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REND. SEM. MAT. UN1v. PADOVA, Vol. 104 (2000)

Regularity of Lipschitz Minima.

CRISTINA MoOSNA (*)

The existence of Lipschitz minima was the fundamental step in Hil-
bert’s proof of Dirichlet Principle (see [6] and [7]). Hilbert’s Lemma in
today’s language would be written: «For any open, bounded set 2cR"
and any Lipschitz function y : 92— R satisfying the B.S.C (Bounded
Slope Condition), there exists a unique Lipschitz function w e Lip (R")
satisfying (1) and Wae =y» (see [5)).

Its validity for a general F' was remarked by A. Haar [8] in the 2-di-
mensional case. The results of Hilbert and Haar opened an interesting
problem about the regularity of the minimizing functions according with
the regularity of the function F. Hilbert conjectured (see the XIX Pro-
blem in [1]) that the Lipschitz minima are analytic if F' is so.

E. Hopf [9] and C. B. Morrey [10] proved that the Hilbert conjecture
was true for the C'-minima.

The gap, from Lipschitz to C!, was filled by the famous regularity re-
sult established by E. De Giorgi in 1957 [2].

What we do here, is to apply De Giorgi’s method directly to the proof
of Hilbert conjecture.

I wish to thank Mario Miranda, I am indebted to him for his advice. I
am grateful to the Dipartimento di Matematica dell’Universita Degli
Studi di Trento for financial support and access to its facilities.

NoTATION. Throughout this paper the symbol £ means an open,
bounded set in R™ with » = 2. By Lip (L2, R*) we denote the set of Lip-

(*) Indirizzo dell’A.: ¢/o Mario Miranda Dipartimento di Matematica, Univer-
sita degli Studi di Trento, Via Sommarive 14, 38050 Povo (TN).
E-mail: miranda@science.unitn.it; http:/degiorgi.science.unitn.it/~miranda/
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schitz functions f : 2 >R* and by Lip. (£, R*) the set of functions in
Lip (2, R*) with compact support in Q.
If k=1 we write Lip (), Lip(£2) for Lip (£, R) and Lip.(£2, R).
In this paper we shall prove the following:

THEOREM 1. If F: R*—R is a strictly convex function of class C*
and w e Lip (R") satisfies

O j F(Dw + D) dx = j F(Dw) dz ,
Q Q2

Jor all peLip.(2), then w has Holder-continuous first derivatives in .
Proor. We shall divide the proof in six steps.

STEP 1. We prove that the differential quotients of w satisfy the in-
tegro-differential equation (7), whose coefficients are defined by (7) and
have the property (10).

The convexity assumption on F' implies that (1) is equivalent to the
following identity:

@ j DF(Dw) Dgdx =0, Vg e Lip(Q).

Q
For any eeS" '={eeR™ |¢|=1} and |t| <dist(spte, 3Q), we
get

j DF(Dw) Dz — te) dz =0
Q

and

®) j DF(Dw(x + te)) Do dx =0 .
Q

If we subtract (2) from (3), we obtain

@) j D[F(Dw(x + te)) — F(Dw)] Dp dz =0 .
Q

Since

DF(Dw(x + te)) — DF(Dw) = DF(Dw + s[Dw(x + te) — Dw]) |8=1

s=07
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we have

®) D [F(Dw(x + te)) — F(Dw)] =

1 n
= J ‘ZlDiDjF(Dw + s[Dw(x + te) — Dw]) D;[w(x + te) — w] ds
0 77

= > a; (@) Di[w(x +te) —w], Vi=1,..,n
=1

where
1
6) a;(x) = JD,-D]»F(D'w + s[Dw(x + te) — Dw]) ds
0

are bounded, Lebesgue measurable functions for all 7,5 =1, ...n.
Thanks to (5) the integral equation (4) becomes

