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Eigenvalue Estimates for The Weighted Laplacian
on a Riemannian Manifold.

ALBERTO G. SETTI (¥)

ABSTRACT - Given a complete Riemannian manifold M and a smooth positive func-
tion w on M, let L = —A — V(log w) acting on L%(M, wdV). Generalizing
techniques used in the case of the Laplacian, we obtain upper and lower
bounds for the first non-zero eigenvalue of L, for M compact, and for the bot-
tom of the spectrum, for M non-compact.

1. - Introduction.

Let M™ be an n-dimensional, complete Riemannian manifold. The
Laplace operator on M, —A, can be defined as the differential operator
associated to the standard Dirichlet form

Q)= [ |Vf|*dV, weCs(M)cLHdV),

M”

where || is the norm induced by the Riemannian inner product (,), and
dV is the volume element on M". Now let w be a given smooth strictly
positive function on M ", that will be referred to as a weight function. If
we replace the measure dV with the weighted measure wdV in the defi-
nition of @, we obtain a new quadratic form Q,,, and we denote by L the
elliptic differential operator on C,°(M™)c L%(wdV) induced by @Q,. In
this sense L arises as a natural generalization of the Laplacian. It is
clearly symmetric and positive and extends to a positive self-adjoint op-

(*) Indirizzo dell’A.: Dipartimento di Matematica, Universita di Milano, via
Saldini 50, 20133 Milano, Italy.
1991 Mathematics Subject Classification. Primary 58G25; Secondary 35P15.
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erator on L2(wdV). By Stokes theorem,
(1.1) Lu = —Au — (V(log w), Vu).

Thus introducing a weight factor is the first step towards decoupling the
leading term and the lower order terms of the operator, which in the
case of the Laplace operator are completely determined by the metric of
M".

Weighted Laplacians arise naturally, for example right-invariant
(sub) Laplacians on a Lie group with left Haar measure can be viewed as
weighted Laplacians with weight given by the modular function. One
might also hope that the study of weighted Laplacians will increase the
understanding of differential operators acting on L? spaces with respect
to measures on M" not so closely related to the metric structure of the
manifold, e.g. the sum of squares of left invariant vector fields on a Lie
group which satisfy Hormander condition, and generalisations. Finally,
operators of this form are the finite dimensional model of operators on
infinite dimensional manifolds («the infinite volume limit») which arise
in Statistical Mechanics.

Operators of the form (1.1) have already been studied in [Bk1],
[BKE], [Dal], [Da3], [D1], [DIS], which mainly deal with properties of the
heat semigroup generated by L, and in [Bk2] where the Riesz transform
defined in terms of L is investigated. In this paper we study estimates
for the Lz—spectrum of L, a problem also considered in [DIl] and in [DIS].
Pointwise estimates or the heat kernel of L have been obtained in
[Se2].

Our goal is to find upper and lower bounds in terms of the geometry
of M™ and of the properties of the weight function, for the first non-zero
eigenvalue of L, when M " is compact, and for the bottom of the spectrum
if M™ is not compact.

Several approaches are possible: One could consider L as a perturba-
tion of —A4 and apply perturbative methods. Or one could observe that
under the map

w2 LE(wdV)— L2(dV)

L is unitarily equivalent to the Schrodinger operator H= -4 +
+ (w2 Aw'2)(-) acting on L%(dV), and deduce estimates for L by
Schriodinger operator techniques. Both approaches have the disadvan-
tage of requiring hypotheses that depend separately upon the geometry
of M™ (typically via the curvature) and on the function w (via uniform
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bounds for w and its derivatives), without keeping into account the possi-
bility of mutual and perhaps competing interactions.

The approach presented here is more direct. The interplay between
the geometry of M™ and the behaviour of the weight function w is mostly
taken into account by means of a modified Ricei curvature defined

by
R, =Ric—w 'Hess w.

Then, generalising techniques successfully applied in the case of —4 by
Lichnerowicz ([Lz]), Li and Yau ([LiY]) and Li ([Li]), we obtain upper
and lower bounds for the first non-zero eigenvalue of L, if M™ is com-
pact, and for the bottom of its L ?-spectrum, if M" is non-compact. These
bounds will be expressed in terms of bounds for R,,, of the dimension %
of M™ and of its diameter.

The paper is organized as follows. In § 2 we study lower bounds for
the first non-zero eigenvalue A; of L on a compact manifold. We prove
first a generalization of Lichnerowicz theorem (cf. [Lz], p. 135) that gives
a lower bound for A, in terms R,,. Then we use the technique of gradient
estimates to obtain lower bounds for A, which generalize the bounds ob-
tained by Li and Yau ([LiY]) and Li ([Li]) for the Laplacian. We conclude
the section by briefly indicating how Li and Yau's techniques can be used
to find lower bounds for the first Dirichlet eigenvalue of L on a domain
Qc M with smooth boundary.

In § 3 we consider the case of a (non-compact) manifold with a pole
and we prove a lower bound for the bottom of the spectrum 4, of L in
terms of a negative upper bound for the radial curvature and an upper
bound for |w ~'ow/dr|, which is in the same spirit as McKean’s lower
bound for the bottom of the spectrum of the Laplacian on a negatively
curved manifold (ef. [McK]). Assuming further that the radial derivative
dw/dr is everywhere nonnegative we also show that 1, can be bounded
below in terms of a negative upper bound for the radial component of E,,.
We conclude the section with two examples that show that the bounds
obtained are sharp.

