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REND. SEM. MAT. UN1v. PADOVA, Vol. 99 (1998)

Additive Extensions of a Barsotti-Tate Group.

ELENA MANTOVAN (¥)

ABSTRACT - In this paper we classify up to isomorphism the additive extensions of
a Barsotti-Tate group, in positive characteristic p over a perfect field k¥ and in
characteristic 0 over W(k) the ring of Witt vectors with coefficients in k. The
extensions arise as group functors associated to suitable submodules of the
Dieudonné module. In particular we give an explicit deseription of the univer-
sal additive extension in both cases.

1. — Preliminary.

In this section we fix notations (for those we do not mention explicitly
we refer to [3]), recall the main definitions and some known results.

1.1. Let p be a prime number and k a perfect field with characteristic
p. Put A=W(k) the ring of Witt vectors with coefficients in k, K =
= frac (A) its quotient field and denote by D, the Dieudonné ring of k.

Let G be a Barsotti-Tate group over A and G, its special fibre. Let R
be the affine algebra of G, P the coproduct on R and ¢ the coidentity; put
R * =ker ¢ and denote by R the ring R®, K, by R, = R ®4k the affine
algebra of G, and by o: R— R, the natural projection.

DEFINITION 1. An element h € Rk is an integral of G if dh is a one-
form of R.

An integral h of G is normalized if (e ®41x)(h) =0.

An integral of the first kind of G is an integral h such that

Ph-h®1-1Qh=0.

(*) Indirizzo dell’A.: Dipartimento di Matematica, Universita di Padova, Via
Belzoni 7, 35131 Padova.
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An integral of the second kind of G is a normalized integral h such
that

Ph-h®1-1®heRQ,R.

The integrals of the first and the second kind form two sub-A-mod-
ules of the A-module I(G) of the integrals of G, which we denote by I, (G)
and I,(G@), respectively.

Let us define also the following sub-A-module of I,(G):

L(G) = {hel;(G)|Ph—-h®1-1QhepR®,R}.

We now recall the definition of the Dieudonné module of G;, and some
results we need later on.

DEFINITION 2. Let E be a formal group over k, the Dieudonné mod-
ule of E is M(E) = Hom (E, CW,), the group of homomorphisms of k-
SJormal groups from E to CW,, the covectors formal group over k (see [3]
ch. III, par. 1.2).

If we denote by B the affine algebra of £ and by Pj its coproduct,
then by the Yoneda’s lemma we obtain:

M(E) = {xeCW,(B) |CW,(Pg) x=2®1 +1 Qx};

thus M(E) is naturally a sub-D,-module of CW,(B).
Moreover we have the following result.

THEOREM 3. Let E be a formal p-group over k (i.e. a formal group
over k such that E =limkerp™) and denote by M(E) its Dieudonné
module. Then E(S) = Homp, (M(E), CW,(S)), for each finite ring S over
k ([3] ch. ITI, Thm. 1).

For each A-module T and each homomorphism of A-modules f: T'—
—>P,put T =TQ®, A andf?¥ = f®,1,, where the A-structure on A is de-
fined by the i-th power of the Frobenius map.

Let M be the Dieudonné module of Gy and denote by V: M — M@ its
Verschiebung.

THEOREM 4. (1) There exists an isomorphism of A-modules
w: CWk(Rk)QI(G)/PR ’

+ o0
which is defined by (a_,)pen — [ 20 p~"a?, ] modpR, where @_, R is
a lifting of a_,, for each neN.



Additive extensions of a Barsotti-Tate group 163

(2) There exists an isomorphism of A-modules
y: CWi(R,)V—I(G)/R ,
+ ©
which is defined by (@_p)nen — [ EOp-W“)ae;”] mod R.

() The restrictions wy: M—I,(G)/pR* and yo: MV —I,(G)/R*
of w and y, respectively, satisfy the relation

Cowy=YooV,

where c: I,(G)/pR* —1,(G)/R* is the homomorphism induced by the
inclusion of 1,(G) in I,(G).

(4) Let us assume p#=2. Put L=1,(G) and denote by j: L—
—1I,(G)/pR * the homomorphism induced by the inclusion of I,(G) in
I,(G), let o: L—M be the composed map wy * oj; then:

- the homomorphism ¢: L/pL— M/FM, induced by o, is an
isomorphism;

- for each p-adic ring S over A:
G(S) = HomA (L, SK) X Homy (L, Sk/pS) Hoka (M, CWk(Sk)) ,

1.e. we can identify each homomorphism of topological rings over A,
@: R—S, with the pair (¢, ¢3), where ¢,=1L(p) and @,=
=CWk((p®A1k),M, which satisfies the relation tog;=wo@y00. ([3]
ch. II, Prop. 5.5; ch. III, Prop. 6.5; ch. IV, Thm. 1; [4] ch. V, par.
5.5).

We introduce now the Barsotti algebra of G;.

Let us denote by [pli: B, — R, the homomorphism of k-bialgebras
which corresponds to the multiplication by p on Gi, and put R°=
= lim (B}, [pli), endowed with the direct limit topology.

For each neN, let 7,: R,— R° be the natural homomorphism from
the n-th element of the direct sistem into the direct limit (let us remark
that, since [p]; is injective, 7, is an injective homomorphism of topologi-
cal k-rings, for each n e N); we define a coproduct over R° by

Pgo(x) = (1,87,) o Prot;  (2),
for each xe R such that xe7,(Ry).

DEFINITION 5. The Barsotti algebra of G, is the pair (R, t), where
R is the topological completion of R° and v: R, <> R is the injective ho-
momorphism of k-bialgebras induced by t, (see [1] ch. IV, par.
33-37).



164 Elena Mantovan

We consider now W(R) the ring of Witt vectors with coefficients in
and denote by ¢: W(R) — R the projection on the 0-component; there is a
naturally defined bialgebra structure on W(R) via W(Pgy).

