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Extrinsic Symmetric Submanifolds Contained
in Quaternionic Symmetric Spaces.

MIRIAM PACHECO (*) - CRISTIAN SANCHEZ (**)

ABSTRACT - In this paper imbeddings into R", for the irreducible Quaternionic
symmetric spaces, are constructed. These imbeddings have the following
property. For some maximal Hermitian symmetric subspace H there is an
affine subspace Pc R" such that H is an extrinsic symmetric submanifold of P
in the Ferus’ sense.

1. — Introduction.

Symmetric submanifolds of Euclidean spaces, or extrinsic symmetric
submanifolds were studied by D. Ferus [6]. These submanifolds are es-
sentially compact symmetric spaces M with an injective isometric im-
mersion into a Euclidean space B" such that, for each x e M, the symme-
try s, extends to an isometry of the ambient space R", so that its action
on the normal space to M at « is the identity. On that paper, Ferus deter-
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mines these submanifolds and proves that they are exactly, the symmet-
ric R-spaces.

Quaternionic symmetric spaces were studied and characterized by
J. Wolf in [8]. It is well known that these spaces are not symmetric
R-spaces; hence, they are not extrinsic symmetric submanifold of any
Euclidean space. In the present paper we study Quaternionic symmetric
spaces and our main result could be roughly described by saying that
Quaternionic symmetric spaces are just as extrinsic symmetric as they
can possibly be.

To explain the meaning of this phrase we must notice first that any
Quaternionic symmetric space @ contains, as a totally geodesic submani-
fold, a Hermitian symmetric space H which has maximal dimension
(these subspaces are described in [3] for the Quaternionic symmetric
spaces of the exceptional groups). The present paper is devoted to show
that for each Quaternionic symmetric spaces @ there are an isometric
immersion g: @ = R" into a Euclidean space and an affine subspace Pc
c R" such that the image of the composition H BN @ — R"is contained in P
and is an extrinsic symmetric submanifold of Pc R". In the majority of
the cases, the immersion ¢g: @ — R™ has minimal dimension, more pre-
cisely, there are no equivariant immersions of @ in R? with p <n.

The paper is organized as follows. In section 2 we recall the definition
of extrinsic symmetric submanifolds of R" from [6] and give a proof of
the well known fact that every Hermitian symmetric space is extrinsie
symmetric. We also recall the definition of Quaternionic symmetric
space and describe the maximal Hermitian symmetric subspace for each
of them.

In section 3 we give the general construction of the immersion for the
Quaternionic symmetric spaces in Theorem 3.2. In section 4 we describe
the immersions for the Quaternionic symmetric spaces of the exceptional
Lie groups and in section 5 those of the spaces corresponding to the clas-
sical Lie groups.

2. — Extrinsic symmetric submanifolds, Quaternionic symmetric
spaces and maximal Hermitian subspaces.

Let M be a connected compact n-dimensional Riemannian manifold
and let f M — R"*? be an isometric immersion into an Euclidean (n + p)-
space. For each xeM, let o, be the affine linear transformation
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of R"*P which fixes the affine normal space to df, (T, M) at f(x)
and reflects f(x)+df, (T, M) at f(x).

As in [6] we shall say that f: M—R"*? is an extrinsic symmetric
submanifold, if for every x e M there is an isometry 6,: M — M such
that 0,(x) =« and fo0,=0,0f.

The following theorem shows that every Hermitian symmetric space
is an extrinsic symmetric submanifold.

THEOREM 2.1. Let H =G/K be a compact irreducible Hermitian
symmetric space. Let G and X be the respective Lie algebras of G and K;
I the orthogonal complement of K with respect to the Killing form B of
G (B 1s megative definite on G). Considering on G the inner product
(X,Yy=-B(X,Y), (&,(,)) is an Euclidean space. Then

(i) there is a nonzero vector vye X, such that
K={geG: Ad(g)vo=vo},

this defines an imbedding f: H— G given by f(gK) = Ad (g) vq;

(il) we consider H with the Riemannian metric induced by (, ), i.e
we make [ an isometric imbedding, then H is an extrinsic symmetric
submanifold.

Proor. (i) Since H is irreducible, Z(K) is analytically isomorphic to
the group of the unit complex numbers T'! [4, p.382 (6.2)]. Then 2(X), the
center of X, is isomorphic to E.

Take v, = 0 in 2(X).

If ge K, Ad(g)v,=V,.
Conversely, if ge G and Ad(g)v, =v,, then

expAd(g) tvp=exptv, VieR,
glexptvy) = (exptvy) g, VieR.
Consequently, g € C;(T1), the centralizer of 7' in G. Since, K is maxi-
mal connected in G [4, p. 381-2 (6.1)] K= Cgi(T").
Thus, K= {geG: Ad(g) Vo=V, }.

(ii) We observe that if o = [K], then df,(T,H) = .
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Since df,(T,H) =[G, vyl = [, vo] and for each Xe X, Ye I
B(Xy[Yy VO]) = _B(Xy[VO’ Y_]) = _B([X, VO]’ Y) =0

we have as a result (T,H)' =X and [I1, vo] C IN.

