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A Property Equivalent to Permutability for Groups.

A. MoHAMMADI HASSANABADI (*)

ABSTRACT - In this note we prove the following: Let m and % be positive integers
and G a group such that X; X,...X,n U . X1y X2y - - Xogmy # @ for all sub-
1

geSy
sets X; of G where |X;| = m for alli=1, 2, ..., n; then G is finite-by-abelian-
by-finite.

1. — Introduction.

Permutable groups have been studied by various people-see [1], [2],
[3], [4] and [5]. Recall that a group G is called n-permutable if given
any sequence &, Xs, ..., %, of elements of G, then x2,...2,=
= Xy01)&o(2) - - - Loy fOr SOMe permutation o # 1 of the set {1, 2, ..., n}.
Also a group is said to be permutable if it is % — permutable for some
n > 1. The main result for groups in this class was obtained by Curzio,
Longobardi, Maj and Robinson in [3] where it was shown that such
groups are finite-by-abelian-by-finite.

Let m, n be positive integers. A natural extension of permutable
groups, namely (m, n)-permutable groups-groups in which

Xle.--Xng U Xa(l)Xa(z)..-Xa(")
geS,;\1

(*) Indirizzo dell’A.: Department of Mathematics, University of Isfahan,
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for all subsets X; of G where |X;| =m for all i =1, 2, ..., n-was intro-
duced in [6]. It was proved there that such a group is either %-per-
mutable or it is finite of order bounded by a function of m and »n. Here we
deal with another extension of (m, n)-permutable groups.

For positive integers m and n call a group G restricted (m, n)-per-
mutable if

Xng e Xn N ae':S’J \lXa(l)Xo(z) (R Xa(n) # ¢

for all subsets X; of G where |X;| =m for all =1, 2, ..., n. Thus re-
stricted (1, »)-permutable groups are just (1, »)-permutable groups
which are n-permutable groups.

The main result of this note is the following

THEOREM. Suppose that m and n are positive integers, and G a re-
stricted (m, n)-permutable group. Then G is finite-by-abelian-by-fi-
nite.

2. — Proofs.

Throughout we assume G to be a group and denote its centre by
Z(@). We first prove that the centre of a restricted (m, n)-permutable-
group which is not n-permutable has finite order bounded by a function
of m and n.

LeEmMMA 1. Suppose that m and n are positive integers and G a re-
stricted (m, n)-permutable group which is not n-permutable. Then
exp (Z(@)) < (mn)"*+1)!

Proor. Let ze€ Z(G@). Let x;, x5, ..., x, be elements in G such that
the product x;x,...x, cannot be rewritten and consider the sets

— 2 ;
Xi=x{z,2% ...,2"}, 1=1,2,...,n.

Then there exists a non-trivial permutation ¢ such that x,z%x,2%...
e By 2 = By(1) 2T B2y 272 Xy 2’ Where i, j;e{1,2,...,m} for
s=1,2,...,n; so that

xlxz...xn=x(,(1)x(,(2)...xa(n)za1,

where —n(m—-1)<a,<n(m-1); a;#0.
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Now replace z by 2" and let k run through 0, 1, 2, ..., n!. Then,
there exist ¢t and ¢’ in {0, 1, ..., n!}, such that t=t’, say t>¢' and
gmmia = pmn)'B G 5 mnfa=(mnf'8 — | where —m(m —1) < a, B<n(m—
—1);a, B # 0and thus (mn) a — (mn)!' B # 0, since otherwise (mn)' ~t' =
= a/f8 which is not possible. Thus o(z) |(mn)‘a — (mn)' B=7y and ly| =
< |(mn)a| < (mn)*! < (mn)" *1. Therefore exp (Z(G)) < (mn)"*1)!

LEMMA 2. Let m and m be positive integers. If G is a restricted
(m, n)-permutable group, then either G is n-permutable or |Z(G) | s fi-
nite bounded by ((mn)**1)![mn(n! +1)].

ProoF. Suppose that G is a counterexample. Then since by Lemma 1
exp (Z(G)) < ((mn)"*1)!

(*) Z(G)=(z1)><<z2)><...

is a direct product of cyclic groups of size at most exp(Z(G)). Let
Xy, %o, ..., &, be elements in G such that the product x, «, ... x, cannot be
rewritten and consider

Xi=a{21, .- Zm},

X2=x2{zm+l7 ey zZm}v

X, = xn{z(n—l)rm ) znm} .