Let biv (R) be the module of bivectors with coefficients in R (we recall
that, for each ring S over k, the D;,-module of bivectors with coefficients
in § is biv, (S) = lim (CW,(S)=9, V=9)—gee [3] ch. V, par. 1.3); by the
definition of bivectors, W(R) is naturally a sub-A-module of biv (31).

THEOREM 6. (1) There exists an unjgue ingjective homomorphism
of A-algebras j: R— W(R) such that (j ®j) P =W(Pg)oj and coj =
=ToO.

(2) The homomorphism j can be extended to an embedding of A-
modules j': I(G) —biv(R) (2] Thm. 4.3.2; Prop. 4.3.1, part 3).

1.2. Let A be a pseudocompact commutative ring and G a smooth for-
mal group over A.

Let us denote by G, the additive formal group over A4, i. e. G,(S) =
= (S, +), for each finite ring S over A.

DEFINITION 7. Amn additive extension of G is a pair (H, ) consist-
g of a formal group H over A together with a epimorphism of formal
A-groups n: H— G such that kerm is isomorphic to Gg, for some
n e N, which is called the degree of the extension.

A homomorphism f:(H,, n,) — (H,, 73) of additive extensions of G
1s @ homomorphism f: H,— H, of formal A-groups such that myof=
=7T;.

Since G is a smooth formal group, any additive extension (H, x) of G
admits a section o: G— H of x. It is then easy to check that the set of
isomorphism classes of additive extensions of degree » can be identified
with Ext (G, G}), the group of isomorphism classes of extensions of G by
G*, with Ext!(G, G*) and with H%(G, G"),, the A-module of classes of
symmetric factor sets modulo trivial ones.

DEFINITION 8. An additive extension (H, &) of G is decomposable
if there exists an additive extension (H', m') and an integer n = 1, such
that (H, x) is isomorphic to (H' X G}, n' X 0).

DEFINITION 9. An additive extension (H,m) of G is wuniversal
if, for each ne N, the homomorphism

Homy (kern, G*) - Ext (G, G?),
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which arises from the exact sequence 0 —kerm—H->G—0, is an
isomorphism (see [5] ch. 1, par. 1, probl. B).

It follows from the definition that if Ext (G, G,) is not a free A-mod-
ule of finite rank there are no universal additive extensions of G; more-
over, if we suppose that Hom (G, G,) =0, then if an universal additive
extension of G exists, it is unique up to a unique isomorphism.

DEFINITION 10. A rigidified additive extension of G is a pair con-
sisting of an additive extension (H, m) of G together with a A-linear
section | of t,(A): ty(A) —1ts(A), the corresponding tangent map over A.

A homomorphism f: (H, ), ) > ((H', x"),1l") of rigidified addi-
tive extensions of G is a homomorphism f:(H,n) —(H', n') of addi-
tive extensions of G such that t,(A)ol=1".

Since G is a smooth formal group, its tangent space over A is a free A-
module, then any additive extension of G admits a rigidification, which is
determinated up to an element of Homy (t5(A), tker,(A)) (let us remark
that Homy (tg(A), tierz(A)) = 0 ®4 A", if n is the degree of the
extension).

As before the set of isomorphism classes of rigidified additive exten-
sions of degree n can be identified with Ext™ (G, G?), the group of iso-
morphism classes of rigidified extensions of G by G.

1.3. Let us maintain the notations of 1.1 and consider a Barsotti-Tate
group G over A = W(k).

REMARK 11. To each set of integrals of the second kind of G,
{hy, ..., h,}, is associated a rigidified additive extension of G, of de-
gree n.

In fact let {hy, ..., h,} CI;(G) and choose {U,, ..., U, } a set of inde-
terminates over R; then, for i=1, ..., n, y;=Ph; - h ®1-1Qhk;is a

symmetric 2-cocycle of G and the homomorphism defined on

RIU,, ..., U U]bnyPx,forallxeR and U; » U;®1+1QU, +y,,
for i=1, ..., n, is a coproduct.
The rigidiﬁed additive extension of G associated to {hy, ..., h,}

is (H, 7), 1), where H = SpfyR[U,, ..., U,], @ is the homomorphism
of A-groups corresponding to the inclusion of A-bialgebras

R<>R[U,, ..., U,] and [ is the tangent map over A corresponding to

the homomorphism of A-algebras o: R[Ul, ..., U,]—> R defined by
x>z, for all xeR, and U; —0, for i=1, n.
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Let us remark that from the construction it follows that
LA =LG)®(h—-U;|i=1, ..., n). ]

In particular, by means of the previous construction, we have defined
a natural map, which we denote by 3, from I>(G) to the set of rigidified
additive extensions of G of degree 1.

We conclude this section by recalling the following result, which de-
scribes the relations existing among the A-modules of integrals of G and
its additive extensions.

THEOREM 12. Notations as before. Let us consider the following
diagram:

| P
0 —> wg ——> Ext®(G, G,) —> Ext(G, G,) — 0

1 |

0 — [,(G) —> L,(G)/R* — Ext(G,G,) —> 0

where:

— a 1is the restriction to I,(G) of the differential map;

- B is the homomorphism induced on the quotients by B;

— 0 is the map that forgets the rigidifications;

— v 1is the identification of wq with kero;

- jI 1(8G the homomorphism induced by the inclusion of I,(G) in
2(G).

The diagram is commutative, with exact rows and vertical isomor-
phisms ([4] ch. 5, Thm. 5.2.1, par. 5.3).

Let us remark that, from the surjectivity of 8 asserted by the previ-
ous theorem, it followi that t1/1§ map, which associates to each he I,(G)
the 2-cocycle Ph—h®1 -1 Q®h, is surjective.

2. — Additive extensions of a Barsotti-Tate group over W(k).

In this section we classify up to isomorphism the additive extensions
of a Barsotti-Tate group G over A = W(k).
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2.1. Let us maintain the notations of 1.1 and assume p # 2 (the case
p =2 must be treated distinctly—see Thm. 4, part 4).

PropPoSITION 13. To each additive extension (H, w) of G there is a
canonically associated sub-A-module Ny of MY, which contains
VoL.