| Zas@) Djlw(a + te) —w] Digde =0.
g

Dividing by ¢ # 0, we obtain the following integral equation

) jzaij(x) DjuD;pde =0,
e v

where

w(x + te) — w(x)

w(x) =u(x, t, e) = ;

is a differential quotient of w.
Putting

p = Dw + s[Dw(x + te) — Dw],

with se[0, 1] and denoting by K the Lipschitz constant of w, we
have

®) |p| = |Dw + s[Dw(x +te) —Dw]| < (1-s)K+sK=K,

for all se[0, 1] and for all «, ¢, e.
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From (6) and (8), since F is of class C? and strictly convex, we
obtain

) Ui |AP< Y a;(x) A A;<py|A|?, VieR", VxeR",
i 7 J

where

Iulzmln{lzDszF(p)l,l]: Ipl <K, |ﬂ,| =l} >0,
sJ

uz=max (3 DD;F(p) 2:;: |p| <K, [4] =1}.

REMARK 2. For any ¢>0, put 2 _, = {xe Q: dist(z,(R" - Q)) >
> ¢}, we have that

w(x +te) —w(x
ulx, t, e) = ( t) ( ), VeeQ _,, eeS" 1, |t|<e

is a family of bounded functions (where the bound is the Lipschitz con-
stant K of w) that satisfies the integro-differential equation

(10) | Say@ Dubigde=0, VgeLip(2_,),
7
2_;

where {a;(x)} are defined by (6) and satisfy (9).
For notational convenience the same letter 2 will be used to denote
the set Q _,.

STEP 2. As consequence of (10) and (9) we obtain the so-called Cac-
cioppoli inequalities (see [2]), i.e. for all y € 2,0 < 0, < 0, < dist (y, 59Q),

y="2 and keR, we have
231
(11a) ' | @ - krde= I | Du|2de,
@201V %) Ak, 0
315 —— f (ue) — kP de = f | Du|2dz,
(02—01)

B(g2) — A(k) B(g1) — A(k)
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where
B(o) =B,(0) = {xeR": |z —y| <o},

A(k) = {xeR": w(x) >k},

Ak, 0) = A(k) N B(o).

We restrict ourselves to the proof of (11a), since (11b) can be derived
from the application of (11a) to the function —u.
Let be
@ =nl(u-k)V0],

where 7 € Lip(£2). The function @ is in Lip.(£), moreover it vanishes in
R"™ — A(k). Hence substituting in the integral equation (7) the function @
in the place of ¢, we obtain

j > a;(x) DiuD;g dw =0,

Aty "
that is,
j > ;@) Di(u— k) Di[n*(u— k)] de =0
Ay Y

By a simple computation, we get

12) | 3 ay@1{Dilntu— k)] Dilntu— k)] = (w— k) DinDyy -
Ade 7
(w — k) DinD;[n(u — k)1 + (u — k) D;[n(u — k)] Din} de=0.

Since the matrix A = {a;(x)} is symmetric, we have

| = ay@){Dilntu — ) Dyln(u— k)] = (u— kP DinDyn} de =0,

gy "’

then by (9),
13) w1 [ |Dinw—k|*de< | Sag@{Dln—k)) Dintu—k)} dv
Ado) ady ¥

= | S@-kPay@ DD,y da

A(k) bi
<pp [ (w—k?|Dy|2ds.
A(k)
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Making for » the following choice
nx)=1, VxeB(o1),

n(x) =0, Veef —B(o,),

—_— x—
nay = 212 v By - Bloy,
Q2701

we get

2

w [ IDu-BPdes £ f(u—k)zdx,
Ak 01) (@2=01)7, 4,

that is (11a).

STEP 3. Here we recall the definition of «perimeter of a set» follo-
wing [3] and prove two inequalities which will be useful later.

Let £ be a Lebesgue measurable set and A an open set in R”, we defi-
ne the perimeter of £ in A as

P(E,A)= sup{ jdivgdx : ge Lip(A, R"), |g(x)| < 1}.
E

If A =R", we shall write P(E) for P(E, R").