In the last section we prove a comparison theorem for w-volume
(Theorem 4.1) which generalizes Bishop’s comparison theorem (cf. [Cl],
p. 71 ff.). This allows us to extend to L a version of Cheng’s comparison
theorem ([Cg]) that gives an upper bound for the first generalized
Dirichlet eigenvalue of L on a geodesic ball in M " in terms of the first
Dirichlet eigenvalue of the Laplacian on a geodesic ball of the same
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radius in a suitable space of constant curvature. Using Cheng’s argu-
ment, this gives, in the compact case, upper bounds for all the eigenval-
ues of L in terms of a lower bound for R,, and of the diameter of M, and,
in the non-compact case, an upper bound for the bottom of the spectrum
in terms of a lower bound for R,.

2. — The compact case: bounds from below for the first non-zero
eigenvalue.

Let M™ =M be an n-dimensional Riemannian manifold with weight
function w, and let L denote the differential operator defined as in (1.1)
above.

Using elliptic regularity, and an argument as in Strichartz ([St], see
also Bakry [Bk2] where the details are carried out), one shows that for
A<0 the equation (L,)*u=Au has only the zero solution in
L*(M, wdV), and consequently ([RSi], pp. 122-137) L is essentially self-
adjoint on C,”(M) and extends to a positive self-adjoint operator on
L%(wayV).

Since L is a positive self-adjoint operator its spectrum is contained in
the positive real axis. Moreover, since the eigenfunctions are smooth by
elliptic regularity, 0 is an eigenvalue iff the w-volume of M, defined as
the volume with respect to the measure wdV, is finite. If « is in the do-
main of L, then VueL?(M,wdV) and ||Vu||%,2(de)= (L, W2y
([BK2], Prop. 1.3). It follows that for A <0, (1 — L)~ ! is a continuous map
of L2(wdV) into H(wdV) = {ue L:2(wdV): Vu e L? (wdV)}. Thus if M
is a compact manifold, the compactness of the embedding
H'(wdV) < L2(wdV) ([Aul, Theorem 2.34), implies that (A — L) ! is a
compact operator on L2(wdV) and, as in the case of the Laplacian, we
conclude that the spectrum of L is purely discrete and the eigenvalues
can be arranged in a diverging sequence

O=A,0</11$A,2S.../°°.

The corresponding eigenfunctions {%;} are smooth on M and form a ba-
sis of L2(wdV).

Although we are mainly interested in the closed problem for L, in
some instances we shall also consider the Dirichlet problem for L on an
open relatively compact domain 2cM with not-necessarily smooth
boundary 9€2. In this case the operator L with (generalized) Dirichlet
boundary conditions on 32 is the Friedrichs extension of the differential
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operator L,= —A4 — V(log w) that acts as a positive symmetric operator
on C;° (M) c L%(wdV) (cf. [R-Si], p.177). If the boundary 312 is piecewise
smooth, elliptic regularity and the compactness of the embedding
HY(Q,wdV) s L2%2(Q, wdV), where H}(Q, wdV) is the closure of
C,> (£2) in the norm |[ulf = ||u|Z: + ||Vul22, imply, as above, that the spec-
trum of L is purely discrete and the eigenvalues can be arranged in a di-
verging sequence 0 <1,(2) <A,(R)... 7 + oo,

At this point it is perhaps worth noticing that, even though

Q,(u, u) = I |Vu|2de can be written as the standard Dirichlet form
M

relative to the metric g = w?"~2g, this does not imply that L is unitarily

equivalent to the Laplacian — 4 induced by g. Indeed L acts on L2(wdV)
while — 4 acts on L2(dV), where dV = w?"~2dV is the volume element
induced by g. Therefore we cannot reduce the problem of estimating the
eigenvalues of L to the same problem for the Laplacian relative to a con- .
formally changed metric. On the other hand Prof. C. Herz ([Hz]) pointed
out that if N is a compact 1-dimensional manifold (typically N = S?), the
action of the Laplacian of the warped product M = M X, N on functions
constant on N coincides with the action of L on functions defined on M.
Indeed, since M is the product manifold M x N endowed with the
metric

g=algu® womy)lakgn,

where 7, 7y are the projections and g,,, gy the metrics respectively on
M and N, a simple computation in local coordinates shows that, for
f=f(x, 6)eC™ (M),

—Af(x, 0) = (L, f)x, 0) —w 24y f)(x, 0).

In particular, if f, is an eigenfunction of L belonging to the eigenvalue A,
then f(x, 6) = f,(x) is an eigenfunction of — A belonging to the same
eigenvalue. This fact can be used to obtain lower bounds for the first
non-zero eigenvalue of L by appropriately adapting some of the results
which hold for the Laplacian.

Assume now that M is compact. As observed above, the spectrum of L
is purely discrete. The first eigenvalue being always zero, we are inter-
ested in lower bounds for the first non-zero eigenvalue of L. These lower
bounds will necessarily depend on the interplay between the geometry
of M and the behavior of the weight function w. In many instances this
interplay can be effectively taken into account by means of a modified
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Ricei curvature defined by

2.1) R, =Ric—w 'Hess w.

Following Bakry ([Bk2]) we also put

2.2) S,, = Ric — Hess (log w) = R,, + d(log w) @ d(log w).

We start with a generalization of the classical Bochner-Lichnerowicz-
Weitzenbéch formula for functions ((BGM], p. 131 ff.). In a more general
and slightly different form, the formula appears in [BKE] and [Bk2]. The
version which we present is better suited to our purposes and admits a
simpler proof.

PROPOSITION 2.1. Let M be a (not necessarily compact) manifold
with weight function w. If we C2(M) we have

23 - —;—L( |Vu|?) = |Hess u|% — (Vu, V(Lu)) + S, (Vu, Vu) =
= |Hess u|? — (Vu, V(Lw)) + R,,(Vu, Vu) + (V(og w), Vu)’.