Proor. Let (H, m) be an additive extension of G, of degree n.
Let us choose a symmetric factor set y: G x G— Gy}, associated to
(H, ) via an isomorphism of ker z with G} and a section of #. Then, if

we denote by y*: A[T}, ..., T,]— R ®, R the homomorphism of A-alge-
bras corresponding to y, the set of symmetric 2-cocycles associated to y
is {y1,...» ¥Yu}, where y,=y*(T;). For ¢=1,...,n let us choose
h;€I,(G) such that Ph;, —h,®1—1®h;=vy,; (see Thm. 12) and put

Ny=VoL +([hl|i=1, ..., n,

where we denote by [k;] the image of h; in M via the map
1/)0_1 opr: I,(G) > I,(G)/R* —MD,

Now it is straightforward to verify that the sub-A-module Ny is inde-
pendent of the construction. m

Let us remark that, since VoL is a direct summand of MV and MV
is a free A-module of finite rank, for each sub-A-module N of M ¥, con-
taining VoL, the quotient N/VpL is a free A-module of finite rank.

Thus the following definition makes sense.

DEFINITION 14. The rank of an additive extension (H, m) of G is
the rank of the free A-module Ny/VoL.

An additive extension of G is non-degenerate if its degree is equal to
its rank.

From the construction of the sub-A-module associated to an additive
extension of G it follows that the degree of an additive extension (H, )
is always greater than or equal to its rank.

We now prove that each degenerate additive extension is decompos-
able.

PROPOSITION 15. Let (H, ) be an additive extension of G, of degre
n and rank r. Then (H, x) is isomorphic to (H,q X G7 ™", 7,4 X 0),
where (H,g4, 7,4) is a non-degenerate additive extension of G, of degree
r, which is called the non-degenerate component of (H, n).
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PrOOF. Let us choose an isomorphism of ker sz with G} and a section
of 7, then we obtain an isomorphism (of formal schemes over A) of H
with G X GP, i.e. an isomorphism (of topological A-algebras) of

R®AIT,, ..., T,] with E, the affine algebra of H.

Let Uy, ..., U, be the images of 1 ® T}, ..., 1 ® T, in E; then by con-
struction {y;=PU;— U;®1-1Q®U;|i=1, ...n} is a set of symmetric
2-cocycles of (H, ) (actually this set is the same we introduced in the
previous proposition). If we consider the set of integrals of the second
kind of G, {hy, ..., h,}, such that Ph;—h;®1-1®h;=y; (for i=

..n), then we deduce that I,(H) =1,(G®)® (h, - U;|i=1, ..., n).

Thus the associated sub-A-module Ny in MV is Ny VQL +N '
where N' = ([k;]]|i=1, ..., n) (we denote by L the A-module II(G))

Let us choose now [ fl ,[ f1e N’ lifting an A-basis of Ny/VoL,
then Ny =VoL®([f]]| —1 ., ). From this decomposition of Ny
it follows that there exist Vl, ..., Vy,eE and f;el,(G) lifting [ f;] (for

1=1, ..., 7), such that £ = R[Vl,.. V,] and
LH) =LGS(fi—-Vi|i=1,..,n®V;|j=r+1,..,n).

In factlet Be M(A, r X n) and D e M(A, n X r) such thatm =B@
and [k]=D[f] modulo VpoL. Then we deduce that BD =1, and

that (1,-DB)h=g+a, for some suitable g¢,,...,9,€L and
A,y .. anER

We obtain the previous relations by defining '(f;, ..., f.) =
=B Yhy, ..., h,), “Vi,..,V,)=B YUy, ...,U, and choosing

Vi1, .., Vu}c{Yy, ..., Y,} a maximal linearly indipendent sistem

of rank r (we define YY,,...,Y,)=@1,-DB) YU, ..., U,)—
t

=y, ..., ay)).

From the construction, it follows that the coproduct on E is de-
fined by

Px=Prax VxeR,
PV,-Vi®1-1Q®V,=Pf,-fi®1-1Qf fori=1,..,7,
PV,-V;Q1-1Q®V;=0 forj=r+1,..,7n

Thus E = R[V,, ..., VI®LAIV.., ..., V,], where R[V,, ..., V,] is the
affine algebra of a non-degenerate additive extension of G and

AlV, 1, ..., V,] is isomorphic to the affine algebra of G”, and that de-
scribes the desired isomorphism. =
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2.2. In view of the previous proposition we can consider only non-de-
generate additive extensions of G. Now we proceed by associating to
each sub-A-module N of MV, containing VoL, a non-degenerate addi-
tive extension of G, which we denote by (Hy, my).

Let S be a p-adic ring over A, we denote by Sy its generic fibre, by S,
its special fibre and by o: S—S; the reduction modulo p. Let ¢: Sx—
—S/pS and c: Sg/pS— Sk/S be the natural projections of A-modules.

PROPOSITION 16. Let N be a sub-A-module of MV, containing
VoL, and denote by t: L—N the factorization of Voo: L—>M™
through N.

Let Hy be the formal A-group defined by

Hy(S)=Homy (N, Sk) Xtomy (L, Sx/pS) x Homs (N, s/s) Homp, (M, CW,(S})) ,
for each p-adic ring S over A, and ny: Hy— G the homomorphism of
formal A-groups defined by (¢, ¢) = (pot, @).

Then (Hy, my) is an additive extension of G, of degree r=
=1rkyN/TL.

Proor. Let S be a p-adic ring over A and consider the following

diagram:
M ve CW,(Sy)
N N
o o 1
e M CW,(Sp®
| el
T @1 t c
L N Sk Sk/pS Sk/S

By definition a point of Hy(S) is a pair of homomorphisms (¢, ¢2) such
that the diagram commutes, i.e.

togioT=wo@pso0 and cotop=1yoph o],

Let us consider the formal A-group Homy, (N/tL, -); since N/zL is a
free A-module of finite rank r, it is isomorphic to Gg,.
Let us define a homorphism of formal A-groups

ay(8S): Hom, (N/7L, S) —Hom, (N, Sk) x Homp, (M, CW,(S,,))
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by ¢ — (¢ o pr, 0), for each p-adic ring S over A, where we denote by pr
the canonical projection from N to N/tL. It is easy to check that actually
ImaycHy, thus we obtain the following sequence of formal A-

groups:
0 — Hom, (N/zL, ) S Hy 3G —0.