It is useful now to remember the global and local isoperimetric ine-
qualities (see [3], [4], [5]).

For any Lebesgue measurable £ cR"

n-1

< (no") " P(B),

(14a) min{|E|, |R"-E|}

and (see [2])

n-1

(14b) min{|ENB()|, |(R"-~E)NB()|} = <B1(n) P(E, B(o)),

with
Bi1(n) =[(1—-2"Y") nwi*1-1,

where w, is the Lebesgue measure of the unit ball of R".
The following Lemma establishes a connection between the gradient
and the perimeter of level sets of Lipschitz functions.
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LEMMA 3. For all fe Lip(R") and for all o,teR with 0 >0 we
have

lim inf & ! | | Df(@) |da = P(A(%), B(o)).

T Ao -Atte o

Proor. Given £ >0, let us denote with f.(x) the function defined

by
fil@w) = HIEV @A E+e)]—-t}.

Let us observe that
(15)  |Df(x)|=¢'|Df®)|, for almost all ze[A(t, 0)—A(t+¢,0)],
and
(16) |Df.(x)| =0, for almost all x e B(p)\[A(t, 0) —A(t+ ¢, 0)].

Hence we have

an [ IDf@|de=c |Df(x) | d .

B(o) A(t, 0) — At +¢, 0)

The functions f,(x)e Lip(R") for all ¢>0. Moreover it is obvious
that

0<sf(x)=<1, VxeR"
and

lim f(®) =ya0(®), VeeR?,

where x 4« is the characteristic function of A(?).
Let g e Lip(B(o), R") be such that |g(x)| <1. Then

jdivgdx= JXA(t)divgdx= lim jﬂ(x) divgde .
e—0"
A(t)

Sinee

[£.@) divgde = — [gDf. (@) de < j | Df.(x) |da ,

B(o)
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we get
[ divgdw<liminf [ |Df|da.
At) =% o)
On taking the supremum over all such g and recalling (17), we have

P(A(t), B(0)) < lim inf f | Df. () | dc =
e—0" B@)

= lim inf £ ! | |Df(x) |dx.
0t
e0 Alt, 0) - At +¢, 0)

Lemma 3 leads us to two important inequalities (see [2]).

FIRST INEQUALITY. For all feLip(R®) and for all k, 1, 0eR
with
k<A, >0,

we have

(18) B [ D@ |de= (-l 4, ol ,

Ak, @) — A4, @)

where t(k, 1, 0) = min { |A(4, 0) |, |B(o) — A(k, 0) |} and B, is the con-
stant in the isoperimetric inequality (14).

ProoF. The isoperimetric inequality (14b) implies

BLPA(t), Be)) = min {|A(t, 0|, |B(@) — Alt, 0) |} 7

then it follows from Lemma 3 that

(19) B1lim inf £~ | | Df () |dax =

n
e0 At @) - Alt +, 0)

n—1

= min { |A(t, @) |, |Ble) —At, @) |} .

If
20) 2|At, 0)| < |Bl@)|, Vt=k,
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the inequality (19) becomes

n-1
@1) B,liminfe™! | |Df(x) |da = |AGt, 0) |7, Vi=k.
e0 Alt, 0) - Alt +¢, )
The function F(t) = J | Df(x) | da is a non-increasing function of ¢ and
then A, 0)
i
dF(t)
|Df(x) |de = — f — =
Ak, )~ AW, @) k
A
_ f [lim infe” [ |Dfw) |dx] dt,
e0 At, 0~ Alt+¢, 0)

for all k, AeR with k <A.

Using this inequality and integrating (21) with respect to ¢ from & to 4
(k<X), we get

4 n—1
Bi [ IDf@|de= [|AG, @) | dt.
Ak, 0) - A4, @) k
n—1

Since |A(t, )| » is a non-increasing function of ¢, we have

n-1

@ B [ |Df@|dx=G-k)|AG o)
Ak,0)-A4,0)

= (= B)letk, 4, )] ™ .