Let s, be the geodesic symmetry of the symmetric space H at o = [K].
We know that s,e T! = Z(K) [4, p. 376 (4.5) (ii)] and its action on H is
given by s,(gK) = (s,9) K.

Let us call 0y=Ad(s,). 0y is an isometry of the Euclidean space

(S, )
If gK is a point in H, we have:

1 f(s,(gK)) = Ad (s, 9) vo =Ad (s,) Ad (g) vy = 0, f(9K).

We must see that o, fixes every element in X and is -Id on JKt.
Write s, = exptgvy for some the R. If Xe X, then

2) 0o(X) = Ad (exptyvo) X = exp (fpad(vy)) X=X .

Since G acts by isometries on H, if x =gK the symmetry at « is
S; =0S,9 ‘eG.
By [4, p. 208 (3.3)] the geodesics through o are

y(t) = (exptY)K, for YeJn.
Hence,
3 s,(exptY) K= (exp(—tY))K, —e<t<e.
From (3) we obtain

f(so(exptY) K) = Ad (exp(—tY))v,, —e<t<e

and by (1)

f(s,(exptY) K) =0, (Ad(exp (tY))v,), —e<t<e.
It follows that

0o(Ad (exp (tY))vo) = Ad (exp (—tY))v,, —e<t<e,
then
) ao(lY, voD) = =Y, vl.

In that way, (1), (2) and (4) prove (i) QED =
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We adopt the notation from [8] concerning Quaternionic symmetric
spaces. We recall the basic facts from [8] for the convenience of the reader.

Let V be a real vector space. A quaternion algebra on V is an algebra
of linear transformations on V which is isomorphic to the algebra of real
quaternions, and whose unit element is the identity transformation of V.
If A is a quaternion algebra on V, then V is a quaternion vector space
with the structure given by A.

Let M be a Riemannian manifold. Given x e M, let ¥, be the linear
holonomy group consisting of all linear transformations of the tangent
space M, obtained from parallel translation along curves from x to x. A set
A, of linear transformations of M, is called ¥ -invariant if g4,g "' =A,
for every g e ¥ . A set A of fields of linear transformations of all tangent
spaces of M is called parallel if, given x, y € M and a curve o from « to y,
the parallel translation 7, satisfies 7,4,7,! = A,. A, extends to a paral-
lel set of fields of linear transformations of tangent spaces, if and only if
A, is ¥, -invariant; in that case, the extension is unique, being defined
by A, =71,4,7;".

A quaternionic structure on a Riemannian manifold M is a parallel
field A of quaternion algebras A, on the tangent spaces M,, such that
every unimodular element of A, is an orthogonal linear transformation
on M, (compare [8]).

Choose x € M and let A be the quaternion structure of M. Then A, is
a ¥ -stable quaternion algebra on M,, so ¥,= & ,-A,/, where @ is the
centralizer of A, and A, is the intersection with A,. @, and A, are the A-
linear and A-scalar parts of ¥,. We say that the holonomy group have
quaternion scalar part if A, spans A,.

In [8] the following fact is proved. Let G be a compact centerless sim-
ple Lie group. Let T be a maximal torus and let § and  be the respec-
tive Lie algebras. Let G¢ and ¢ be the respective complexifications of G
and J; 9 is a Cartan subalgebra of the complex simple Lie algebra g°.
Let ¥ be the set of root of G for 9¢ and G, the one-dimensional subspace
characterized by

[k, El=a(R)E for all hed, Eeg,.

The Killing form on G° is denoted (, ), and let h, (a € ¥) be the element
of 3¢ characterized by:

(ha, By =a(h) for all hed.

Let 7 be a base of simple roots and let 8 be the maximal root with respect
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to the order induced by 7. We define
L ={hed Bh)=0} + §>)0 SN (Ge+ G _a),

a((}lbﬁ):O
al=gn({hﬂ} +§a+9—a)v
JX=£1 +a1 .

R =L D is direct sum of ideals. Let L, A, and K = L, A be the cor-
responding analytic subgroups of G. In [8] Wolf proves the following
theorem.

THEOREM 2.2. G/K is a compact simply connected irreducible Rie-
mannian symmetric space. A, = Sp(1) generates a quaternion algebra
on the tangent space on [K]. This quaternion algebra parallel translat-
ed over G/K gives a quaternionic structure A in which the holonomy
has quaternion scalar part.

Conversely, if M is a compact simply connected Riemannian sym-
metric space with a quaternionic structure Ay in which the holonomy
has quaternion scalar part, then there is an isometry of M onto a mani-
fold G/K as above, which carries Ay to A.

A Quaternionic symmetric space will be a compact simply connected
Riemannian symmetric space M with a quaternionic structure A, in
which the holonomy has quaternion scalar part.

REMARK 23. In [1, p. 408-9] the so called «quaternionic-Kdihler
Riemannian symmetric spaces» are defined. They coincide with the
«quaternionic symmetric» of J. Wolf, such as is indicated.

Hereafter we adopt the following notation. @ will be a Quaternionic
symmetric space as in Theorem 2. Inside @ = G/K we want to consider
the compact irreducible Hermitian symmetric subspaces M defined by
subgroups L of G as follows. M =L/U and U=LNK.