Now we have to check that the sequence is exact. The surjectivity of
7y follows from the surjectivity of cot and the facts that N is a free A-
module and tL a direct summand of N; the rest is straightfor-
ward. ®

THEOREM 17. Let N be a sub-A-module of MY which contains
VoL.

Each non-degenerate additive extension (H, x) of G such that Ny =
= N is isomorphic to (Hy, mtx).

ProoF. Let (H, 7) be a non-degenerate additive extension of G, of
degree 7, such that Ny = N, and let E be the affine algebra of H. With
the notations of the previous proofs we have:

[ —

- E=R[U,, ..., U, where U, ..., U, are algebraically indepen-
dent over R;

-LH)=5LG)®h-U;|i=1, ..., 1)

- N=1L& (], ...,[R,]), where {[R,], ...,[,]} is a set of linear-
ly independent elements over A.

Let us define ¢: I;(H) >N by g—>1(g), forallge I,(G) = L, and h; —
—U; —[h],fori=1, ..., n; then ¢ is an isomorphism of A-modules, since
(H, m) is non-degenerate.

For each p-adic ring S over A, a point of H(S) is a homomorphism
@: E— S of topological rings over A and is determinated by ¢ g, its im-
age in G(S), together with the values @(U;), for i=1, ..., r.

Let us define a homomorphism

&(S): H(S) —Homy (N, Sg) x Homp, (M, CW,(S)) ,

by @+ 1(¢)oe™t, CWi (@ |R®A1k)|M), for each p-adic ring S over A.
Since ¢(U;) €S, for i=1, ..., r, we deduce that actually Im¢c Hy;
moreover, from Theorem 4 (part (2)), it follows that wy o & =m.

Now let S be a p-adic ring over A and (¢, @2) be a point of Hy(S).
Let us consider the pair (¢, 07, @3) € G(S), it identifies a homomor-
phism f: R—S§ of topological rings over A such that ¢, o7 =1;(f) and
@2 =CWi(f®a1i)u (see Thm. 4, part 4).
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Moreover, for i=1, ..., r, L(f)(h;) — ¢ ,([k;]) €S, thus we can de-
fine a homomorphism @: E—>S by ¢ rg=f and @(U;) =L(f)k;) -
— @[], for i=1, ..., 7.

It is easy to check that the map ¢: Hy— H, defined by (¢, ¢2) — @,
is the inverse homomorphism of {. ®

2.3. We conclude this section by studying the affine algebras of the
non-degenerate additive extension Hy, for each sub-A-module N of M ")
which contains VpL.

Let j: R—>W(R) and j': I(G) —biv(R) be as in Theorem 6, so we
can consider R as a sub-A-bialgebra of W(R) and I(G) as a sub-A-module
of biv(R).

We recall that there exists a canonical embedding G: M — biv (R),
which is defined by mapping each xeM to the unique element ue
e biv (R) such that u; = x;, for all ¢ < 0, and biv (Py, )u = ,u@l +1 @y 1y,
ch. IV, Thm. 4.31).

Since the Verschiebung map on biv (R) is an isomorphism, we can ex-
tend G to an embedding G': MV —biv(R) by putting T h=
=V 1oB8Wh, for each h e MV, Thus MV can be canonically identified
with a sub-A-module of biv (R).

Let us remark that, by construction, G'[h*] = k* mod W(R), for
each h* el (G).

THEOREM 18. Let N be a sub-A-module of MV, containing VoL,
and (Hy, 7 y) the associated additive extension of G. There exists one
and only one sub-A-bialgebra Ey of W(R), containing R, such that its
module of integrals of the first kind is N.

The bialgebra Ey represents Hy, i.e. Hy(S) = Hom{™ (Ey, S), for
each p-adic ring S over A; thus the affine algebra of Hy can be identi-
fied with the completion of Ey for the profinite topology.

Proor. Let us choose h4, ..., h,e N which lift a basis of N/VoL; for
each 1e {1, ..., r} we denote by u; the additive bivector T'k; and by
h* e I,(G) a lifting of k.

For eachie {1, ..., r} let us consider the 2-cocycles y ;, associated to
h;*, and put 4; = h;* —ﬂ” thus 1,e W(R) and y; = W(Py )4, — 4, ®1 -
—1®A4,, since u; is additive.

Moreover, since W(R) does not contain any additive elements,
A; is the unique element of W(R) which satisfies the previous cond-
ition.

Let us define Ey = R[A4, ..., 4,). It is straightforward to verify that
Ey is a sub-A-bialgebra of W(R) which depends only on N, not on the
choice of hy, ..., h,eN.
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Now let us denote by Ey the completion of Ey for the profinite topol-
ogy, it follows from the construction that

LEY) =L(G) + (h*—A;|i=1,...,7)=N.
Then the homomorphism
i: O(Hy) =R[U,, ..., Ul—Ey=RI1], ..., 2,1,

which extends the identity on R by i(U;) =4;for i =1, ..., r, induces an
isomorphism on the modules of integrals of the first kind; thus, in view of
the Jacobian criterion, we conclude that 7 is an isomorphism. =

3. — The universal additive extension of a Barsotti-Tate group over
W(k).

In this section we deduce from the previous results the existence and
an explicit description of the universal additive extension of a Barsotti-
Tate group G over A = W(k).

3.1. Let us maintain the notations of section 2.

THEOREM 19. The additive extension (Hyw, myw) of G is univer-
sal.