Proor. It suffices to prove the first equality, which follows immedi-
ately by combining the BLW formula,

1
EA(|Vu|2) = |Hess u|*+ (Vu, V(4u)) + Ric(Vu, Vu),

and the following formula for the drift term
1/2(V(log w), V( |Vu|2)) = (Vu, V((V(og w), Vu))) — Hess w(Vu, Vu),
which, in turn, is a consequence of
(Vu, V((V(log w), Vu))) = (Vy, (V(log w)), Vu) + (V(og w), Vy, Vu) =
= Hess w(Vu, Yu) + (Vu, Vygoguw) V).

The next theorem extends to L a classical result by Lichnerowicz
((Lz], p. 135]).

THEOREM 2.2. Let M be a compact, n-dimensional Riemannion
manifold with weight function w, and let A, be the first non-zero eigen-
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value of L. Assume that
R,=x with k>0.
Then

n+1

(2.4) A=

Proor. The proof follows closely that of Lichnerowicz: Let u be an
eigenfunction belonging to 4,. Since Au = trace (Hess u), we have

1 1
(25) |Hess u|®*= —(du)* = —(A,u + (V(log w), Vu))* =
n n

WV

A3u® — (V(og w), Vu ),

where the last inequality follows from (x —y%)?= ax?—a(l —a) 'y?
Vae (0,1), with a =n/(n + 1). Substituting this into (2.3), and using
Lu = A,u and the assumption R, = k, we find

1 1
—=L(|Vu|?) = A3u— (A, - x) | Vul?.
2 n+1

Integrating with respect to wdV, and using the identities

j LfwdV = f L1 fwdV=0, and |Vf|t= [(Lf) fwdV
M M M

that hold for all fin the domain of L, one concludes as in [LZ], p. 135,
that

A 0
0= 1 =21y = © tull

and (2.4) follows. =

REMARK. If w =1 sothat L = —A4 and R, = Ric, Theorem 2.2 fails to
reproduce Lichnerowicz estimate. We are indebted to J. D. Deuschel for
the following variation of the argument above. For every ¢ >0, let

R.=R,+ (1—-¢)d(og w)Rd(log w) =S, — ed(log w) @ d(log w),
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and assume that R, = k,. Then, by using (x — )2 = ax? — a(1 — a) 'y?
with a = ne/(1 + ne) in (2.5) one obtains

A3ul— (A, — k) | Vul?,

1 £
— ZL(|Vu|?) =
2 Vel 1+mne
and, arguing as above, this yields

+1
2.6) Az 0 g
n—1)e+1

o

Notice that:

— For £ =1 we recover Theorem 2.2;

— If w=1 and Ric = k, then for all ¢ we can take k, = x and, let-
ting € — o in (2.6) we obtain Lichnerowicz’s estimate for the first non-
zero eigenvalue of the Laplacian, A, = nk/(n — 1);

— Assuming that S,, = x and letting ¢ —0 in (2.6), we recover the
estimate A, = k proven, with a different proof, in [DI-S]. It is remarkable
that the last result holds even for M noncompact. Indeed the hypothesis
S, = k implies first that the w-volume of M (the volume with respect to
the measure wdV) is finite ([Bk1]), so that 0 is an eigenvalue of L, and
then that the gap between 0 and the rest of the spectrum is at least x (cf.
[DIS)).

Adapting Li and Yau’s techniques, we shall derive next two gradient
estimates for the eigenfunctions of L belonging to a non-zero eigenvalue.
Using these gradient estimates we will be able to give bounds from be-
low for the first non-zero eigenvalue of L.

THEOREM 2.3. Let M be an m-dimensional compact Riemannian
manifold with weight function w and let u be an eigenfunction of L with
eigenvalue A > 0. Assume that R, = k. Then VB =1 we have

@ |Vu|2s2{(n+1)%—nK](ﬁsup|u| —u).

Proor. The proof is a modification of the proof of Theorem 1 in
[LiY]. Assuming without loss of generality that sup|u| =1 and B> 1,
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define a function F' by

|V |?
(B-up’
and let «, be the point where F' attains its maximum. Since  is smooth by

elliptic regularity, so is F, and, applying the maximum principle, we
have

F(x) =

VF(x,) =0 - %LF(xO) <0.

Now,

2 2
P V(| Vu|*) +9 | V| Vu,
(B—u) B-uy

so that, at x,,
|Vul?
B-u)

A straightforward computation that uses (2.3), (2.8) and Lu = Au
yields

2.8) V(|Vu|?) = -2 Vu

|Hessu|®—4|Vu|*+R,,(Vu, Vu) +(V(log w), Vuy*
(B —u)?

29 - %LF(xo) =

_ Au|Vul® | Vul*
B-w  (B-w'
Now let {9;}7-, be a local orthonormal frame field in a neighbourhood of
Z,. An argument as in [LiY], formula (1.9), yields

1
(2.10)  |Hess u|®= Hess u(d;, 8, + ] (Au — Hess u(d,, 3;)) =
" —
1 Au)?
=1+ — | Hess u(d;, 8;)* — (4u) =
2n (n+1)
(Au)?

— (Vllog w), Vuy,

> (1 + -1—) Hess u(8;, 8, )* —
2n
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where the second inequality follows from (x — y)? = ax? — a(l — a) 'y?
with a = (n — 1)/2n, and the last inequality is a consequence of Au =
— = Ju — (V(og w), Vu)and of (x + y)2 < (1 —8) 'a®+s 1y withs =
=1/(n + 1). Notice that our choice of a (Li and Yau take a = 1/2) is moti-
vated by the desire of giving a unified treatment of cases n =2 and n = 2
here and in the sequel.

