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On the Wellposedness in the Gevrey Classes
of the Cauchy Problem for Weakly Hyperbolic Equations
whose Coefficients are Holder Continuous in ¢
and Degenerate in { =T.

TaMOTU KINOSHITA (¥)

1. Introduction.

In 1983 F. Colombini, E. Jannelli and S. Spagnolo got the result con-
cerned with the relation between the Holder continuity of the coeffi-
cients and the Gevrey well-posedness for weakly hyperbolic equations of
second order (see [3]). In their paper the coefficients of the principle
part are Holder continuous and degenerate in infinite number of points.
Therefore the order of the degeneration is automatically determined by
the regularity of the coefficients. Pay attension to this fact, we shall re-
strict the coefficients which degenerate in only one (or finite number of)
point(s) and distinguish the condition of the degeneration from the con-
dition of the regularity. Our aim is to deduce the relation among the
Holder continuity of the coefficients and the order of the degeneration
and the Gevrey well-posedness (see Theorem).

While many people studied the influence of the lower term for the
Gevrey well-posedness(see [6], [7], [9], ete.). In this paper, imposing the
condition that the lower terms degenerate in the same point with the
principal part, we shall find the influence of the lower term (see Corol-
lary). We remark that this result can be easily compared with Ivrii’s
result.

(*) Indirizzo dell’A.: Institute of Mathematics, University of Tsukuba, Ibaraki
305, Japan.
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We shall consider in [0, T] X R},

- i't x-x-+ blt :,3:0,
P it i,]zila']()ul] i§1 ) s,

u(0, ) =up(x), (0, x) =u,(x),

where A(t) = (a;, ;)1 <i, j<n IS a real symmetric matrix whose components
a; j(t) (1 <4,j<n) belong to C¥**[0, T) (keN', 0sas<1). B) =
= (b;)1 <i<x Is a real vector whose components b;(t) (1 <% < n) belong to
c°ro, 7).

Now we assume the followings.

For a(t, &) =AM &, &) (=2a;;E:&) and b, &) = (B@), &)
(= 2b;i(t) E;), there exist C;, C; > 0 independent of T, such that

t Y t
1 Cl(l—?) |§|2$a(t,§)SCf1(1—7) €] (0sB< )

t Y
@) |b(t,§)|<Cz(1——T—) |E] (~1<y< )

for Vte [0, T1, YEeRE\{0}.

In this paper we don’t assume the conditions concerned with
d;a(t, &), for example the condition such that that J;a(t, £) admits finite
number of zeros for YEe RE\{0} (see [3], [5].

THEOREM. Let T >0. The coefficients satisfy (1), (2). Then for
any uy and u; € G® the Cauchy problem (P) has a unique soltion
ueC%([0, T1, G*), provided

a(+2)

1Ss<l+ ——""— ifk=0
@ DT Sy v ’
(4)1Ss<1+% ifk=10rk=2,3,..., f—2y-2<0,

(k+ a)(B +2) B+2
28 T p-2y -2

ifk=2,8,..,-2y—220.

B) 1<s<1+min
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We remark that (3) when k=0, a=1 coincides (4) when k=1,
a = 0. We shall compare our theorem with the results of otheres.

i) When B =0, ie., (P) is equivalent to the strictly hyperbolic
equation, (3) becomes 1 < s < 1/(1 — a) which is quite same with the re-
sult of F. Colombini, E. De Giorgi, and S. Spagnolo (see [2] and see also
(D).

ii) When 8 = o, i.e., (P) is a weakly hyperbolic equation whose co-
efficients are identically equal to zero, (3) and (4) become 1 <s<1+
+ (k + a)/2 which is quite same with the result of F. Colombini, E. Jannel-
li, and S. Spagnolo (see [3] and see also [4], [10]). Hence we can see that
our results connect with their result, in which the coefficients of the
equations may be identically zero in some intervals.

iii) The coefficients of our equation degenerate in ¢t = T. From the
time-reversal of hyperbolic equations, we can see that our results also
holds in the case that the coefficients degenerate in ¢ = 0. On the other
hand Ivrii treated the equatins whose coefficients degenerate in ¢t =0
and invistigated the influence of the lower terms (see [6]). Then we shall
introduce the similar corollary as the Ivrii’s result, which is obtained
easily by our theorem( use (5)).