If the Hermitian symmetric subspace M has maximal dimension
among those contained in Q we denote it by H and coinsider it written as
H=L/U with U=LNK.

We shall denote by o the point [K] e Q. Clearly, H=L-0cQ.

When G is an exceptional Lie group, the maximal Hermitian symmet-
ric subspaces of the corresponding Quaternionic symmetric spaces are
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listed in [3]. They are:

Q H

G2/S0(4), (SO(4) = Sp(1)Sp(1)) cp?
F/Sp(3) Sp(1) CP*
Eg/SU(6) Sp(1) cp!
E;/Spin(12) Sp(1) CcP*
Eg/E;Sp(1) CP’

The following list shows the other Quaternionic symmetric spaces (i.e
those with G classical) (compare [1, pag. 409]) and the corresponding
maximal Hermitian subspaces:

Q H

SUn +2)/S(U(n) x U(2)) SU(n + 2)/S(U(n) x U(2))
n=1)

SO(n + 4)/SO(n) X SO(4) SO(n + 2)/SO(n) x SO(2)
n=38, n=2m) SU(m + 2)/S(U(m) x U(2))
SO(n + 4)/SO(n) x SO(4) SO(n + 2)/SO(n) x SO(2)
n=3, n=2m+1)

Sp(n +1)/Sp(n) x Sp(1) SU(n +1)/S(U(n) x U(1))
(n=1)

REMARK 2.4. The space @ =SU(n +2)/S(U(n) x U(2)) is itself a
Hermitian symmetric space.

REMARK 2.5. Observe that there are two subspaces in the Quater-
nionic symmetric space SO(n +4)/S0(n) X SO(4) when n =2m.

The subspaces H are totally geodesic submanifolds of the corre-
sponding Q. This is straightforward in all cases except for the Hermitian
space H = SU(m + 2)/S(U(m) x U(2)) in the Quaternionic metric space
Q =S0(n +4)/SO(n) x SO(4) when n = 2m. We give a proof of this fact
in the following lemma.

LEMMA 2.6. The space H =SU(m + 2)/S(U(m) x U(2)) is totally
geodesic submanifold of @ = SO(n + 4)/SO(n) x SO(4) when n=2m.
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ProofF. Let ¥: SU(m +2)—SO(n + 4) be given by the correspon-
dence

b; ¢
A= [CL,']‘] = [bU +V- ].Cij] lj’[AILZ]XZ] ’ where A%X2 = [ Y bu} .
—C5 Oy
Let @ =d¥,.
Take the descompositions so(n +4) =XDM, suw(m +2)=UDJ,
where

s F
Z o

]: A, eso(n), A,e 30(4)] )

0 X
.‘)T(=H ]:XeM(nx4,R)},

-X* 0

o
=

]: A eu(n), Ageu(Z)] s

0 X
_ : XeM(n x2,C)},
[—X‘ 0} ]

and m=T,Q), 5=T,(H), o= [K].
We shall see that

dD(T) = 0 X : XeM(n x2,C)

(=X 0
is a Lie triple system, where if
. ox2 2 %2 Qa B i
X=la;+V-18;1, X=[X5* and X§*°= .
By ay
A simple computation shows that (—X') = — Xt. Then,

0 X
: XeM(nx2,C)}can.

D(J) = .
-X 0
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Let X, W, ZeM(n x 2, C),

X=[laz+V-1851, W=ly;+V-164], Z=In;+V-1lu;l,
thus
0 X 0 W 0 Z
Xi=1 o , W= __ and Z,= ed.
-Xt 0 -Wt 0

It is easy to see that

0 A
[[2(Xy1), P(W))), &(Z,)] = [ . ] ,
—-A" 0

where A= — XW'Z + WXtZ + ZX*W - ZWtX
The first term of this sum is

_XWtZ — [[)QZXZ][BZXZ][ZZXZ]]_. C%XZ]’

where B%*?= (W%*?)', and the others terms of A are similar.
Now we compute C%*Z:

m+2m+2

C%JXZ Z 2 (X2><2 2><2)(sz2)_ ZXzXZ(W%th)tZ%szz

aij bl]
~by @]’

;= (Vi BinOw)Ney— (=@ O+ BinV i) i »

N kj M

—Bin au[Om Y kh Ui M

=2 Qp, ﬁih][ykh =0

where

bij= (Vi + B0+ (— A Op+ BV )N -

It follows that, [[D(X,), D(W))], D(Z;)]e ®(I) and the lemma is
proven. QED =

3. — General construction of the immersion.

To construct an immersion of the Quaternionic symmetric space @
such that the maximal Hermitian simmetric space H is an extrinsic sym-
metric submanifold of the ambient Euclidean space, we shall use some
results from representation theory which we now recall.
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Let G be a compact semisimple Lie algebra, G¢ the complexification
of 6.

Let 9¢ be a Cartan subalgebra of G¢ and ¥ a set of root of G° relative
to . Let w= {a,, ..., a, } be a base of simple roots of ¥, and ¥* and
¥~ denote the sets of positive and negative roots with respect to the or-
der induced by .

We denote by &, and x, the elements of G€ usually defined as in sec-
tion 2 and [4, p. 176] respectively. We shall always call § the maximal
root of GC°.