If
23) 2|A(t, 0)| = |Blo)|, Vt<4,

n—1
considering the non-decreasing function |B(g)—A(t,0)| » and pro-
ceeding as before, we obtain

@ [ ID@|de=G-k)|Be)- Ak, )| T =

Ak, @) - A, 0)

= (= R)elk, A, )T 7.

If neither inequality (20) nor inequality (23) are satisfied then there
must exist ¢ € [k, A] such that

2|At, 0)| <B(o), Vt=t
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and
2|A(t, 0) | > B(o), Vi<t.

Applying (22) over the interval [t, 1] and (24) over [k, £], we obtain again
(18). =

SECOND INEQUALITY. For all feLip(R") and for all k,oeR
with

(25) 0>0, 0<2|Ak, 0)|<|B()]|,

we have

(26) f(f(x)—k)zdxsﬁgmm,g)|2/n j | Df(x) |%dec ,
A(k, 0) Ak, 0)

where B, =4p%.
ProoF. Lemma 3 and the isoperimetric inequality (14b) imply

@7) B1lim inf £ ! | | Df(x) |dz =
e=0 Alt, )~ At +¢, 0)
> min{|Blo) - A(t, 0|, |ACt, 0) |} + .
Since
|AGt, @)| < |Alk, )|, Vt=k,
we have by (25) and (27)

n-1
B1lim i{lfs‘l f |Df(x) |dac = |A(t, 0) |, Vt=k,
e=0 Alt, 0)— At +¢, 0)
so that
B1lim inf £ ~1 J | Df(x) |da= |A(k, o) | ~ln |At, 0)|, Vi=k.
e—0"

A(t, @) - Alt+¢, 0)

If we integrate this last inequality with respect to ¢ over the interval
(k, + o), we get

+ o
BrlAGk, )" [ |Df@)|dw=> [ |Att, o) |dt,
Ak, o) k
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that is,

@) filAk, | [ D@ -k)|ow= [ (f@)—k)da.
Ak, @) Ak, )
Being
Ak, 0) = {reB(p): f(x) >k} = {weB(o):(f(x) — k) >0}
= {xeB(o):[(f(x) -k)VOF >0},
we can apply (28) to the function [(f(x) — k) V0%, obtaining
BrlAk, )| [ |D(f@)~ kP |de> [ (f@) —kPde.
A(k, 0) Ak, 0)
Since
[D(f(x) — k)I? = 2(f(x) — k) Df (),

we have

BilAGk, " [ 2f@) ~ k) |Df@) |de= [ (f@)-k}de.

Ak, 0) Ak, 0)
Now, using Schwarz-Holder inequality, we get

j (flx) -k de <

Ak, 0)

s2ﬁ1|A<k,e>1”"[ IDf(w)lzdw]m[ [ (f@ - krda]
Ak, 0) ]

Ak, 0)

then

[ ] o-pras]<zpac o] | ioorte]
Ak, 0) ]

Ak, 0)
By taking the square, we can conclude
| (f@ —krFde<p,|Ak, o) |*" [ |Df@)|*dw,
Ak, 0) Ak, 0)

where B,=4p2. =

—

1

/2

/2

119
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STEP 4. What we are going to prove now is an estimate for the oscil-
lation of the differential quotients u, directly derived from (11a) and
11b).

LEMMA 4. For all e (0, 1) we define

_ n 20-n—-2 n
(29) 0=0(a)=min[(1 o) w",[ o2 ”
2 1+ +8;
and
(30) ct=0 9! j (w(x) — k) da

A(k, 0)

where B, is the constant in (26) and y is the constant in Caccioppoli
inequalities. Then if ke R and

B(p)c 2, |Ak, 0)| <0™6,
we have

(31) sup |u|<k+oc.
Ble - 90)

ProoF. Putting
or=0-00+2"00, ky=k+oc—27"0c,

for all integer # =0, we have

(32) 0=00>01>...>0;,>...>(1-0)o
and
33) k=ky<k <..<k,<..<k+oc.