Proor. By Definition 9 we must prove that, for each nelN, the
map

[8]: Homy (ker 7 3,0, G7) — Ext (G, Gp),

which associates to each feHomy,(kermym, G;) the isomorphism
class of the amalgamated sum 8(f) = (Hyw] liernya Gl w4y 10)
whose structural homomorphisms are the embedding of kerm,w in
Hy o and f, is an isomorphism. In view of Theorem 17, to prove the
surjectivity it suffices to show that, for each sub-A-module N of M
containing VpL, there exists a homomorphism @ y: ker w0 — ker
my such that the additive extension (Hy, wy) is isomorphic to
8(Oy).



Additive extensions of a Barsotti-Tate group 173

Let S be a p-adic ring over A and consider the following commutative
diagram:

M e —> CW,(Sp
AN N,
0(1)
2 CW,(S)®
L

0 (1)
J 91 lw lw
t c

é SK SK/pS SK/S

where (64, 6,) € Hy0(S).
We define the homomorphism of formal A-groups

O y: ker ;00 = Homy (MY /VoL, -) —>ker my = Hom, (N/VoL, -)

by ¢’ @' oj, where j is the inclusion of N/VoL in MV /VoL.

Then the desired isomorphism of §(O y) with (Hy, 7 y) is the map in-
duced on the amalgamated sum by the homomorphism from Hya @
@ Homy (N/VoL, -) to Hy which maps ((84, 65), ¢)to (0105 + ¢opr, 0,)
(we denote by j the inclusion of N in M) and by pr: N — N/VoL the pro-
jection onto the quotient).

Finally from the theorem of elementary divisors, since [&] is a surjec-
tive homomorphism between free A-modules of the same rank, it follows
that [&] is an isomorphism. ®

Actually it is possible to give a more transparent description of the
universal additive extension of G, namely that stated without proof by
Fontaine in [3] (ch. V, par. 3.7). This is done in Theorem 23, but we first
need to prove some lemmas.

Let us maintain the notations of the previous theorem, moreover put
q = CW(0): CW4(S)—CW,(S;) and define

w: CW4(S) — Sk

by (@_)pen — [ Z p "aP,] (see [3] ch. II, prop. 5.1), then  is a homo-

morphism of A—modules and it is easy to check that tow =woq.
Let us remark that, from the definitions of CW,(S) and CW,(S;)
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([3] ch. IV, par. 1.3), it follows that the two homomorphisms

E=@oV"en: CWa($)— @ SK¥  and

£= WoV)eni CWi(S) = @ (Sk/pS)™

are injective. Moreover, if we denote by II the homomorphism
o (n), EPOS}{”% @O(SK/pS)‘”), they satisfy the condition ITo & =oq
and ker I7cIm ¢ (see [1] ch. I, Prop. 1.9, Prop. 1.10).

LEmMMA 20. Let D be a A[V]-module, S a p-adic ring over A and Sy,
the special fibre of S. Then the homomorphisms

€ HomA[V] (D, CWA(S))_)HomA(Dy SK)9
defined by v woy, and
&: Homyyy (D, CW,,(S)) — Homy (D, Sk/pS),

defined by ¢ —woq@, are injective.

Proor. Let y: D—CW,(S) be a homomorphism of A[V]-modules
and assume that % oy = 0. Recalling that ¢ oV =Voy, we deduce that
0=@oyp)oV"=wWoV") oy, for each n e N; then { oy = 0 and so, from
the injectivity of ¢, it follows that y =0.

In the same way one can also prove that ¢ is injective. ™

LEMMA 21. Let D be a A[V]-module, S a p-adic ring over A and S,
the special fibre of S. Then

Homygy, (D, CW,(8)) =

= Homy (D, Sk) X Homy (D, sx/ps) HoMyy, (D, CW,(Sp)) .
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ProOF. Let us consider the following commutative diagram

\\1/)2
4
q

Y1\ CWL(S) ——> CW,(S})

el

S —> Sk/pS

and define the homomorphism
u: Homypn (D, CW4(S)) — Homy (D, Sk) x Homypn (D, CW(Sy)) ,
by y—=>@oy, qgoy). It is easy to check that actually
Imu c Homy (D, Sk) X Homy(, sgips) Homagyy (D, CWi(Sy)) 5

moreover, from Lemma 20, it follows that u is injective.
We prove now that u is also surjective onto the fibre product.
Let  (y1, ¥2) e Homy(D, Sk) X gom, o, sg/ps) Homupn (D, CW,(Sy))

and consider the homomorphism = W10V )pen: D— é_so S, From

tow,=woy, we deduce that I1(Im ) c Im¢ and then Im¥cIm Z,
since ker I7¢ Im . _

Put ¥ = (CIImZ)_l o W: D—CW4(S), it follows from the construction
that ¥ is a homomorphism of A[V]-modules and wo ¥ = ¢ ,, moreover
WogoW=toWoW¥W=woy,; then, thanks to Lemma 20, we conclude
that go ¥ =9y, ®m

LEMMA 22. Let M be the Dieudonné module of Gy. Then the homo-
morphism of formal k-groups

A: HomA[V](M“), CWk('))_)Hoka(Mv CW]C()))
defined by w—> YoV, is surjective.

PRrROOF. Let S be a finite ring over k and y: MY’ — CW,(S) a homo-
morphism of A[V]-modules. Since (o V)oF=Fo(ypoV), AS)(y) is an
element of Homp, (M, CW,(S)).

Let us recall that M is a free A-module and its Verschiebung V: M —
— M Vs injective; then from the inclusion of pM ) in VM, by the theorem
of elementary divisors, there exist two A-bases 1 e & of M and M, re-
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1 0
spectively, such that the corresponding matrix of V is (Od . ),
Plp-q

where & =rk,M and d = dim, M/FM.