Let &: g°—>gl(V) be a irreducible complex representation with

highest weight 1. We write 24 = 2 ;; and define &(1) = H( 1)%.

Let w, be the element of the Weyl group such that wo(’l’*) =
=y,

The following theorem is a well known criterion to decide if a complex
representation induces a real representation [7, pag. 305].

THEOREM 3.1. There is a descomposition V =V, + iV, with V; and
V, G-invariant vector spaces over R if and only if ¢(1) =1 and
CU()A = —/1.

Let Q be an irreducible Quaternionic symmetric space and H a maxi-
mal compact irreducible Hermitian subspace of @. Write @ = G/K and H
=L/U as in section 2.

Let G, &, £and U be the Lie algebras of G, K, L and U respectively.
Then

g=x@em, m=T,Q; o=I[K]
L=Uudg, I=T,H;
U=XNL,IJcM and J a Lie triple system .

Let g° X and 9MC be the complexifications of G, X and I,
respectively.

THEOREM 3.2. Let @ =G/K be an irreducible Quaternionic sym-
metric space, H= L/U a maximal compact irreducible Hermitian sub-
space of Q. Let G, X, £ and U as above and V° a nontrivial irreducible
complex representation of G¢ such that its restriction to X contains
the trivial representation VC(0) with multiplicity 1. Let us assume that
it induces a real representation @ of Gon V with VC=V +iVand V &-
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wvariant as in Theorem 3.1. Furthermore, assume that @ induces a
representation ®: G— GU(V).

Let VE(0) = V(0) + iV(0) and vye V(0)be a nonzero vector. Then the
orbit D(G) v, gives an immersion of Q into V=R".

Assume that @ | splits as a sum @| = rAd (L) D sW(0) D W where
Ad (£) is the adjoint representation of £, W(0) stands for the trivial one
dimensional representation of £ and W is some, not necessarily irre-
ducible, L-module which contains neither the adjoint representation of
£ nor the trivial one.

If vpe r Ad (£) ® sW(0), then H is a extrinsic symmetric submani-
fold of an affine subspace PcV.

Proor. Let us consider the orbit @(g) v,.

We have &(X)vy=0 and an isomorphism between I and ®(IN)v,
given by X — ®(X)v,. In fact, 5t = {X e IM: &(X)v,=0} is a K-submod-
ule of I because if Xe I, Ye XK,

D(Y) D(X) vy = P(X) D(Y)vp + D([X, Y]Dvo .

Since the action of X on I is irreducible, we either have 1= {0} or
It = Jn. This last case is not possible because @ is irreducible and so
I = {0}. This shows that the orbit has the same dimension as Q. Then, it
defines the desired immersion. Clearly, ®(G)v, gives an induced immer-
sion of Q.

To see the other part assume that vye Ad(£) D sW(0) (»=1) and
write vy =w; +w, with w; € Ad(£) and w,e sW(0). We have for Xe £,
D(X)vy= 0 if and only if X € U and this is equivalent to &(X)w; = 0 and
in turn, to w;ez(U) (center of U). Now Theorem 2.2 yields the
result.

If voe r Ad (£) & sW(0) with r > 1, vy may have nonzero components
in more than one of the copies of Ad(£). Let us write vy = (v, ..., v,)
and take the first nonzero component, say v;. The isotropy subalgebra of
v; by £is clearly U (because it is maximal) and this is so for each nonzero
component. Furthermore, if we identify £ and Ad () as usual, each com-
ponent of v, lies in the center of U, which is one dimensional. Then v, can
be written as vo=(4,v;, ..., 4,v;) (some A; may be 0) and X—
— (41X, ..., 4, X) defines an invariant subspace whose representation is
Ad (£). This subspace contains H and we can act as in the case r = 1.
QED =
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4. — Immersions of the exceptional irreducible Quaternionic sym-
metric spaces.

We said that a Quaternionic symmetric space Q = G/K is exceptional
if G is an exceptional Lie group; analogously, @ = G/K will be called clas-
sical if G is a classical Lie group.

It is a well known fact of representation theory that if G is simply
connected, then any representation of the Lie algebra & induces a repre-
sentation of the Lie group G. In this section we shall assume that our ex-
ceptional Quaternionic symmetric space is written as @ = G/K with G
simply connected.

From [7, p. 307-310] we obtain the number ¢ indicated in Theorem 3.1
(the compact case corresponds to j = 0) and the element w; in the corre-
sponding Weyl group can be found in [2, p. 251-275]. .

For the numbering of the roots and basic weights, we adopt the nota-
tion from [5, p. 64-65-69].

Let Q be a subset of the set ¥ of roots of €. We say that a subalge-
bra Ac G° is «the subalgebra generated by Q» if @ is generated by the
set {h,, ae Q} U {x,a espanz(2) N ¥}.

In the rest of this section we describe the results obtained for the ex-
ceptional irreducible Quaternionic symmetric spaces.

A) Q=G/Sp(1) Sp(1), H = CP*=SU(3)/8(U(2) x U(1)).