COROLLARY. Let T>0, B—2y—-220, and a;(t) (1<i,j<n)e
e C*B=2v=2[0, T). The coefficients satisfy (1), (2). Then the Cauchy
problem (P) is well-posed in G°*, provided

B+2
B—2y—-2

We find that the Gevrey order of this corollary coicides the one of the
Ivrii’s result. Moreover the condition § —2y —2 = 0 also coincides the
Ivrii’s condition. In Ivrii’s case the coefficients are given concretely as
the power of ¢ which naturally belong C *, while in our case the coeffi-
cients are admitted to belong CZ#¥~27-2)

Finally we mention that since generally the lower terms don’t always
degenerate in the only one (or finite number of) point(s) where the prin-
cipal part also degenerates, the another type of condition is needed for
the general lower terms (see [3], [7], [11]).

1<s<

NoraTions. C¥*¢[0, T) (ke N', 0 < a <1) is the space of functions
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f having k-derivatives continuous, and the k-th derivative locally Holder
continuous with exponent a on [0, T].
G* is the Gevrey functions f satisfying for any compact set KcR",

sup |D*f(x) | < Cgol¢!|a|®! for YaeN".
TeE

G¢ is the space of y° with compact support.

2. Proof of Theorem.

When s = 1, the problem (P) is well-posed in G! with the coefficient
A(t) which belongs to C°[0, T] or even to L![0, T] (see [2]). Therefore
we can suppose s > 1 for the proof.

By Holmgren’s theorem we get the uniqueness of solutions to (P) and
can suppose that uy(x) and u,(x) belong to Gg5. Moreover Ovciannikov
theorem gives the existence of solutions (see [3]). Our task is to deduce
the regularity for x of solutions.

We change (P) by Fourier transform.

© vy t+alt, E)v+1ib(t, ) v=0
(0, &) =v(8),  v,(0, &) =v(8),

where

I‘”‘Eu(x)dx v = Ie‘i”'fui(x)dx (i=0,1),

8-
B

\/'27:

and define

A(0) - <t<0,
As(t) = 3 A(t) 0<t=<T-9,
AT-90) T-0<t< >,

(0 <6 =T). We shall first consider the case k = 0. Putting

AL = f ( )Aé(s)ds ——j ( )A(;(t+s)ds

(0<e<1), where @(t)eCy”(R}) satisfies 0<g(t) < o, ) f @) dt=1,
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we define

a(t, & = AP M) &, &).

Moreover using this, we shall also define the approximate en-
ergy

@ E{(t, &) = e®™ (@(t, &) |v]* + |0 |2,

where (&), = (|§|2+ v (v>0), o(t) eC'[0, T] is determined later.
Defferentiating (E{”)? in t, by (6) we get

AEPV(dt =20 (EY(EI) + €20 x

x{(da®/dt) |v|®+ a®-2 Re(v, v') + 2 Re(v', v")} =

(da®/dt) i
=20 " (EN(ESY + ﬁ__ez@@naés) Iv|2+

(&) _
as” —a

(e))1/2

e2¢:.2 Re ((a ) v, v') +
(ag

—1b

7 p2ek. (e)\1/2 " <
+ (aé”)”ze 2 Im((a;) v, v') <

d (e) dt
$291<§>5(E()(s))2+ | aé({ l(Egs))Z_'_
as°
|aa(£)—a| ()72 6] (&)\2
+ (aéw)uz (Eé >+ (aég))l/z (Eé s
here we used |(x, ¥)| < |zlly| < (1/2)(|2|*+ |y|?).
Hence we get
1 |da(£)/dt| |a(‘)—a| |b]
dE®/dt < —{20' (E)s + —2 + 179 ©
6 2 a® (a )2 (a)"? 6
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Thus Gronwall’s inequality yields

® EP () <EF(0)

t
1 |[dal/dt]  |al —al 0]
-exp{= | 20" (EY+ + + s
p 20‘[ Q <§> a(;g) (a(e))l/Z (a(;S))l/Z
S EP(0) exp{(o(t) — 0(0)XE)s +
|dag”/dt] las” —al 1 b]
aée as “—a
f a“) 2 I (a(e))l/Z ds + EI (agw)l/z ds}
0 0

for te[0, T].

Picking up each term, we shall estimate. From the definition of a°,
we can get

©  |dat)/dt] = |(dALP®)/A &, )| <

1 (1 ~t
<| = I ——QD'(S )Aa(s)ds s
g_w &€
_| .1 J'(p'(s)Aé(Hes)ds |&]%=
8—&)
1 o]
=7 f¢'<s>(A5(t>—Aa<t+ss>>d8 1§17 <
<Gy % f(p (s)(es)*ds|E|* < C3Cye 71 )%,

here we used (1/e) [ ¢'(s)ds=0 for 0 <V e<1.
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While from the definition of a(® and (1), we can also get
T-6 oV
10)  a”® =T - 6)>Cl(1——) Hi (t) Hk

for 0<O<T.
By (9), (10) we get

an

t t
(&) a-1 2
N Y LT ElE R

Ci(8/TY |&|?