Now let ¢ e Homp, (M, CW,(S)) and define an A-linear homomor-
phism y: MY —CW,(S) on the A-basis £ in the following way:

Y(&)=g(n;) fori=1,...,d and
y(&;) is such that Vy(&§;) = @(&;) for j=d+1,...,h
(let us recall that the Verschiebung map on CW,(S) is surjective). Then

from our constructlon it follows that ;= F§;, forj=d +1, ..., h, thus
y is A[V]-linear and qo YyoV. =

THEOREM 23. Let U(G) be the formal A-group defined by
UGXS) = HomA[V] (M(l), CW4(S)),
for each p-adic ring S over A, and denote by : U(G) — G the homomor-

phism of formal A-groups which maps @ to (WoOoVop,qoB@oV).
Then (U(G), B) is the universal additive extension of G.

Proor. Let S be a p-adic ring over A and consider the following
commutative diagram, where © € Homyy; (MY, CW4(S)).

("2} vV
M CW,(Sp) —>= CW,(SY®
e
MO — CW,(S) w "
I c
L M(l) SK SK/pS E— SK/S

Let us remark that, for each © e U(G)(S), the pair (Wo@o-Vog,
qo O oV) satisfies the condition to(Wo@oVog) =wo(qo@oV)op and
the homomorphism ¢ o @ o V is D;-linear; therefore B(S)(@) is actually an
element of G(S).



Additive extensions of a Barsotti-Tate group 177

Let us define a homomorphism of formal A-groups:
77(S) HomA[V] (M(l), CWA(S))‘—>
—Homy (MY, Sg) x Homyny (M, CW(Sy)) ,

by @H(@OQ, qo@oV).
Since q - @ o Vis a homomorphism of D,-modules and W o ®, qo O o V)
satisfies the two conditions:

tO(@O@)OVszo(QO@OV)OQ and Coto(Wo@)zwo(qo@oV)(l),

7 induces a homomorphism from U(G) to Hy o (see Prop. 16), which we
denote by 7. Since it is easy to check that 7 satisfies the condition
T yw o7 =, we limit ourselves to proving that 7 is an isomorphism. In
view of Lemma 20, it follows from the definition that 7 is injective, so we
need only prove that it is surjective.

Let (¢, @2) e Hyn(S) and choose an A[V]-linear homomorphism
0: MY —CW,(S,) such that 8.V = ¢, (see Lemma 22). Then the homo-
morphism ¢ =toq@; —wo0 is an element of Hom, (MY, Sx/pS), such
that ¢ o Voo =0 and co¢ = 0, or equivalently such that (M V) ¢ S, and
#(VM)=0 (let us recall that VM =VoL+pM®). It follows
that the map ¢: MV —CW,(S,), defined by x—(..0,..,0, ¢), is
a homomorphism of A[V]-modules, in particular Vog¢ =¢oV=0.
Then the pair (¢, 0+ ¢), is an element of Hom, (MY, Sg) x
X Hom, M), sg/ps) Homapyy (M P CW,.(S,,)) and so, thanks to Lemma 21,
there exists a homomorphism of A[V]-modules @: M — CW,(S) such
that wo® = @; and qo ©® = 0 + ¢, which is the same as wo @ = ¢, and
qoO@oV=g,; so that (@) = (¢, @;). =

Let us remark that from the previous theorem it follows that the uni-
versal additive extension of a Barsotti-Tate group G over A depends only
on its special fibre Gy.

3.2. From the knowledge of the universal additive extension of G we
can deduce the following result which completes what is asserted in
Proposition 15.

PROPOSITION 24. An additive extension of G is decomposable if
and only if it is degenerate.

Proor. In view of Proposition 15 and Theorem 17 we need just to
prove that (Hy, ) is non-decomposable, for each sub-A-module N of
M® which contains VoL.
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We recall that, in the proof of Theorem 19, we have shown that Hy =
= U(G) I_Iyerpker 7y, where the structural homomorphisms of the amal-
gamated sum are the embedding of kerf in U(G) and O y: kerf—
—>ke)r7t ~ (we denote by (U(G), B) the universal additive extension
of G).

Let us assume that (Hy, 7 y) is decomposable, for any N as before;
then there exists an isomorphism ¥:(Hy, ny) — (H X G,, & X 0), for a
suitable additive extension (H, &) of G. By the universal property of
(U(G), B), there exists a map ¢: ker 83— ker z such that Y lkeray c On =
=to0e (1: kerm— G, X kerm denotes the natural embedding); then
the map ¥ |y keray—G,Xkernw induces a homomorphism
d: coker ©® y— G, on the quotients. Since ¥ ., is surjective so is 9,
but this is impossible because coker @ y is a p-torsion group (this fact fol-
lows from the theorem of elementary divisors); thus our assumption is
false. ®

4. - Additive extensions of a Barsotti-Tate group over k.

In this section we classify up to isomorphism the additive extensions
of a Barsotti-Tate group G over k, a perfect field with characteristic p.
In particular we consider the special fibres of the additive extensions of
any lifting of G over W(k), noting that the universal additive extension of
G is the special fibre of the universal additive extension of its lift-
ings.

4.1. Let Gy, be the lifting of G over A = W(k) associated to (L, o) (see
Thm. 4, part (4)).

The following proposition describes the relation between the additive
extensions of G;, and the additive extensions of G.

PrOPOSITION 25. The map that to each additive extension (H, &) of
Gy, associates its special fibre (H,, ;) induces an epimorphism

y: Ext(Gr, G,,4) 2 Ext(G, G, ).

PrOOF. Via the isomorphisms Ext(Gy,, G, 4) = M /VoL (see Thm.
4, part (3) and Thm. 12) and Ext(G, G, ;) =tcv(k) = M V/VM ([6] ch.
IV, par. 1), y corresponds to the natural projection g: MV /VoL —
—M® /VM.Since VM = VoL + pM ", g is the map of the reduction modu-
lo p, thus y is surjective. =
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The previous proposition tells us that each additive extension of G is
isomorphic to the special fibre of an additive extension of G.