Representation of g<: V= V1(20), dim V =27,
e=1 and wy,=—id,
X=sp(1)®sp(l), K°=APA;,
Vixe=V(22)®V(04)®V(1.3)®V(1.1)dV(0.0).
£L=su(3), £°=A4,,
V] ec=V(20) D V(02) ® V(10) S V(01) D V(11) & V(00).

Thus, v,eV(11)@V(00).
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B) Q=F,/Sp(1) Sp(3), H=CP?=SU(3)/S(U(2) x U(1)).
Representation of f{: V= V(0002), dim V = 324.
e=1 and w,=-id,
X=sp(1)®sp(8), A =A®C;,
V| xe=V(2.200)V(1.110)@ V(1.001) V(0.020) S V(0.010) $ V(0.000) .

1) £=su(3), £°=A4,, we take £ generated by the roots { -3,
al}.

V] .c=3V(21)®3V(12)d9V(20)D9IV(02)P3V(10)P3V(01)PIV(11)P
SIV(00) D V(22).
Then,
voe IV(11) & 9V(00) S V(22).

But voeWV(22) since UC=£°NKC={h,, hs, 25, x_g}cKC and
V(22) | 4, = 3V(4) ®3V(2) where A, is generated by { -}

Observe that v, does not have component in V(22) , because the com-
ponent is a vector fixed by U, then v,e9V(11) H9IV(00).

2) £=su(3), £%=A,, generated by the root {a;, as}.
V]ee=6V(02)D6V(20)H24V(01)D24V(10) B IV(11) &36V(00).
voe9V(11) P 36V(00).

C) Q= E/Sp(1)SU(6), H=CP*=S8SU(5)/S(U(4) x U(1)).

Representation of e;: V = V(100001), dim V = 650.
e=1 and w, is the permutation sending a,, a,, ag, a4, a5, ag in
—ag, —Qz, —a5, —ay4, —a3, —a; respectively, as

(100001) =A; +Ag=2a,+2a,+3a3+4a,+3as+2aq,
a simple computation shows that w,(100001) = —(100001),
K=sp(1)Dsu(6), X°=A4,0A;,
V]xe= V(1. 11000) @ V(1. 00011) & V(2.10001) ¢ V(1.00100) &
@V(0.01010) & HV(0.10001) & V(0.00000) .
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1) £=su(5), £¢=A,, generated by the roots {ai, a3, ay, as}
V| ec=V(0110)®V(0101)HV(1010)H2V(1100) B2 V(0011) D2 V(0002) D
D2V(2000)p4V(0010)D4V(0100)PH6V(0001)D6 V(1000)P5V(1001)P

@5V(0000).
vo € V(0110) ©5V(1001) & 5V(0000) .

UC=2L°NAC contains the subalgebra generated by the roots
{as, as, as} of type As,

V(0110) | o, = V(011) & V(110) & V(020) & V(101),

then v, ¢ V(0110) because v, is a vector fixed by U.
Thus, voe5V(1001) & 5V(0000).

2) Choosing A, generated by {as, a4, as, ag} the descomposi-
tion in irreducible component of V| .c is the same.

D) Q = E;/Sp(1) Spin(12), H = CP%=SU(7)/S(U(6) x U(1)).
Representation of ef: V= V(0000010), dim V = 1539.
e=1 and wy=—id.

X =sp(l)®spin(12), KR =A,0Ds,

V|xe = V(0.000100) & V(1.100001) & V(2.010000) & V(0.200000) &
@V(1.000010) & V(0.000000) .
£=su(T), £°= Aq generated by the roots {a;,i=1, 3,4,5, 6,7},
V| ¢c = V(000010) & V(010000) & V(010001) & V(100010) & V(101000) B
@V(000101) & V(000011) & V(110000) & V(100000) & V(000001 ) &

@V(001000) & V(000100) & V(010010) & 2 V(100001 ) & V(000000) .
vo e V(010010) @ 2 V(100001 ) & V(000000) .
UC=LNAC=4DC, A4

generated by the roots {a;, i=
=3,4,5,6,7}

Vo ¢ V(010010) since V(010010) | 4, = V(01001) & V(10010) &

©4V(10000) & 4V(00001) & V(01010) G V(10001).
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Thus, v, e 2V(100001) & V(000000).
E) Q=Eg/Sp(1) E;, H=CP"=SU(8)/S(U(7) x U(1)).
Representation of ef’: V= V(00000001), dim V = 3875.
K=sp(l)De;, A=A De,
V| xe = V(0.0000010) ®
@V(1.0100000) S V(2.1000000) 6 V(1.0000001) & V(0.0000000) .

£=su(8), £°=A; generated by the root {a;,i=1,3,4,5,6,7, 8},
then,

V| ¢c=2V(1000000) & 2V(0000001 ) & V(1000010) & V(0100001) &b
©V(0010001) & V(1000100) & V(0000002) & V(2000000) & V(1001000) &
@V(0001001) & V(0000011 ) & V(1100000) & V(0100000) & V(0000010) &
@V(0000100) & V(0010000) & V(0100010) & 2V(1000001) &

@2V(0001000) & V(0000000) .
vo € V(0100010) & 2 V(1000001 ) & V(0000000) .