The definition of Hessian and (2.8) imply that, at x,,

_ |Vu|28,u
B—w

for every i, so that, assuming without loss of generality that, at x,,
iu#0, and 5,4 =0, i>1, we obtain

Hess u(9;, Vu) =

’

| Ve |2
B—-u)

Putting (2.11) into (2.10), substituting the result into (2.9) and simplify-
ing, we get

(2.11) Hess (9, 9;) = — (at xy).

= —

T 2n B-wt B-w? n B-uf B-uB-up

1 |Val* | BV, Vw) 2% w® A8 |Vu?

Since, by assumption, sup |«| =1, we have |w/(8 —u)| <1/(8-1), and
B/(B —wu) < B/(B—1). Substituting these into the inequality above, and
using the hypothesis R, = k and the definition of F, we finally find

03 o F*,) - (ﬁ’%ﬂl —K) Fiz,) - %(Ef—)z
which can be rewritten as
F?*(x,) — 2CF(x,) —2S8%<0,
with

C=n i—x and S=—l—.
B-1 B—1
Notice that if k>0, then 1 = (n + 1)x/n > (n — 1)k, by Theorem 2.2, so
that C is always positive. The quadratic formula applied to the last in-
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equality gives
|Vul?

S F(x) < F(z,) <C+ {C?+282}12 <
—U

$20+\/§S=2(n+1)% - 20K,

and (2.7) follows. m

REMARK. A similar, but weaker, result can be obtained by using the
relationship noted in the introduction between eigenfunctions of L on M
and eigenfunctions of the Laplacian of the warped product M = M x,,S™.
Notice that M is a compact, (n + 1)-dimensional manifold and that, by
[ON], Corollary 7.43, we have

Ric(X, Y) = (Ric — w "' Hess w)(X, V),
Ric(X, @) =0,
Ric(0, ©) = —w 14w |03,

for X, Ye TM = TM x {0} c T(M), ® e TS* and where a hat on a symbol
indicates that the corresponding object is defined on M. For u as in
the statement of the theorem define the function % on M by u(x, 0) =
= w(x), (&, 8) € Mso that — A% = A%. Assuming that R, = k and that
—w ! Aw = K, [LiY], Theorem 1, yields

|€@|2S2[(n+2)ﬂ—{ﬂ-—1——(n+1)1<}(ﬁsup|1’i|—ﬁ)2, vg=1,

which immediately gives

|Vu|2$2[(n+2)ﬁl—’§?—(n+1)x}(ﬁsup|u|—u)2, vg=1.

THEOREM 2.4. Let M, w and u be as in Theorem 2.3, and assume
that S,,= k. Then Ya =0 and B2%= sup (a + u)?,

@12)  |Vu|2<

[;.(52— (a+u)a)—(B%— (a+up)k
< max

reM ﬂZ

](ﬁz—(aﬂe)z).
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REMARK. Notice that, since S, =R, + d(logw)®d(ogw) =R,
(2.12) certainly holds with the same constant if we assume instead that
R,=Zk

PrOOF. As in [LiY], Theorem 4, the proof is carried out by applying
the arguments used above to the function G defined by

|Vul®

Gx) = — 121
@ B%— (a+u)

where a >0 and 2> sup(a+u)?2. =

In the next two theorems we use the gradient estimates just derived
to obtain lower bounds for the first non-zero eigenvalue of L.

THEOREM 2.5. Let M be a compact, n-dimensional manifold with
weight function w and diameter d, and assume that R, =k If 2nk <
<d "% then the first non-zero eigenvalue A, of L satisfies

2.13) A= exp{—1-V1-2nkd?}.

n +1)d2

ProoF. The proof mimics that of Theorem 7 in [LiY] and we only
sketch it here. Let # be an eigenfunction belonging to the eigenvalue 4;.
We may assume that sup |« | = sup u. Since u is L ?(w dV)-orthogonal to
the constants, the nodal set N of % is not empty. Integrating
|Vu|/(Bsup |u| — ) along the shortest geodesic from N to the point x
where % attains its maximum, and using Theorem 2.3, we find

12
A —2m<} R
-1

log(%) Sd[2(n+1)ll 5

so that squaring and simplifying we get

1

2.14 -
(2.19) A=z 2t D

[—logzg + 2nx}

for every o = (8 —1)/Be(0, 1). Under the assumption that 2nk<d 2,
the right hand side of (2.17) is maximized for log o = —1 — \/1 — 2nkd?,
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and, since,

(1+V1-2nkd?)?=2—2nkd?,

(2.13) follows. =

REMARK. If 2nkx>d ~2, then the right hand side of (2.14) is maxi-
mized for o =1 and this gives the estimate 1,= (n + 1)~ !nk which is
worse than the estimate provided by Theorem 2.2. For R, non-negative,
the following theorem gives a better bound for 4,.

THEOREM 2.6. Let M be a compact Riemannian manifold with
weight function w and assume that S,,= k. Then

2

2.15) A=

YE —max{—k, 0},

Proor. Again let u be an eigenfunction belonging to the eigenvalue
A1. By changing the sign of u if necessary, we may assume that sup u =
= |inf u|. Therefore, letting a =0 and = supw in Theorem 2.4, we
have

| Vu|
V (sup u)? — u®

The proof now proceeds as in [Li], Theorem 3: Integrating (2.19) along
the minimizing geodesic y joining the point where u achieves its supre-
mum to the point where it attains its infimum, and taking into account
the fact that the length of y is at most d, we get