Now we give an explicit deseription of the special fibre of the additive
extension of G, associated to a sub-A-modules N of M ¥ containing VoL,
which we denote by (Hy 1, 7y, L)

PROPOSITION 26. Let N be a sub-A-module of MV containing VoL,
and let (Hy 1, Ty, 1) be the associated additive extension of Gy,.
Then, for each finite ring S over k:

(Hy, L)(S) =

= Homy (MY, CW,(S om Hom,| ———, S|,
v ( +(8)) L Intomee v vm, 5) k(VQL+pN )

and (7w y, )(S): (Hy, 1) (S) = Homp, (M, CW,(S)) = G(S) maps (v, ¢)
to ’lpoV.

In particular the special fibre of the universal additive extension
(U(GL), P) of Gy, is

U(Gy), = Homypy (M, CWi(S))
and (B): UGL),— G 1s defined by (v, @) —>poV.
ProoF. In view of Theorem 19 we know that
Hy, ;= Hyo, 11 _Taom,m® oL, » Homy (N/VOL, -) ;

then for each finite ring S over k, if by S;4; we denote S with the struc-
ture of A-ring induced by the reduction map &: A—k, we obtain:

Hy, .(8) = (Hyw, 1) (S) I _Ittoms 0 wor, 5, Homa (N/VoL, Say).
It follows from the definitions that CW,(S4;) = CW,(S) as A[V]-mod-
ules.

Thus in view of Theorem 23

(HM”),L)k (S) = HomA[V] (M(l), CWA(S[A])) = HomA[V] (M(l), CWk(S)) .

Moreover

N N
HomA y S[A] = Homk e — S
VoL VoL + pN
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and

MDD

M(l)
Homy,
VoL

, S |=H ——, 8|, since VM =VoL +pMY .
[A]) Omk(VM ) oL +p.

Finally it is straightforward to check the assertion regarding the homo-
morphism (By ). ®

4.2. In view of the results obtained in the previous sections we can
now easily prove that the universal additive extension of G is the special
fibre of the universal additive extension of any lifting of G over A.

THEOREM 27. With the previous notations, (U(Gp),(BL);) is the
universal additive extension of G.

ProoF. Let (H, ) be an additive extension of G, then there exists
an additive extension (H, ) of G, such that (H,, ﬁkl = (H, ). From the
universal property of (U(Gy), 8.) it follows that (H, 7) is isomorphic to
(U(GL) I Ikerp, ker &, B 1 _10), for a suitable and unique homomor-
phism f: ker 8; — ker 7. Then, if we consider the special fibres, we ob-
tain that (H, ) is isomorphic to (U(GL)k [_Iyer(s,) kera, (1) 1.10),
where the structural homomorphism is f; which is unique because f is
unique. =

4.3. Let us introduce the following additive extensions of G.

Let N be a sub-A-module of MV, which contains VM, and denote by
(U(G), B) the universal additive extension of G.

We define the following formal group over k:

N
Fy=U(G) I_IkerﬂHomk(Wy '),

where the amalgamated sum is defined by the embedding of kerf in
U(G) and the homomorphism

MY N
Dy k = Ho , *|—=Hom,| —, -
n: ker 8 mk( VM ) k(VM )

which corresponds to the inclusion of N/VM in MV /VM.
Let ty:Fy—G be the homomorphism of formal k-groups

ﬁ I_Iker B 0.

ProposITION 28. With the previous notations, for each sub-A-
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module N of MV containing VM, (Fy, ty) is an additive extension
of G, of degree dim; N/VM.

Proor. It follows from the definition that the sequence of formal
k-groups

N T
0— Hom,| —, - ——>FN—N>G—>O
VM

is exact. We conclude by observing that Hom,(N/VM, -) = G;, where
s=dimN/VM. =

Let us recall the notations of 4.1; let G, be the lifting of G over A as-
sociated to (L, o) and (Hy 1, my 1) the additive extension of G, associ-
ated to a sub-A-module N of M which contains VoL.

THEOREM 29. For each a sub-A-module N of MY containing
VoL,

Hy, oy oy, = Enevm X G %, tyevm X 0),

where r and s are the degrees of (Hy 1, wn 1) and (Fyiym, Tn+vm),
respectively.

PRrRoOOF. From the definition of (F'y, Ty) and the characterization of
(Hy, 1, ™n, L)k in Proposition 26, it follows that

Hy L, TN, Lk =

N
=|F I Thom yHomy| ———— |, = ILTo],
¥+ v ] _Dom, v + vaavae, - k(VQL+pN ) N+vml_ )

where the amalgamated sum is defined by the embedding of
ker 7y, yy = Hom, (N + VM) /VM, -) in Fy .y and the homomorphism
¢y from Hom,((N +VM)/VM, ) to Hom,(N/(VoL + pN), -), which
corresponds to the map induced on the quotients by the inclusion of N in
N+VM.

By considering the canonical isomorphism (of k-spaces) of N/(VoL +
+ pN) with (N N VM) /(VoL + pN)® (N + VM) /VM, we obtain an iso-
morphism of Homy (N/(VoL + pN), -) with Hom, (N N VM) /(VoL +
+pN), -) x Hom, (N + VM) /VM, -) such that ¢  corresponds to the nat-
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ural embedding into the product. Then we deduce that

NNVM
(Hy, L, Ty, L = (FN+VM>< Homk(_— '), Ty+vm X 0),

VoL +pN’
where
. NNVM . N . N+VM
im, ————— =dimj —— —-dimjy — =r—-s. =
VoL + pN VoL + pN VM

Finally we can recognize the decomposable additive extensions of G.

PROPOSITION 30. Let N be a sub-A-module of MV, If N2 VM, then
the additive extension (Fy, Ty) 18 mon-decomposable.

Let L be the A-module associated to a lifting of G over A; if N2 VoL,
then the special fibve of (Hy, 1, my, 1) 18 non-decomposable if and only
f NNnpM® =pN.

ProoF. Let N be a sub-A-module of M, containing VM, then
(Fy, ty) = (U(G) [_Ixers Hom,(N/VM, -), B1_10)
where the amalgamated sum is defined by the homomorphism
en: ker 8= Hom, (MY /VM, -) = kerty = Hom,(N/VM, )

which corresponds to the inclusion of N/VM in MV /VM.