UC=LNRC=A4DC, Ag generated by the roots {a;, i=
=1,3,4,5,6,7}. But V(0100010) | o, = V(100010) © V(010001 ) &
@ V(010010) & V(100001), so v, ¢ V(0100010).

Then, v, e 2V(1000001) & V(0000000).

REMARK 4.1. In all cases the vector v, can be taken in the corre-
sponding real G-module and the representations of the involved subal-
gebras are also real in the following sense; either they induce them-
selves a real representation (as defined before) or appear, in the sum,
the contragredient representation in such a way that they lumped to-
gether, form the complexification of a real irreducible one.

5. — Immersions of the classical irreducible symmetric spaces.

In this section we construct the immersions for the spaces of classical
«type». In B1 and D we work with a realization of the representation,
while in B2 and C we need some results from representation theory.
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A) Q=8SU(n +2)/S(U(n) x U(2)). This case is trivial since Q it-
self is a Hermitian symmetric space.

B) Q=S0(n+4)/S0(n)xS0(4), n=2m, m=2 (see Lemma 2.6).

1) H;=SU(m + 2)/S(U(m) x U(2)).
We take the usual Cartan decomposition of si(n + 4):

siin+4)=so(n+4)P P,
where
P={AeM(n+4,R): A=A" trA=0}.
Give to & structure of so(n + 4)-module as usual
A-v=(ad|gm+HA)V) =[A, V], Aeso(n +4), ve?.

This is a realization of the real representation induced by the com-
plex representation of highest weight (20 ...0).

Let Vo =

I 0
" , Where 4 = ﬁ.
0 -1l 4

For so(n + 4) we have the decomposition, so(n + 4) = X @ I, where

[A01 Zz]: A, eso(n), Aye so(4)] s

0 X
JK=“ . O]:XeM(nx4,R)].

Let

Aeso(n+4), Avy=[A,vy]=(1+21)

Xt

Then, Av, = 0 if and only if Ae X. Thus, SO(n + 4)-v, gives a immersion
of @ into &.
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The induced action of the group SO(n + 4) is given by
Avo=AviA ' =AvjA', AeSO(n+4).

We want to show that v, is contained in the adjoint representation of
SU(m + 2).

Let ¥: SU(m+2)—SO(n+4) as in the lemma 2.6 and Ilet
O: su(m +2)— & be defined by: if

Z =[x +V — 1yl e su(m + 2), @(Z)zzz[zlzsz ,
where
y Yy — Xy
ZZ 2 _ 7 7 .
L Yij

To show that the subspace O(su(m + 2)) is SU(m + 2)-invariant and
the representation of the group SU(m + 2) on that space is the adjoint
one, it suffices to see that

Y(A)-O(Z) = O(Ad |syim +2)(A)Z) for AeSU(m +2), Zesu(m+2).

Let
A=[b;+V-1c;1eSU(m +2),
Z = [x; + \/—_ly,-j] esu(m+2),
Ad |spm+2)(A) Z=AZA'=AZA'=W,
where

Wi = kzh((bihxh,k — CnYne) + V = 1bin Y — Cin i) N bj — V —Lei) =

=a;+V-18y,
with

o= k%[(bih Tnie — Cin Yhie) Dji + (bin Ynee + Cin Trie) Cix],

Bi= kzh[(bm Yuk t Cin i) D — (bip Lne — Cin Ynie) Cire ]+



114 Miriam Pacheco - Cristidn Sinchez

On the other hand,

W(A)-B(Z)=A-Z-A'=[[AF 2N Z 2B 211 =[C}*%], By*=(AF*?),

bj - cjk _
Cjk bjk

and

@2xt= 3 b, Can| Uk  — Tk
1] -
koh| =i bap

Lhi Yhk

Bi —a

a; By

y

Consequently, P(A)-O(Z) = O(Ad |syum +2)(A)Z).
Let

V-1I, 0

Clearly, @(Z,) =v,; then, H, is a extrinsic symmetric submanifold of
O(su(m + 2)).

2) Hy = SO(n +2)/S0(n) X SO(2), n = 4.

If n=4, Q=S0(8)/SO(4)x8S0(4) and H,=S0(6)/SO(4) %
x SO(2) = SU(4)/8(U(2) x U(2)) = H [4, p. 519] is the above case.

If n=6, Q=3S0(10)/S0(6) x SO(4); H,=S0(8)/SO(6) x SO(2).
G =s0(10), ¢°=D;.

As representation of D5 we take V = V(00011), dim V = 210.

l esu(m+2).

e=1 and wO(alya27 ag, Ay, a5)= _(ah g, a3aa5,a4)-

Since (00011) =A,+As=a;+2a,+3a3+2a,+2a;, is easy to see
that w,(00011) = —(00011).