(2.16) < (A, + max {—k, 02,

r +sin! M <d(A, + max{—k, 0})'2
2 sup %

If the multiplicity of 1, is =2, Li’s argument shows that there is an
eigenfunction » for which sup w=|inf »| and therefore (2.15) holds with

w?/(2d?) replaced by 7%/d?. In the general case one considers the prod-
uct manifold M=M x M with the weight function w(x y) = w(x) w(y).
It is easy to see that the operator L induced on M is simply L, + L,
where L,= —A,-V,(logw)x), so that Lf(x y) =L, f(x, y)+
+ L, f(x, y). This implies that the first non-zero eigenvalue 11 of Lis A,
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with multiplicity = 2. Moreover, for X, Y € T(M),
53X, Y) = Rie(X, Y) — Hess (log W)X, Y) = 8,,(X;, Y1) + 8,(Xp, V),

where X;, X, (resp. Y;, Y;) are the projections of X (resp. Y) on TM x
x {0} and {0} x TM. Thus the hypothesis S; = x holds and we can con-
clude as above that

where d is the diameter of M = M x M. Since 1; = 1, and d? = 2d2, (2.15)
follows. =

REMARK. From the variational characterisation of A; and the
identity

[~ (F)Pdu = inf [(f~tPdu,

that holds for every finite measure x and fe LZ%(du), one concludes
that

max w

where 11 is the first non-zero eigenvalue of the standard Laplacian of M.
min w/max w can be estimated by integrating |V(log w)| along a min-
imising geodesic joining the points where w attains respectively its mini-
mum and maximum value, thus yielding

Alal‘l’exp{—(sng(long)d}.

Together with known estimates for A4 this gives bounds for 1, in terms
of Ricei curvature, diameter and of (sup | V(log w) | ) The dependency on
M

the last quantity reflects the perturbative nature of the method. The
bounds provided by Theorems 2.2, 2.5, and 2.6, by contrast, are ex-
pressed in terms of the tensor R, which takes into account the mutual,
and possibly competing, interaction of the curvature of M and of the be-
haviour of w.

We conclude this section showing how the techniques introduced
above can be used to give lower bounds for the first eigenvalue of L with
Dirichlet boundary conditions. In what follows £2 will be an open rela-
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tively compact domain in M with smooth boundary 9Q. We will denote by
3/3v the outward unit normal to 992, and, for x e 392, H(x) will be the
mean curvature of 92 with respect to d/dv, defined as

o
trace {Xe T,(8R2) > Vy — e T,(392)}.
n—1 v

THEOREM 2.7. Let M be a complete Riemannian manifold with
weight w and let Q2 be a relatively compact open domain in M with
smooth boundary 08. Assume that R, = k in 2, with k<0, and that H,
is a lower bound for the mean curvature H of 3Q. If u is a positive sol-
ution of

Lu=Au in Q (L>0)
u|92=0,

then, VB =1, either

2(n+1) 4 2
2.17 |Vu|?< [—,B——l—ﬁ 2m<] (/3 sup || —u)

or

218) |Vu| = {sup |Vdog w) | — (m — 1)H,,} (,B sup |u| —u).
a2 Q

PRrOOF. Assuming without loss of generality that sup || =1 and
B >1, we consider again the smooth function on Q

| Vul®

Flz) = ,
Y B up

and let x, be the point where F attains its maximum.
If x,e 09, then JF/dv(x,) =0 and a computation as in the proof of
Theorem 2 in [LiY] shows that

2 V 2
——1) Heap [ L) a2 ) 2
v v B—u v
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Since u |32 =0, Vu(x,) = (du/dv) 5/dv so that

Au(x,) = — Au(x,) — (Vdog w), Vu) = — w —1(@ )(% )
ov v

Moreover, since #=0 in 2 and u(x,) =0, we have oJou/dv(x,) =
= — |Vu(w,) |, and the inequality above becomes
|3

ow v
| waz- U S0 Gt ay),

w =
ov

—(n—1)H,|Vu|?+ sup
a2

and (2.18) follows. If x, € 2, (2.17) follows from Theorem 2.3. Notice that
since now we cannot guarantee that 1, = k, the positivity of C in the
proof of Theorem 2.3 follows from the assumption k<0. =

Now let u be the eigenfunction belonging to the first Dirichlet eigen-
value 1, of L on £2. The proof that one gives in the case of the Laplacian
(cf. [Bd], ch. IV, Lemma 3) can be used to show that % has constant sign
in Q. Assuming u > 0, we can apply the gradient estimate obtained above
and deduce the following theorems.

THEOREM 2.8. Let M and £ be as above. Suppose that R, = Kk, with
k<0. Let H, be the lower bound for the mean curvature of 322 and de-
note by 1 the inscribed radius of Q2. Then

1 1
2.19 Aiz— 1 " log?p0 +2nx},
) ! 2(n+1)g[i2 e ]

with

log o = max[l +V1-2nki?, (sup
9

Slog w) I —(n—l)Ho)i].
v

ProoF. Asin [LiY], Theorem 5, one shows that if 8 in Theorem 2.7 is
chosen so that

A(log w) |

B .
1 —(n-1H
og I > (sgp n—-1) 0) 1

then (2.17) holds. One then proceeds as in the proof of Theorem 2.5
above. =
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3. — The non-compact case.

In this section we study the operator L defined on a non-compact
manifold M. Our goal is to find lower bounds for the bottom of the spec-
trum A, of L. Note that by the spectral theorem and the density of
C,;” (M) in the domain of L, 1, admits the following variational character-
ization:

JIV2wdv

3.1) A =infl
[ fifwdv
M

where f varies over C,” (M), or equivalently, over H!(M, wdV), defined
as usual as the space of all functions f such that f, Vfe L2(wdV). Recall
that if M is a Riemannian manifold with weight function w and D is a
measurable subset of M, the w-volume of D, denoted vol,, (D), is by defi-
nition the measure of D with respect to wdV. If vol,,(M) < o, clearly
A, =0. The proposition below, which extends to L a theorem proven by
Brooks ([Br]) for the Laplacian, shows that much more is true.