Where C5 = (1/2) Cl_l C304.
From the definition of a ® again, we can get

12 |a@®-a®) | <| (AP0 -451)E, O] +](A®) - AM)E, )| <

©

1
€

— o

IN

(%) (As(t+8) —As(t))ds | |E]*+ |As() —At) | HES

1 =<
<> J cp(f)sads|§|2+ |4, (1) — A | £ <
S_w 3

< Cge® |E]2 + |4, (1) — A | |2

Noting that A,(f)=A(t) on 0<t<T—0, and |A,(t)~A®)| <
<C Y Y/TY on T—-9<t<T, by (10), (12) we get

t
(£)_a| 1 nga|§|2
13) — iy
13) _[ (a (g>)1/2 QOJ. {Cl(é/T)ﬁ'ng}l/Z

ift=T-9,

J, 1(6/71)[1‘5'2
{Cl(é/T)’g 1§17}

ift<T-96,

B (f — B2 : _
< C T2t P2ev |E| + CsT P2t —-T+0)0" &l ift=T-9,
0 ift<T-0,

where C; = (1/2) C;"2Cq, Cs = (1/2) C; "2
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We remark that

St—0t+tT—T?+6t Ot+(0—-TXT-1) - ot

(14) t-T+o= .
T T T
Hence by (13) we get
1 a® B
o - 8
(15) — laé—ald3$c7Tﬂ/2té_ﬁ/28a|§|+CST_1_Et61+—2'|§|.

20 (aée))l/Z

From the hypothesis (2), by (10) we get

t t
1 | 1 [ Co(1—s/TY |&|
1o zof @y 2 ) {e@mp e

! Y
-I-Cf”zczTﬂ/2a-ﬂfzf(1 - i) ds =
2 T

0

DO | =

1 t y+1
Crl~1/ZC2 _Tﬂ/2+16—/3/2 1-11-= .
y+1 T

It generally holds that for 0 <x <1

l—ax ifa=1,

a1 (1—-x)*=
1-2% f0<a<l.

By (16), (17), we get

Cy TPt P2 if y=0,

1 1]

18 —I ds <

18) 2 (aué‘))”2 Cg( 1 )Tﬁ’/z‘yt”lé‘f‘/2 if —1<y<0,
0 y+1

where Cy = (1/2) C; 2,
By (8), (11), (15), (18), we have the estimate

E{(t) < E{(0) exp{(e(t) — o(0))(ENs +

+CsTPto Pea=1+ CrTP16 P2 |&| +
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B2y § — P2 :
O, T 1RO PR £ |+ CoT""t0 if 7’20}’

@(%)Tﬂﬂ-wﬂa B2 i —1<y<0}.
Y

Here, if we take
(19) o= T<§>—2a/(aﬂ+2/3+2), £= <§>(—2/3—2)/(a/3+2/3+2) ,
and put
u(t) =t+t*
with the parameter A = min {1, y + 1}, we have
E®(t) < E{2(0) exp{(o(t) — 0(0)XE)s +
+Cst<§>(—2a+2ﬂ+2)/(aﬁ+2/3+2)+C7t<§>(—2a+2ﬂ+2)/(a,3+2ﬂ+2)+

+ Cgt<§>(~2a +28+2)(af+26+2) +

Cgt<§>aﬂ/aﬂ+2ﬁ+2 if }/20},

+ Cg 1 T_),ty+1<§>aﬁ/(aﬁ+2ﬂ+2) if —1 <y<0}
y+1

< E{(0) exp {(o(t) — 0(0)XE)s + Crop(t)E) 7> veprRap 2}

where Cyy=Cs+ C;+ Cg+ Comax {1,(1/y +1) T ~'}. Here we used

apB _ ~2a+2f+2

for 0sa<1,0sf<>.
af +28+2 af +28+2

Supposing
—2a+26+2

(20 > ——ﬁ—(EKo),
af +28+2

we get

@)  E{P @) <EP(0)exp ‘(@5 (9(t> —0(0) + Cyou(t) i?;) )] <

< B2(0) exp {(£)5(e(t) — e(0) + Crou)v*e” 9}
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Finally if we choose o(t) = 0(0) — Cypu(t) v~ %, we have the energy
estimate

(22) E(t) SEP(0).