X =s50(6)Dso(4) = so(6) D so(3) Dso(3),
XC=D;@®D,=B; DA, DA,
generated by the roots {{as, ay, as},{a:},{—-B}}.
V|xc=V(101.0.2) ® V(101.2.0) & V(101.0.0) & V(002.1.1) b
@V(200.1.1)p V(010.1.1) & V(000.0.0) .
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£=s0(8), £¢= Dy, generated by the roots {a,, as, as, as}.
V| ec=2V(0011) & V(0002) & V(0020) & V(0100).
vy e V(0002) @ V(0020) @ V(0100).
UC=L°NXC=D;®C, D; generated by {as, ay, a5}
V(0002) | ¢ = V(002) @ V(011) & V(020) = V(0020) | ¢,

then vy ¢ V(0002) @ V(0020) . Thus, vy e V(0100) which is the adjoint rep-
resentation of Dj.
Now we assume n =8, n=2m, g*=D,, ..
We take as representation of D, ,,: V=V(00010...0) = V(4,),

. n+4
dimV = .
4
Here £=1 and w,= —id, if m 1is even, and wy(ay, ...
'Haam’am+lram+2)=_(alv-'-’armam+2yam+1)»ifmi50ddsorin
any case, wo(d4) = —14.

The representation is not spin, so it induces a representation of
SO(n +4). A realization of this complex representation of the group is
V=A%C"**), and the induced real representation is V= A*R"™).

Let vo=e,+1 /A€, 2/\e, 1 3/\€, 4, Where {e;, ..., €,,4} is the stan-
dard basis of C"*4 X = so(n) @ so(4).

SO(n) x SO(4) ={T = [f; }03], AeSO(n) y BeSO(4)}.

Let Te SO(n) x SO(4),

T(vy) =

0
B] vo=Be,,.;ABe, s ABe,,sA\Be,, ,=detBv,=v,.

Then, (so(n) @ so(4))v o= 0, so V| contains the trivial representation of
X and clearly so(n) @ so(4) is the isotropy subalgebra of v,.

Now we consider the restriction to £=so(n +2), £°=D,,, .

To find V| zc we use the reference [9, p. 378-379] where there are for-
mulas to restrict a representation from so(v) to so(v — 1). We have used
this formulas traslated into our notation. The conclussion is the
following.



116 Miriam Pacheco - Cristidn Sénchez

If n=8, £=s0(10), £°= D;.
V|p, = V(00011) ©2V(00100) & V(01000) .

U=LNX=s08)BR, U°=D,HC.
But,
V(00011) | p, = V(0002) & 2V(0011) & V(0020) & V(0100)
and
V(00100) | p, = V(0011) & 2V(0100) & V(1000).

Then, v, ¢ V(00011) @2V(00100) because v, is a vector fixed by U.
Hence, vy e V(01000), the adjoint representation of Djy.
If n=10, £=s0(12), £° = Ds.

V|, = V(000100) & 2V(001000) & V(010000) .

U=LNA=s50(10)BR, U°=D;dC.
But,
V(000100) | p, = V(00011) & 2V(00100) & V(01000)
and
V(001000) | p, = V(00100) & 2V(01000) & V(10000).
Thus, vy e V(010000), the adjoint representation of Ds.
If n=12, £=s0o(n+2), £=D,,,,.
Vio,..=Vp,.,(00010...0)®2V, . (0010...0)dV, . (010...0).

U=LNAK=son)®R, U°=D,&C.
Now,

Vb, .,(00010 ...0) |p, =

=Vp,, (00010 ...0)d2Vp, (0010 ...0)D Vp, (010...0)
and
Vp,,,,(0010 ...0) |5, = Vp, (0010 ...0) D2V, (010...0)DVp (10 ...0).

m+1

Then, voe V(010 ...0) = V(4,), the adjoint representation of D,, . ;.

C) Q=S0n+4)/S0(n)*x8S0(4), m=2m+1, H=S0n+
+2)/80(n) x SO(2).
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If n=38, @ =SO(7)/SO(3) x SO(4); H=S0(5)/S0(3) x SO(2).
g=s0(7), &°=B;.

Representation of Bz: V =V(002), dim V =35.
e=1 and wy=—id.

The representation is not spin so induces a representation of
SO(7).

A realization of the representation space is V= A3(CT).

Let vy =e; Ae; Aes, where {e;, e, €3, ..., e;} is the canonical basis
of C7. Here X = s0(3) @ so(4).

SO(3) x SO(4) = [Tz [g ;], AeSO3) y BeSO(4)].

A 0
T(vy) = [0 B} vo=Ae; ANAe; AN Aeg=detA vy =v,.

Then, (so(3) @ so(4)) vy =0 and SO(7)-v, gives an immersion of Q. We
take

A 0
SO(5) = {T = [O I ], AeSO(5)]CSO(7).
2

It is easy to see that if we call W the real span of the orbit SO(5)vy;
hence, W= A3(C®) because any element e; A\e; Aey (1 <j <k <5) of the
basis of A3(C?) is contained in W.

It is well known that A?(C®) = A2(C?®), so the representation of
SO(5) in W is just the adjoint representation. Since vy e W, we obtain the
desired result.

If n=5, @ =S0(9)/SO(5) x SO(4); H=S0(7)/SO(5) x SO(2).

g=s0(9), ¢’=B,.
We take the representation of B,: V =V(0002), dim V = 126.

e=1 and wy= —id.

X =350(5)Pso(4) =s0(5)Dso(3)Dso(3), HX°=B, DA, DA,
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generated by the roots {{as, a4}, {a;},{-B}}-
V|xe=V1(02.0.2) ®V(02.2.0) ® V(10.0.0) b V(10.1.1) b V(02.1.1) &
@V(00.0.0).
£=350(7), £°= Bs, generated by the roots {a,, as, a,}
V| ec=3V(002) ® V(010).