PRrOPOSITION 3.1. Suppose that the w-volume of the geodesic balls
of M grows subexponentially, i.e. for some (and therefore all) pe M and
SJor all a >0,

rli)rrc}o e “vol,B(p,r)=0.
Then A,=0.

After replacing the Riemannian volume with the w-volume, the proof
is as in Davies [Da2], p. 157, and therefore will be omitted. =

Turning to positive results,note first that (3.1) immediately implies
that

Ao = (igfw/s&pw) A4,

where 14 is the bottom of the spectrum of the standard Laplacian of M.
Of course this is interesting only when it is a priori known that w is
bounded above and away from 0. In the general case a more direct ap-
proach is needed.

In the following M will be a manifold with a pole, i.e. there exists p e
e M such that exp,: T, M —M is a diffeomorphism. Let (r, u) e R™ X
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X ST, M be spherical geodesic coordinates at p e M, where ST, M = S™~!
is the unit tangent space at p. We denote by \/g(», ) the area element in
the coordinates (r, u), so that the Riemannian volume element of M is
given by dV = \/g(r, w) drdu, du being the standard measure on S T,M.
Therefore a standard integration by parts argument (cf. [Cl], p. 47)
yields:

THEOREM 3.2. Let M be a manifold with weight function w and let
peM be a pole. If

(3.2) (wVg)™ %(W\/g})(r, wza, a=0,
for all (r, w) eR™ X ST, M, then
3.3) A,= —a?.
To apply the result obtained above one needs to estimate

(w\g)™*3(w\/g)/8r. The following proposition, of perturbative nature,
is a first step in this direction.

PRrOPOSITION 3.3. Let M be a manifold with a pole p and with
weight function w. Suppose that Sect () <0 for all radial 2-planes 7
and that in geodesic polar coordinates at p we have

34) Ric ( % (r, u), % (r, u)) <

2
S—(ﬁ+0§?<pm w”‘%v('r,u) ), B=0,
for all (r, u). Then
o
3.5) (wVg)! (wa—:@) =f.

In particular this holds for all pe M if M is complete simply connected
with Sect (M) <0 and Ric< — (8 + |lw ! V|, )%

PrOOF. Observe first that the conclusion of Lemma 3 in [Sel] holds
under the weaker hypothesis that the radial sectional curvature and the
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radial component of the Ricci curvature satisfy the inequalities stated
there. Therefore (3.4) implies that
]2

Vg ! \/‘ [/3 + sup
0<ti< o
Since Lemma 4 in [Sel] holds provided \/g}‘l 8\/5}/87‘ =0 and this is
again guaranteed by our assumption on the radial sectional curvature,
we conclude that

- 3(@0\/5) _, Ow - 8\/§
1 — -1 1
(wVyg) w o +Vy ar

L

or

w

_; Ow
w —
or

0<t<

Vo ! —88\? = [[3’+ sup

and (3.5) follows from

REMARKS.

1) Example 1 below shows that even though it is rather crude,
Proposition 3.3 provides, via Theorem 2, a sharp lower bound for 4,.

2) Proposition 3.3 can be applied when the supremum of the sec-
tional curvature is zero and the Ricei curvature is bounded above by a
negative constant (and the perturbation introduced by the term w ~! Vw
is suitably small). This is the case, for instance, when M is the product of
two or more Riemannian manifold with negative curvature. Even in this
simple case the bound for A, that one finds is far from being sharp. In
the proof of Proposition 3.3 above we have used the inequality

ow ow
sup |lw™ ' — (¢, w) | +w P — (@, u)=0.
tp or or

Therefore the bounds one can derive from it are more interesting when
Jw/dr is negative. We consider now the case dw/or = 0.

THEOREM 3.4. Let M be a manifold with a pole p and weight func-
tion w and denote by 3/0r the radial unit vector field. Assume that for
all ge M

i) For all radial 2-planes nc T, M, Sect(n) < — k<0;
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ii) R, (8/9r(q), 9/or(q)) = (Ric —w ~' Hess w)(8/0r(q), 8/3r(q)) <
< -a<0;
iii) ow/or=0.
Then

3.6) (wVg)™ ﬂ%:@l = {a+ (n—1)(n-2)k}"2

PRrOOF. An argument as in the proof of Lemma 3 in [Sel], which, as
remarked above, can be carried through under the weaker hypothesis
that M has a pole and the radial curvatures are controlled, shows that i)
and ii) imply

2
V! 5*Vy B—Ric(—a— 9 )+(n—l)(n—2)k=

or? o’ or
82
=a+(n—1)(n—2)k—w‘1—w,
or?
whence
B Vg ow Vg ow \*
37 (Ve 'Y i Vet 2w )
@7 81'(\/‘(; or W 87') (\@ or w or

Za+(n—-1)(n—-2)k.

The rest of the proof is now a simple modification of the proof of Lemma
4 in [Sel]. Since Vg 19Vg/dr~m—1)r ' as r | 0 and w ~! du/dr is
smooth and bounded, we have

LN 7
or or

for » small. Since i) and iii) imply that
3Vy ow
122 4wl = |>0.
(\/‘(—7 or or )

The argument in [Sel] shows that (3.6) follows from (3.7).
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We conclude the section with two examples.