The definition of # implies
< 1 w,(1-o0)"
2 n ’
then

1
|A(ky, 0n+1) | SO0 < Ean;ﬁH, Vh20,
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that is the condition for using inequality (26),

(@)~ kpdw <Ba| Al 0140 [* [ |Dul’dw, VR20.

Ak, 0p+1 Ak, 0 h+1)

Writing (11a) for 9, =01+1<02=04, k =k, we have

pah+1 j (u(x) — k)2 dac = 022 j |Du|2dx, h=0.
A(ky, 01) Alkp, 0n+1)

Combining these two last inequalities, we obtain

B | @ -k <y |At, eue)) [P y4 0T
Alkpy @ +1)

() — ky)?da .

A(ky, 01)

Noting that

(ux) — k) da = j (u(zx) — k)% dae =

Alkn, 0n+1) Alkp 41, 00 +1)

= I (u(x) = by 1 1)? dae

Ak +1, 0h+1)

and
(u(@) =k * = (ko1 — kp)? = 02?4~ "*D, VoeAkyir, 0n+1),
from (34) we obtain the following two inequalities

Ba|Alky, 04 | 2/n74h+1

0.202

02?4~ " V| Ak 1,0 540) | S (u(z) — ky)?dee,

Alkps01)

B |A(km on | %)’4“1

(u(@) = k)P < 7
0

(u(x) — ky)2da .

Alkn+1,08+1) Alken,0 1)

Thanks to these and the definitions of 6 and c, it is easy to prove, by in-
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duction on #, that

(35) | Ay, 01) | <o™ 627%™, Vh=0,
36) j (u(e) — k)2 doc < 0™ 0c227 2" Wh=0.
Alky, 01)

Then (35) implies

37 |A(k +oc,0—00)| =0,

that is

(38) sup u<k+oc.
B(e - g0)

Considering —u and proceeding as before, we obtain (31). =

STEP 5. We can study now the behaviour of the oscillation of » on
B(p) as o—0.

LEMMA 5. There exists a number n =n(n, y) >0 such that, for all
oeR with

0 <4p <dist(y,(R" - Q)),
we have
osc (u, B(p)) < (1 —1n) osc(u, B(40)),
where
osc(u, B(g)) = 21(13)) U — Iigr(g; u .
ProoF. Let us put

o =osc(u, B(40)) = supu — inf u =pu, — u,,
B(40) B(40)

and

M1t U

=I
I
\V]
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At least one of the following two inequalities must be true:
(39a) 2|A@, 20)| < |B(20) |,
(39b) 2|B(20) — A(f, 20) | < |B(20)] .

Assume that (89a) is true. If (39d) is satisfied we would use the same ar-
guments for the function —wu.

For all lﬁ%, we put
D(l) =A(/’tl - 2)'7 29) —A(ﬂl - )Lv 29)
From the Schwarz inequality we have

(40) ( |

|Du|dx)2s|D</1)| [ 1Du|?dz.
D(2)

D)
Noting that
|A(u1 =4, 20) | < |A(@, 20) | < |B(20) —Au1 - 24, 20) |,

and recalling (18), we obtain

2 2n-2
(41) ( | |Du|dx) =282 | A, — 4, 20) | " .