U’=£°NL°=B,®C, B, generated by {as, a,}
V(002) | yc = V(02) @ V(01).

Then, v, ¢ V(002).
Thus, vy e V(010) which is the adjoint representation.

Now we assume =7, n=2m+1, §°=B,, ..

We take the representation of B, .: V=V(00010...0) =V(4,),
. n+4
dimV = .
im ( : )

e=1 and wy=-—id.

The representation is not spin, so it gives a representation of SO(n +
+4).

A realization of this representation is V= A*(C"**). As before let
€, ...,€,+4 be the canonical basis. Let vo=e,,;/Ae,.2/Ae, 3N
/\en+4-

KX =so(n)Pso(4).

As in the case n even we see that x-v,=0 if and only if xeso(n)®
®so(4).

Thus, V|sm)xse4) contains the trivial representation and again we
get an immersion of Q.

Now consider the Hermitian symmetric subspace.

L=s0n+2), £°=B,.;.

To find V|cc we resort to[9, p. 378-379] again. The conclussion is the
following. '

If n="1 £=s0(9), £°=B,.
V| g, = V(0002) ®2V(0010) B V(0100) .
To see that V(0002) &2V(0010) does not have vectors fixed by U, we ob-
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serve that
U=LNAX=s0(T)BR, U'=B;®C.
But, V(0002) |, = 3V(002) ® V(010) and
V(0010) | g, = V(002) & 2V(010) & V(100).
Then, vye V(0100) the adjoint representation of B,.
If n=9, £=s0(11), £°=B;.
V|5, = V(00010) & 2V(00100) & V(01000).
Now,
U=LNAX=s509)BR, U°=B,®C.
But, V(00010) | g, = V(0002) & 2V(0010) & V(0100) and
V(00100) | 5, = V(0010) ©2V(0100) & V(1000).
Thus, vy e V(01000), the adjoint representation of Bj;.
Ifn=11, £=so(n+2), L=B,, .+,
Vls, ., = Vs,,,(00010...0)®2Vy (0010...0)BVp (010...0).

1
U=LNAR=s0n)®R, U =B,dC.
Now,
Vs, (00010 ...0) |p =
=V, (00010 ...0) @2V, (0010 ...0)BV, (010 ...0),
and
Vg, ., (0010 ...0) |5, = V; (0010 ...0) @2V (010 ...0)®Vj, (10...0).

Then, vye V(010 ...0) = V(4,), which is the adjoint representation of
Bm +1

D) @ =Sp(n +1)/Sp(n) X Sp(1), H=SU(n + 1)/ S(U(n) x U(1)).

We take the representation of C,,;: V(010 ...0) = V(4,) and work
with a realization of this representation.



120 Miriam Pacheco - Cristian Sanchez

We take the Cartan descomposition su* (2(n +1)) =sp(n+1) + &,
where

& has the structure of sp(n + 1)-module given by the action

: Zyesun+1), Zyeso(n+1, C)}.

A-v=(ad|g+@n+2A) v=I[A, V], Aesp(n+1), ve?.

Let
-1, 0 0 0
n 0 0
Vo=
0 0 -I, 0
0 0 0 n

Clearly, vye &P.
For sp(n +1) we have the Cartan descomposition sp(n +1) =X &P
@ I, where

X, 0 X5 0 Xy e u(n),
U | U “S I ) Xy € u(1), ,
— X3 0 Xy O X3 simétrica n X n
0 X 0 Xy Xuel
0 Y, 0 Y
=] O Vg 0 : Yy, Yue M x 1, O)4.

If

esp(n+1)

Yie X Y Xy
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a simple calculation shows that

0 Y, 0 Y,
Yi. 0 -Yi Xy
~Yu 0 Yo '
Y 0 Y, 0

Avy=(1+mn)

Thus, A-vy=0 if and only if Ae X.

Hence, Sp(n + 1)-v, gives an immersion of Q.

To restrict the action to SU(n + 1) we need the following maps.
Let ¥: SU(n +1)—Sp(n + 1) given by

A 0
, AeSUn+1).

Y(A) =

Let @: su(n + 1) —p given by
V-1Z 0
0 -\V-1Z

We wish to see that if AeSU(n + 1), vesu(n +1)

O(Z) =

}, Zesu(n+1).

O(Ad | sy +1)(A)V) = P(A)-O(v).
But,

O(Ad | 5p7n + 1)(A)V) = O(AVA ™) = O(AVAY) =

B V-1AvA* 0
0 —V—-1AvAt|’
Y(A)-OW) = W(A) OW)P(A) 1 =
A o (V-1v 0 At 0 3
0 A 0 -V-1v| [0 At

B V—1AvA® 0
0 —V—-1A7AY
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Thus, @(su(n + 1)) is SU(n + 1)-invariant and the action is the
adjoint representation of the group.
Clearly, if

[\/—11,, 0
Zy = 0

Y _1} esu(n +1), O(zy) =v,.

Then, v, is in the adjoint representation of SU(n + 1).
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