Noting that o(t) is the decreasing function, by (7), (10), the left side of
(22) is changed as follows

1/2

B
@3) E;”(t,6)26"(”@5(01(%) [EP v, )2+ |v' ¢, & 2] =

pr2
Bmin[l, 011/2(%) ] o @O~ Cn PV (1 £12 |t £) |2+ [0 (¢, £)]%) "

While by (1) and (7) the right side of (22) is changed as follows

@) B0, 8 < e (a0, 8 |u® |+ [n®) |2) " =
= eQ(O)(E)L‘(a(O’ £) [vo(&) Iz + |v1(§) |2)1/2 <

§|2 |'v0(§) |2+ Ivl(g)lz)l/z,

< Cll eQ(O)<§>5(

By (22), (23), (24) we have

N

o \P? K0— Ky Eye
min[l, Cll/z(_f) ¢ (0(0) = Crgu(T)v*0 )<§>v(|§|2 |v(t, &) |2+ |vf(t, &) |2)1/2

E[? |uo(®) 2+ [0, (&) 7).

<Oy, eew)(é)f(

Therefore we obtain

K 1/2
e (€17 ok, &2+ |v' (1, B ) <
~ie| O 7 01+ Crou(Mv 0 5E5( | £12 2 2\1/2
<max {1,C; T Crye @1+ DV E | £ 12 0y(&) |2+ [0 (§) ) <
P -pr2
< Cyp 0 (@1~ 00+ CromMv O~ X + 00N ~ (&) | £ .
T

K 1/2
.eQO(g)v0(|§|2|v0(§)|2+ I,Ul(;g-)lz) ,
where 0 <, <g,, Ciz=max{1, C;"V2(&/T) 72} Cy;.
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Moreover noting that for v, =v,

1
<g>51 - <§>§2 = (Vl - V2) Jav<§>s |v=v2+0(v17v2)d0 =
0

1
.—_(1/1—VZ)IK(V2+0(1’1_V2))<§>,’,(;+29(V1,_1,2)d921((1/1—VQ)V§_2$K"V%V12(_2’
0

and taking

Qo— 01 MK
2Cou(T) ,

¥ = max vo,(
by (19) we get

F} -p2
6(01—Qo+Clo#(T)VKO‘K)(E)“QO((E)L(— Exg | <
T

< g(@1= 00+ Crou(T)(00 - 0 V/2C1u(TNEN + 0o rvP v~ 2<§>aﬂ/(aﬁ +24+2)

< eQOKVzVﬁ*Z(e((QJ —90)/2)(5)',5<§>aﬂ/(a/3+2/3+2)) < CISQQOK‘VZV'O(AZ_

At last we have

@25) eV (|EI2 |ut, E) |2+ |v (¢, &) PP

< const e (|£]2 |0y (8) |2 + |0y (&) |22

for kg<"k<1, 0<Y0,<0y.

Since uy(x) and u,;(x) belong to G§, there exist ¢y, v(>0 such
that

(26) o2 R (18] |ug(&) |* + |01 () [P < oo

Thus by (P), (20), (25) we find that the solution ueC?(0, T], G*),
where s = k! satisfies

a(f+2)

1<s<ld —0 ",
2B-a+1)

This implies (3).
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We shall next consider the case of k=1, 2, ...,. We also define the
approximate energy

@7 Es(t, &) = e®™ (ay(t, &) |v|2+ |v' 2D,
where a;(t, £) = (45(t) &, &).

Similarly we get (see (8))

(28)  Est)<E;s0)exp{ (o) —o0))E)x+

t t t
1 dt 1 - 1 b
+~fmds+—fﬂ—“—|ds+— Lol asl  for tego, 11,
2 as 2 ; al’? 2J al?
In order to estimate the coefficients which belong to C! at least, we
need the following lemma.

LEMMA (Colombini, Jannelli, Spagnolo). Let f(t) be a real function
of class C*¥** on some compact interval 1c R, with k integer =1 and
0 <a <1, and assume that f(t) =0 on 1. Then the function f(t)"/**® s
absolutely continuous on 1. Moreover

(P E+ oy |kt < Clk, a, Dl fllcx+ e

For the proof, refer to [3].
Hence by (1) we get

t t
1 1
©9) _J |das/dt | ds = _J |das/dt| ds
20 as

2 ; aél/(k +a) aal -1/(k+a)

B “Yk+a) !
< %(CI(%) |§|) J 190512 < ity Tk + 05 kv,
0

aal - 1/(k+a)

where y(¢) is the increasing function satisfying (0) = 0.
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In the same way with the second term of (15), we get

t
1 —
(30) Lo o] gocoor1-mmgsim g,
2 ai”?
0
When 1 <k + a <2, in the same way with (18), we get
([ Cy TH?t5 ~P2 if y=0,
(31)11 1] ds < 4 1
2 J (as)"? Cy THR-vgr+lo=2 if —1<y<0,
0 y+1
[ Cy TH2to Pkt a) if y=0,
ST 1
Co| —— | THE-Ngreig-Flra) jf —1<y<0.
L ‘)/+1