D)
Since D(A) cA(u;— 24, 29), we have
[ Dupde< [ |Duftde,
D) A —24,20)
then applying (11a) with o, =20<0y;=4p and k=pu, — 21, we get
42) j | Du|?de<yd~lp -2 j (w—p,+24)2 dw < yo ~2A2| B4o)|.
D) Ay -24,40)

Combining this last inequality with (40) and (41), we obtain

2 2n-2
(43) |D(A)|>ﬁ9 |A(u, -2, 20)| "+ |B(4o) |7, v/ls%

iy
Now, let 2 = h(n, y) e N be the first integer such that
2-2n
_ ¥B1|B(40)||B(20)| [e(l)] —
2

Q2n

(44) h
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and put

(45) ,7=17(,n’ )’) =2—(h+2)'

For all A=2"nw with m=1, ..., h we have A < % then from (43) it
follows

2
| D" pw) | = ﬁ"—mwl—z’nnw 20)| " |B4g)|"!
17

2

A~ 2n0, 20| |B4e)| ",
/3 1
for all m=1, ...h.

To simplify the notation, let us put

k=u,-2nw.

Being the sets {D(2"nw)}; <m <y disjoint and contained in B(2¢), we
have

2
|B(20) | = 2 |D2" o) | = >hﬁ—|A(k 20)| "

IB(4Q)| Y

then, recalling (44), we obtain

2-2n
2n -2

1 n —
|B(20)| = |B(2Q)|Q"2"+2[0(E)] |Ak, 20)|
from which
|A(k,29)|$0(%)@ <(9( )(2@)”

Being
(u—kP<@u,—kP=_2nw)?, VreAk,20),

we have

@6 [ (@) -kPde< @n) Ak, 20)| < (2;70))29(1) 0"
Ak, 20) 2
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It follows then from Lemma 4

sup |u|<k+oc,
B(2¢ — 0p)

where from (46),

-1
2= (29)%[9(1)] [ J (u(x)~k)2dx] < (2nw)?.
2 Ak, 20)

Since
3
k+oc<spu,—nw and 2@—0@=EQ>Q,
we have
sup |u| Su;—no,
B(o)
then

osc(u, B(p)) <supu— inf u
B(o) B(p)

< supw— inf u
Blo) B(40)

Su;—nw—pu=(1-mn)osc(u, B(4p)). [ ]

STEP 6. We are finally able to prove the following:

LEMMA 6. There exists a number a = a(n, y) € (0, 1) such that, for
all de R with

0 <2d < dist (y,(R" - Q)),

we have
(47) |u(x1)_u(x2)| szK(%f—xz') ) Vxl, xzeBy(g),

where K is the Lipschitz constant of w.

PrOOF. Let 2, xzeBy(g) and consider the ball B(o) =B, (0) of
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radius ¢ = |, — &, | centered in x,. Let m be an integer such that
(48) 4" ld<po<4™™d,
then Lemma 5 implies
(49) osc(u, B, (0)) < ose(u, B, (4 ™d)) < (1 —n)"osc(u, B, (d))
<(1-np)™2K.
From (48) we get
—-m —1 <logyo — log,d,
that is

m>—1—]0g4§—.

Hence, recalling (49), we have

“1-log 2 4 —logs(1—1n)
ose (u, B, (@) < (1—p)~" ‘gf*Zsz(ng) Y e

Put a = —log,(1 — ), where # is the constant defined in Lemma 5 from
(45), we obtain

4 a
OSC(uyBxl(Q))$2K(7Q) :
from which it follows (47). =

We can conclude that the differential quotients

w(x + te) — w(x)
t
are Holder-continuous in every ball By(g) cR with 0<2d<

< dist (y,(R" — Q)), for all eeS"~ ! and te R — {0} sufficiently small.
Moreover the Hoélder constant and exponent are independent of ¢ and e.
Therefore from (47), letting {—0, we obtain

w(x) =u(x, t, e) =

gi—l;% Iu(xl, t, e) _u(x27 t’ e)l = lDeu(xl)_Deu(xg) I S2K( 4 |x1_x2 I ) ,

d
for all ;, xzeBy(g) and for all ee S™ 1.

This completes the proof of Theorem 1.
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