim inf Jcp(Kl,...,Kn_l)dﬁf"“l—cf)C"‘l(GE),

5B}

where we used property b) in Theorem 3.3.
Finally, if ¢ is a generic convex function, let us set

¢i=inf{g(Ki(p), ..., K,-1(p)): pe U OB, USE},

which is finite by the equiboundedness of curvatures (see Proposition
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2.1). If we define & := ¢ \ ¢, we have that & is a convex function bounded
from below; hence,

J(p(Kl, K, )dyrn 1= I(;B(Kl, o, K, docr 1
oF oE

<tminf [ §(K,, ..., K, 1) o~
— o o,

=lim inf [ p(K,, ..., K, )doC" L. =
— © o5,

In the following proposition, we study the asymptotic behaviour of F
when R goes to 0, in the case n =2 and ¢(x) =1 + | k|?, showing the re-
lationship with the relaxed functional introduced in [3].

PROPOSITION 4.3. Let {Fr}r>o be the family of functionals

[a+ [k doct if Beamn U,
Fr(E) = {a

+ otherwise in I,
where p > 1, and I is the class of measurable bounded sets in RZ. Then,
Fgr, as R—0, I'-converges (for the definition and the properties of I-

convergence, see [6]) with respect to the L*-topology to the lower semi-
continuous envelope, Fy, of

[a+|xmdoct if Beaunc?,

FyE):= %"

+ o otherwise in .

ProoF. For every E e I, {E}},—E in L' and {R,},— 0", we have
to check that

Fy(E) < lizn inf Fg, (E},).
We can suppose that

li}sn inf Fp, (E)) < +
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and we can extract a subsequence {E),}, such that Fp, (E),) is finite
and

li}?liilfFRh(Eh) = lerrgoFth(Ehk).
Since E), belongs to Ug, , by Corollary 3.2 in [3] it follows that
Fg, (Ey,) = Fy(E,,)
and then,
Fy(E) < ;}E’l Fr, (Ey);
hence, the liminf inequality is proved.

To obtain the limsup inequality, fixed £ € IIT and {R; }, \ 0, we have
to find a sequence {E)},—E in L' such that

Fy(E) = lim sup Fg,(E),).
h— o
We can assume F((E) finite; then, there exists a sequence {A; }x such
that A4, is in C?, {A;}, converges to E in L', as k— o, and
Fy(B) = lim Fy(Ay).
The smoothness of A, implies that there is 7, > 0 such that A, belongs to

the class U, . Let us define by induction the following sequence of
indices:

hy=min{h: R, <mn}
hy=min{h>hy_,: R, <7}
and the sets
A, for h<hy,
h::{Ak for hy<h<hg.,, k=1.

It is easy to verify that {E,}, is the required sequence. =

5. A variational problem in Image Segmentation.

In this section we apply the results of the previous ones to state an
existence theorem for the NITZBERG and MUMFORD problem in the class
Up. For every ke N and for every E,, ..., E} € Ug let us define the fol-
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lowing functional:

61  Gu(E,, ..., E,) =a j |9 — g\, |2de +

AU B,

k
+3la [ 19-95:n0l2de+BLXE) +y [ gl do* |,

E/NQ oF,

-1
where a, 8, v are positive parameters, E; = E;\ 'UlEj’ g is a given fun-
=

ction in L%(R), ¢ : R—>R is a given convex function, and kx denotes the
curvature of oF. If we take

(k) = b
v+b|k| if |k =Z—,
a

we obtain exactly the original model proposed in [8].

THEOREM 5.1. For every R >0 and for every ke N the problem
(5.2) min{G(E\, ..., E}): Ey, ..., Eye U}

admits a solution.

Proor. For the sake of simplicity, we perform the proof only for
k =1; the general case follows by a similar argument, involving only so-
me further difficulties of notation.

Let {E,,},, be a minimizing sequence in Uy for the functional G,. We
can suppose that all non-empty connected components of each Z,, meet
Q; indeed, if we call £,, the union of the connected components of E,,
which intersect £, we have that G,(&,,) < G,(E,,), and then, we can re-
place E,, by E,,. By Lemma 2.5 the sequence results equibounded.

Applying Theorems 3.3 and 4.1 to the sequence {£,, },, we obtain a
subsequence {E,, }, and a set E'e Up such that

i) E,,—E in L' and a.e,;

ii) f(p(K)d.?Clsli}{n inf f @(x) dIC.
oE - B,
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We observe that

|2

f |9 —90ng,, | de— f |9~ gong|"de

QNEy, QNE

- lg—anElz |07»90+ I IX.QF\E’mh_XQnEI |g—ggnE|2d90;
Q

S IX 2nBn, | |9~ 9205y,
o

hence, applying the Dominated Convergence Theorem to both addends,
we can conclude that

im [ |g-gong, Pdw= | |g9-gons|*de.

h— o

Q0 Ey, QnE
Analogously,
Jim 19— 9ous,, 12de= [ |9 - gos|®de.
Q\Ey,, O\E

At this point it is clear that
Gi(E) < li;n inf G,(E,,),

and that £ minimizes the functional. =

As explained in [9], the integer k is the number of depth levels of the
reconstructed image; denoting by (¥, ..., E)) the solution of (5.2), the
set E; represents all the objects at the i-th level. If k is not a priori fixed,
we can consider the variational problem studied in the following theorem.