ExampLE 1. Let M =H",, the n-dimensional hyperbolic space
with constant curvature —4, which we identify with R"™ endowed
with the metric given in polar coordinates(r, £) by ds?=dr?+
+|1/2 sinh (27) d€|? and let w(r, &) = (coshr)™™*. Since (coshr) "*!
is C® and even on R, w is C * on M. Since w ~! dw/8r = —(n — 1)tanr we
have |jw ~! V||, = (» — 1) so that we can write

Sect(M) = —4=—{a+(n—1)"w ' Vu|, )2

with a =1. By Proposition 3.3 and Theorem 3.2 it follows that 4,=
<1(nm—1)?/4. On the other hand dV = ((1/2) sinh(27))" 'drdEé and
consequently w dV = (sinh )"~ dr d&. Therefore we see that if fis a radi-
al function, the Rayleigh quotient for L

f:f | Vf |3 (sinh )"~ ' dr dE
$sn

=1

Ry(f) = 252
J [ f%sinhr)*~‘drdé
0sm!

coincides with the Rayleigh quotient for the standard Laplacian —A4 on
H" |, the hyperbolic space with constant curvature —1. Since both the
metric of M and the weight function w are radially symmetric one can
easily see that

inf{Ry(f): feC> (M)} = inf{Ry(f): feC.,” (M) and radial},

and since this is also true for the Laplacian —4 on H",, we conclude
that the bottom of the spectrum of L on M coincides with the bottom of
the spectrum of —4 on H" . Thus A, = (n — 1)?/4 ((McK]), showing that
the bound obtained above is sharp.

ExamMpLE 2. Let M = R? with the metric given in polar coordinates
(r, 0) by ds?=dr?+r2d6? and let w(r, 6) = coshr. Notice that in this
case Proposition 3.3 is not applicable. On the other hand we have
Sect (M) =0, R,,(3/3r, 3/0r) = —1 and dw/dr = sinh r > 0, so Proposition
3.4 implies that A, = 1/4. We will show that in fact A, = 1/4 which implies
that Proposition 3.4 gives a sharp lower bound for 1,. To see this we
adapt a proof by Pinsky [Pk]. Let f be defined by f(r, 8) = ¢(r), where
o(r) =e "sin[2x(r — 8/2) 6 1] if re[6/2, 6] and ¢(r) =0 otherwise.
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Then fe HY(M,wdv), and on [&/2, 5], ¢ satisfies the differential
equation

U L) P
¢ 4 o2 )

Integrating by parts, using the differential equation and the fact that
r~ 14+ tanhr—1 is decreasing in (0, o), we find:

P
I(q)’)z'rcoshrdrs

F)
2 o 1
<|—+tanh— -1 "|reoshrdr+ | — + — reoshrdr.
((s . )mjwnw (4 62)j¢

Thus, integrating over S!, dividing through by ||f|?, and applying the
quadratic formula yields

TS CRINE

£
1 47 12 ) 2|12
+{—+ — + —| — +tanh— -1
4 o6 4\ 2

whence, letting 6 — + o gives 1, < 1/4, and our claim follows. thus prov-
ing our claim.

4. — Estimates from above.

In this section, essentially extending ideas of S. Y. Cheng presented
in [Cg], we study bounds from above for the eigenvalues of L, in the com-
pact case, and for the bottom of the spectrum, for M non-compact.

For pe M and we ST, M, let c(u) be the distance along the geodesic
Y= exp,(tu) from p to the cut locus of p. Note that {(r, u) e R* x
X ST, M: 0 <r<c(u)} is the domain of the polar geodesic coordinates at
p. Keeping the notation introduced in the previous section, we have
Vg, u) >0 Vre (0, c(u)), Yu e ST, M and therefore for every weight
function w we have (w\/&)(r, %) > 0 in the same domain. To simplify the
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notation we let also

( (V=k)"!'sinh(vV—kr) forx<0,

S.(r)=q7r forxk=0,

(V&) 'sin (VK7) forxk>0,
@b ‘ cosh(V=%7) forx<0,
Cr)=41 fork=0,
cos (\/?7') forxk>0.

The following theorem generalizes Bishop’s comparison theorem and
will allow us to extend to L some of Cheng’s results.

THEOREM 4.1. Let M be a Riemanwnian wmanifold with weight
function w. Assume that in polar geodesic coordinates at p we
have

42) 2, 2 )sa.
or Oor

Then, Yu e ST,M and ¥re (0, c(u)),

Vgt 2 (\f) G0

4.3 r,u) S )
4.3) r,u) nsﬁ "

where B=a/m and Cg and Sz are defined in (4.1). Moreover, if
a>0,

JT
(4.4) e(u) < 2= .
VB

Proor. Adopting Chavel’s notation ([Cl], p. 65 ff.), for ue T, M,
let A(r, w) be the self adjoint isomorphism of {u}*cT,M defined
by A(r,u)n=1;(T,, exp, )(r), where 7, is the parallel translation
along the geodesic y,(7) = exp,(ru). Then detA(r, u) = Vg(r, w) and
if we define U(r,u)=A'(r,u) A *(r,u) then U is self adjoint,
tr U(r, u) = \/5‘18\/5/87‘(7', u), and the following differential equation
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holds:

g 9
trU' +trU?+ Rie| —, — | =0.
or or
Using the inequalities

i) tr U%= (tr UY/(n — 1), which follows from the self adjoint-
ness of U,

ii) Ric(8/dr, 9/0r) = a + (w ™' ow/or)? + (w ~1 dw/dr)’,

iii) and A%/(n — 1)+ B2= (A + B?/n VA, B, with equality iff
A= (n-1)B, it follows that

0=@rl) +

1 0
(trU®+ a+w 'Hess w i,—— =
n—1 or Oor

= (Vg aairg +aw ! %) + %(\/5_1 a—a—\:_g +aw ! %)Zﬂz,
Thus the function ¢(r) defined by
#r) = VG < WV, )
for re (0, c(u)), satisfies the differential inequality
¢’+%¢2+nﬂi0, in (0, c(u)),

where 8 = a/n, and Setting y(r) = nCs/Sg(r), one verifies that y satis-
fies the differential equation