By (28),(29),(30),(31) we have the estimate
Es(t) < E5(0) exp {(o(t) — 0(0) XE)s + y(t) THk+® §-Alkta) 4
+Cs T 712401 P2 | E| +

Cy TP P+ @} if y=0,

" Cy 1 Tﬁ/z"'ty“é‘ﬁ/"”“)} if —1<y<0.
y+1

Here, if we take
8 = T(E) VA +pR+plk+a)
and put
at) =t +t*+y(t)

with the parameter A = min {1, y + 1}, we have

E,(t) < E5(0) exp {(o(t) — 0(0) X&) + Crafi(t)( g2 + k+ b w20}
where Ciy;=1+ Cg + Cgmax{l, /)y +1) )T‘l}.

Supposing

2B
K>
28+ (k+a)B+2)

(32) (EKO)’



94 Tamotu Kinoshita

we get
B3 By(®) <Ey(0) exp{(o(®) — e(OXEN + Cuafilt) v~}

When 2 < k + o < o, we remark that if 5/2 — y — 1 <0, the following
holds

t
AL " 10| 1Bl L[ Ca-9Tr g )
I SS ) qr® s J{Cl(l—s/T)B|§| 2yie T

1 : s VA2
= ECl_l/ZCZJ 1- T ds < const .
0

This implies that the lower term does’nt influence the well-posedness of
the problem. Hence it is sufficient to invistigate the case /2 —y —1=0.
With the parameter 7 <1, we get

LIS f 13 e
2 1/2 1/2 (y+t)/ﬁa(y+z)/ﬁ

1 12+ (y + 1)/ | |
0
l |§| 12+ @+ L CZ(I—S/T)YIEI
: {Ci(1 = /TP |E|2}0 07

¢ -7
C 1/2C ThR2-(y+0 §r+1- ﬂ/21(1—%) ds =

0

o |~

1 -1/2 1 2—-(y+1)+1 +7-p/2 t o
=—‘Cl CZ—Tﬁ rrT 6}' h 1_ 1—— .
2 1-7 T

By (17) we get

101—1/202Tﬂ/2—(y+r>t(§1'+f—ﬂ/2 ifr<0,

t
1(|b
(34)§f|—1/|2dss
¢ ® 1C 120, - — TBR-vyloTavHioB2 0 <p<].
- T
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By (28), (29), (30), (34) we have the estimate
Es(t) < E5(0) exp {(o(t) — 0(0) XENs + w(t) THk+® §~Plhra) 4

_‘_Cnglfﬁ/Ztél-FB/Z |§| +

—;—C{I/ZCZT’”Z*‘“”téy”‘ﬂ/z} it r<0,
+

%Cl—l/Zcz1_1_T/f/2Ayt1—réy+r—ﬂ/2} ifo<r<l1.
-7

Here, if we take

6 = T(Ey™ 1+(ﬁ/2>_+1/3/<k+a>’ l—t:-lﬂ—y ],
and put
At) =t +t7 + (1)
with the parameter A = min {1, 1 -1}, we have
E;(t) < E,(0) exp {(e(t) — 0(0) X&) +
+ Cgi(t)(EYmex(2B2B + (kB 2,2~y =/(1+f =y =D} ]

where Cj5 =1+ Cg+ (1/2) C; "2Cymax {1, 1/(1 — 1) T"}.
We remark that for any fixed

(85) K> max 2P , pr-y-1 (=ky),
28+ (k+a)B+2) By

there exists 7 <1 such that

2_ —
28 pR-y-t ]<5K1>.

K> max ’
‘2ﬂ+(k+a)(ﬂ+2) 1+f-y—1

Then we get

(36) E5(t) < E5(0) exp {(&)5 (o(t) — 0(0) + Cysii(t) v¥ =)} .

Taking place of (21) by (33),(36), and noting that if k=1,2, ..., §—
—2y —2<0, by (32) it holds that
1 (k+a)pB+2)

s(=xk"H<—=1+
K 2ﬂ
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and if k=2,3, ..., §—2y—2 =0, by (35) it holds that

s(=kT)<— = : =
Ko max{2p/2f+(k+a)B+2)),(B2—y — D/(B-7)}

. | (B+a)B+2) B+2
=1+ min R y
28 B—2y -2

we can conclude the theorem.
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