THEOREM 5.2. For every R >0 the problem

min{Gk(El, teny Ek): El’ ceey Eke ‘UR, kEN}
admits a solution.

Proor. Let {(E{", ..., E{’)},, be a minimizing sequence. Since for
every leN, je{l,...,l-1} and A4,, ..., A;_; € Ug we have that

GZ(AD ey Aj—l’ ﬂ, Aj, ceey Alfl) = Gl*l(Alr ceey Aj—ly Aj, ey Al—l)’

we can suppose that E]" # ¢ for every m and for everyje {1..., k,, }, and
S0,

Fom
Gy (B, ..., B") 2[3_21 LB = Bk, £L2(B(0, R));
i
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therefore, the sequence {k,,}, must be bounded and so admits a
constant subsequence: now we can conclude by applying Theorem 5.1. =

If we are interested not only in detecting contours, but also in clea-
ning and regularizing the image, we can consider the following variatio-
nal problem:

k

(5.83) min)a f |u—g|%de+ > (ﬁ£2(Ei)+y f (k) dDCl)+
=1

Q\Ub- 1 a8, 9

k
+6 j |Vu|2dx:ueCl(Q\‘lqu aEi'), B, ...,EkeuRJ,

o\Ut- o8/
where k is fixed in N, ¢ is a positive parameter and we use the same no-

tation as before.

THEOREM 5.3. Let g be a function in L *(R2). Then, for every R >0
and for every kelN the problem in (5.3) admits a solution.

Proor. We first look for a solution (u, E, ..., E},) where ue
k
er’z(Q\.l_JlaE'i’).
Let {(uy, El, ..., E!}, be a minimizing sequence for the functional

in (5.3). By a truncation argument we can suppose that [Ju . < [lg]|. and,
as in the proof of Theorem 5.1, we can assume that {E}*}, is equibounded
for every 1 =1, ..., k. By Theorem 3.3 there exist £, ..., £} belonging
to Up such that, up to subsequences,
X .
E!>E;, and E}!—E; in LY(Q).
Arguing as in the proof of Theorem 3.3, one can easily check that if U is
an open subset compactly colrcltained in Q\ .l_Jl OE;, then for h large U is
compactly contained in Q\,l_Jla(E’i’”)'.

Since {uy}, is equibounded in W' 2(U), up to subsequences, there
exists w e W 2(U) such that u, —u in w-W' 2(U). By the weakly lower
semicontinuity of the LZnorm, by Theorems 3.3 and 4.1, we obtain

k
of |u—gl*de + ‘El(ﬂ£2(Ei)+y | (p(K)d3C1) +0[|Vu|tde<
U = U

E,
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<11mmfaj|u,, 9| dx+2(ﬁ£2 EH+y [ 9 d:)fl)+5j|Vuh| dxe

SE}

k
<lim infa | |u,,—g|2dx+§l(ﬁ£2(Eih)+yjcp(x)dscl)

—) 2]
SE}

o\Ur_ aEd
o | |Vuu|*de.
A\Ub_ oLy
Let kus construct a sequence of open subsets compactly contained in
Q\iEJ1 JE; and increasing to it; the previous argument combined with a
diagonal procedure allows us to conclude that there exists ue
er’z(Q\lEJl aEi’) such I:;hat (u, E;, ..., E,) minimizes the functional.
Since u —geL” (Q\ ,U aE;), the regularity theory for elliptic equa-
tions ensures that ue WZ? (Q\iLiJlaEi’) for every p < «, hence ue
eCl(Q\il;leaEi'). [ ]

Let us suppose now that k is not a priori fixed: arguing as in Theorem
5.2, we can prove the following result.

THEOREM 5.4. Let g be a function in L * (). Then, for every R >0
the problem

Q\Uk_ | 38, oH,

k
(5.4) min [a J |u—g|?de + 21 (ﬁ£2(Ei)+y J (k) dﬂCl)+

K

k
+0 J |Vu|2d.’)c:uECI(Q\_l_.JlaE'i’),EI,...,E'keUR,keN

Q\Ub_ B,

admits a solution.

We conclude this section by giving an example of non trivial (i.e. non
empty) minimizer.
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EXAMPLE 5.5. Let us set g:= x po, ) and assume R > 1. For a sui-
table choice of Q and of the parameters a, B, v, B(0, R) minimizes the
Sfunctional

GI(E)=af g — 9oz |2de+a f |9 —9zne|?de+
Q\E ENnQ

+BLAE) +y [(1+ [k|?) doc’.

oF

PrOOF. It is known (see Theorem 5.7.3 in [4]) that for every smooth
closed curve y, it results that

(5.5) 27 < [ [x|doC.
Y
Holder inequality and (5.5) imply that for every E € Ug, £ # @, the follo-

wing inequality holds:
-

24
j | SCI(GE’)

so that

47

Since ¥C'(GE) =2xR and R>1,

G.(E) = pnR? + y(ZnR + %”) =G,(B(0, R)).

Finally,
2 p4

L4(Q)

2
Gl(ﬂ)=a(nR2— )2ﬁnR2+y(2nR+ dn )

2nR

for a suitable choice of 2 and of the parameters. =
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