1
'+ —yitnp=0,
n

and therefore, as in the proof of Bishop’s comparison theorem ([CIl],
p. 73), one concludes that ¢(r) <wy(r) in (0, 7/\/8) N (0, c(u)), where
a\VB =+ if f<0. If B<0, the proof is complete. If 8= 0, take
r,e(0, c(u)) N (0, 7/\/B), and note that, since

(d/dr) log {(w\g)/(\VB 'sinVBr)'} <0,
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we have

wVgr, u) <e™(\VBlsinVBr) in  (r, cw)N |r, 2 ,
VB
where S, = log {(w\g)(r,, w)/(\/B~'sin\/Br,)"}. Since (w\g)(r, u) >

>0 in (0, c(w)), while (\/B 'sin\VBr)"=0 at r=a/\/B, 4.4) fol-
lows. =

REMARK. Let M™ and w be as in the statement of the Theorem, with
a > 0. As in the proof of the Bonnet-Myers Theorem, since M is complete
and the geodesic v, is not minimizing after c(u), it follows that
dist (¢, p) < a/\/B for all ge M, and M" is compact by the Hopf-Rinow
theorem. If we assume that R, = a, with a > 0, we can conclude that, in
fact, diam (M) <z/\/B. In connection with this, observe that Bakry
([BKk1]) has shown that S, = a >0 implies that vol,(M) < .

THEOREM 4.2. Let pe M and R >0, and consider the generalized
Dirichlet problem for L on the geodesic ball in M centered at p with
radius R, B,(R). If

3 3
. R, =@, —@]|=a,
4.5) w( 5 @ ar(q))>a

n B,(R), then
(4.6) Ao(By(R)) <A~ (Bf ' (R)),

where iO(B,,(R) 1s the bottom of the spectrum of L on B,(R) and
“ATA(BETY)) is the smallest Dirichlet eigenvalue for —A on the disk of
radius R in Mj* L the (n + 1)-dimensional space with constant curva-
ture B = a/n.

REMARKS.

i) Since we do not assume that B, (R) is contained in the domain of
the normal coordinates at p, B may fail to be smooth and it is necessary
to consider the generalized Dirichlet problem on B,(R). In any case the
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bottom of the spectrum of L is given by

[ |VfPwav
@7 Ao(By(R)=inf]2® 1
| fiwadv
B,(R)
where f ranges over C,(B,(R)) or, -equivalently, over
H} (B,(R), wdV).

ii) If @ > 0 so that 8> 0, then M3 * ' is the n + 1 sphere with curva-
ture B and Riemannian diameter 7/\/B. According to Theorem 4.1 we
also have d(p, q) <a/\/B, Yqge M. Consequently the theorem has con-
tent only for R < 7/\/B, for if R > 7/\/B, then B,(R) =M and By *'(R) =
= M;* ! and the theorem holds trivially withA,(M) = 0 =2 =4 (M}*). No-
tice that if R =n/\/B, then A 4(BF**(R)) =0 (cf. [Cl], p. 53), and so
again 1,(B,(R))=0=1"4(B{*'(R)).

ProoF. Since the proof is very similar to that of Cheng’s theorem
([Cgl, Theorem 1.1, or [Cl], pp. 74-77) we will only indicate how to adapt
Cheng’s proof to our case. Let T be the radial eigenfunction belonging to
A~4(BF*1(R)) and define F by F(q) = T(r(q)), where r(q) = d(q, p). It
is easy to see that F e H' (B,(R), wdV). Letting for convenience b(u) =
= min (c(%), R), and using Theorem 4.1 instead of Bishop’s Comparison
Theorem in the integration by parts argument in [Cg], pp. 290-91,
yields

b(u) b(u)
[ 17 1PwVg(r, wy dr=2-4B;* 1 (®R)) [ T*w Vg (r, w) dr,
0

0

so that, integrating over u e ST, M we find
IVEIE 2 pavy < 2 =2 BF 1 ()IFIR 2000w
and (4.6) follows from (4.7). =

COROLLARY 4.3. Let M be a compact manifold with weight func-
tion w and assume that

(4.8) R,za.
Let

O=/10<11$12S...S).m/°°
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be the sequence of the eigenvalues of L, where each eigenvalue is repeat-
ed according to its multiplicity. Then for every m we have

d
4. An<Aa(Bpr—1|,

where d is the diameter of M and  and A =4 (B} *'(R)) are defined in
Theorem 4.2.

Proor. For every m, let ¢, be the (normalized) eigenfunction be-
longing to 4,,. As in the case of the Laplacian it is easy to see that

TP way
[ Pwdv |

M

A = inf

feH' (M, wdV), fLlSpan{¢o, ¢1,...¢m-1},

with equality iff f= ¢ ,,. Using Theorem 4.2 above the proof follows ex-
actly as in [Cg]l, Theorem 2.1. =

Using the estimate for A =4 (B(R)) obtained by Cheng ([CG]), we
also have:

COROLLARY 4.4. Let M be as in Corollary 4.3, and assume that
R,= —a with a=0. Then
A ST ¢ + C(n) m_Z
"oy d?
with C(n) depending only upon n. ®
We conclude remarking that Cheng’s results relative to non-compact

manifolds ([Cg], § 4) also extend effortlessly to the operator L and allow
us to state the following corollary:

COROLLARY 4.5. Let M be an n-dimensional complete, non-com-
pact Riemannian manifold with weight function w. If

R,Z—a, az=z0,
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