Let us assume that (F'y, ty) is decomposable, then there exists an
additive extension (H, w) of G and an isomorphism @ y:(Fy, ty)—
—> (G, X H, 0 X m).

From the universal property of (U(G), B) we know that there exists a
homomorphism a: ker 83— ker s such that 10 a =0y o ey, where we de-
note by 6y: kerty— G, X ker r the restriction of @y on the kernels
and by ¢ the natural inclusion of kers in G, X ker .

Note that 6 y o ¢ is surjective because 6 y and ¢ y are, while ¢o a is not,
which is impossible.

Now let us assume that N2 VpL, then

(Hy,, wn, k= Fnsvm X G, Ty v X 0)

where ¢ =dim,(NNVM)/(VoL +pN) (see Thm. 29). Since
(Fn+vm, Tn+vm) is non-decomposable, (Hy, 1, Ty, 1 )i iS non-decompos-
able if and only if (N N VM) /(VoL +pN) =0.

It is easy to check that the last condition is equivalent to N N pM ) =
=pN.
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Infact, if we assume that N N VM = VoL + pN, recalling that pM ¥ ¢
¢VM and pMY N VoL = p(VoL) (see Thm. 4, part 4), we obtain:

pNcNNpM® =
=NNVMNpM®Y =VoL NnpM™ + pN = p(VoL) + pN =pN .

On the other hand, recalling that VM = VoL + pM ¥, from pN =N N
NpM Y we deduce:

VoL +pNcNNVM=NN (VoL +pM"V)=VoL +pN. =

4.4. We conclude by proving that each non-decomposable additive
extension of G is represented by a sub-k-bialgebra of the Barsotti alge-
bra R of G, which contains R.

THEOREM 31. Let N be a sub-A-module of MY, containing VM,
and (Fy, Tn) be the associated additive extension of G.

Then there exists one and only one sub-k-bialgebra Dy of R, con-
taining R, such that its module of invariant one-forms can be identi-
fied with N/pM®.

The bialgebra Dy represents Fy, i.e. Fy(S)=Hom{" (Dy, S), for
each finite ring S over k; thus the affine algebra of Fy can be identified
with the completion of Dy for the profinite topology.

Proor. Let N be a sub-A-module of MV, which contains VM.
We organize the proof in 3 steps.

1) Definition of Dy.

Let Gy, be a lifting of G over A and fix an embedding of its affine alge-
bra R;, in W(R), as in Theorem 6. In view of Proposition 25, there exists a
sub-A-module T of M, containing VoL, such that (Fy, 1y)=
= (Hr, 1, W7, L)k, t-e. T satisfies the two conditions: N = T + VM and pT =
=T N pM Y (see Prop. 30). Moreover, by Theorem 18, we know that there
exists a sub-A-algebra E; of W(3), which contains R;, such that its mod-
ule of invariant one-forms can be identified with T'.

Let us denote by ¢: W(R) — R the projection on the 0-component
and put Dy = ¢(E7). Then Dy is a sub-k-bialgebra of i, which contains
R, and it is not difficult to check that it depends only on N, not on the
choice of T and L.

2) The module of invariant one-forms of Dy can be identified with
N/pM(l).
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Let us choose L and T as before. The map ¢ g,: Er— Dy induces a
homomorphism (¢ z,): @4 (E7) = @, (Dy) and, since ¢ g, is surjective,
s0 is w(|g,). Composing (s g,) with the canonical isomorphism be-
tween T and w, (E7) and reducing to the quotient, we obtain a homomor-
phism #g: T/pT— w,(R), whose image is w;(Dy). Since T/pT =
= N/pM Y, it suffices to prove that # is injective.

We note that we can limit ourselves to considering the case N = MV
and T=M®Y, In fact, for any T, if we denote by j: T/pT—>M P jpM D
the map induced by the inclusion of 7 in M, we obtain that
Nr=nuwoj.

Let us denote by d: MV — w, (W(R)) the composition of the differ-
ential map of Ej o) with the inclusion of w4 (Eyw) in wy (W(H)) and by
t: MP—>M®D/pM™ the reduction modulo p, then it follows from the
definition of 7 3o that 70 ot = w(g) od. Thus to prove that # o is in-
jective is the same as proving that ker (w(g) od) = pM .,

Let us choose a set of parameters on R, {x,, ..., «;}, and one of its
liftings on R, {Xi,...,X;}, G.e. R=R[[x, ..., x5]], R.=
=W(R[[Xy, ..., Xz]land ¢(X;) = a;fori=1, ..., d). Let h = (h,),cz €
e MV chbiv (R); since h is an integral we may write

h= 2 p™a,X"+ph',

[v|=0

where h(v) =min {v,(v;)|i=1, ..., d}, a,€ W(R®) for all ve N and &’
is an element of W(R). Thus the image of & in w4 (W(R)) is

d
dh=23 3 p™v,q,X""%dX;+pdh’,

i=1|v|20

where the exponents e; are such that X% =X;, and in w;(R)

d
w()dh) =X X p "y,a, jx" da;.

i=1|v| =20

Now let us assume that w(¢)(dk) = 0. Then, for each ie {1, ..., d} and
veN?, p~"y.q, ;=0; if we choose ige {1, ..., d} such that h(v) =
=v,(v;,), from p ‘h(")vigav, o =0 we deduce a, (=0, for each v e N?. This
means that a,e pW(R®) and then the element of I,(R;) which corre-
sponds to h belongs to pl,(R.); thus hepM Y,

Since the inclusion of pM ™ in ker(w(c) od) is obvious, we con-
clude.

3) Dy represents Fy.
Let us denote by o: E;/pEr— Dy the homomorphism induced by
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S |gp: Er— Dy; what we have proved at step 2 is equivalent to asserting
that w,(0): w,(Ep/pEy) — w,(Dy) is an isomorphism. Then, by the Jaco-
bian criterion, we deduce that ¢ is an isomorphism and thus

Fy=(Hy, )= Hom{™" (Ep/pEr, -) = Hom{™ (Dy, -).
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