Then 2;%;...%, = %5, (1)%6,(2) --- Loymy? for some o,€8,\1 and 2/ e
€ (1) X ... X (2um); 2/ # 1. Now use the next nm direct factors in ( *) to
obtain

X1Xg ... Ly, = x02(1)x02(2) e xaz(n) ZZ’
with 0,€S,\1 and 25 € (4 1) X ... X (Zopm); 22 #= 1.
If |Z(G)| > ((mn)"*1)![mn(n! +1)] then the number of factors in

(*) is at least (n! + 1) mn and we may continue the above process to
obtain

X1Xg ... %y = xos(l)xas(g) v xos(n) 23,
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for some g3€8,\1 and 23 € (Zoppm+1) X .. X (B3 ); 23 #1

XX e XLy = Lo,y 1 (1) %oy 4 1(2) - a"v+1(n)zn‘+1

for some 0,41 €8, \1 and 2,141 € (Zpmny +1) X -+ X et + yma)y Zm+1 = L.
Thus there exist ¢ and j, 1 <4,j < n! + 1 such that ¢ # j and 2,/ = 2]/ which
is not possible. This completes the proof.

We next want to prove our key lemma that the F'C-centre of a non-
trivial restricted (m, n)-permutable group is not trivial, and we find it
easier to show this first for a general version of the restricted (m, n)-
permutable groups.

Let m,, m,, ..., m, be positive integers and call a group G restricted
(my, ..., m,)-permutable if X;X,...X, N U XO(I)X(,(Z) Xy =@ for

all subsets X, of size m; in G, i=1, 2, ;z Then we have
LemMA 3. Suppose that G is a non-trivial restricted (m,, ..., m,)-

permutable group. Then the FC-centre of G is non-trivial.

Proor. We use induction on the sum s =m,; + ... + m,,. If s = n then
m; =1 for all 1 and so G is n-permutable and the result follows from [3].
So assume that the result holds for all s <t and suppose that m,; + m, +
+ ...+ m, =t and G is restricted (m,, m,, ..., m,)-permutable. Then by
induction there exist subsets Yi, Y,, ..., Y, of G such that |Y;|+
+|Ys|+...+|Y,| =t—1 and

(**) Yle...Ynﬂ gJ\IYG(l)Yo(z)"'YG(n)=¢'

Let

y
oeS,\1 oeS,\1
1<sisn

Sz(Yn__ll...Yl_l)( U Ya(l) Yo(n)) U

-1 -1 -1 -1
Ya('i_l)"' YO(I)YI “ee YnYU(”L)"' YU(i+l)’

with the convention that Y, 1)... Y,y =1ifi=1and Y,i)... Yoty 1) =1
if t=mn. Then S is a finite subset of G.

Now for any aeG\S, define X;=Y;; i=1,2,...,n~1 and X, =
=Y,U{a}.ThenX; X,... X, N U\ Xo1)Xo(2) - - Xotmy # @ This together

with (*#*) and the choice of a imply that there exist x;eX;; i=
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=1,2,...,n—1suchthat x;%s... 2, _ 10 = %51y ... Lo 1)OXg5 4 1) - - Laxm)
for some oeS,\1 and x/ €X;. This gives ag,a ' =f;"'c where f, =
=Xo1) - Loi-1)r 96 = Lo+ 1) - - - Loy aNd € = 21 25 ... 2, _ ;. Now there exist
only finitely many choices for f, and g,, and so G is the union of finitely
many cosets of centralizers of ¢,’s (t€S, \{1}). Therefore, by a famous
theorem of B. H. Neumann [7], one of the centralizers is of finite index
and the proof is complete.

As an immediate corollary to Lemma 3 we have

LeMMA 4. Let m and n be positive integers. Then a non-trivial re-
stricted (m, n)-permutable group has non-trivial FC-centre.

We are now able to give the proof of the main result.

ProoF oF THE THEOREM. By Lemma 4 there exists an element «x, e
e G\{1} such that [G: Cg(x,)] is finite. If G,: = Cg(x;) is n-permutable
then G is finite-by- abelian-by-finite. Thus we may assume that G, is not
n-permutable. So Z(G,) is finite by Lemma 2, and (x;) < Z(G,) is finite.
Therefore G,/{(x,) # 1 and, again by Lemma 4, there exists x, e G; \(x; ).
such that [G,/x;): Cg, ) (2)] is finite.

Write V/{(a;): = Cg, 2,y (22). Then [V: Cg, (ax5)] is finite, since (x;) is fi-
nite, and [G;: Cg, (22)] is finite. If Gy: = Cg, (22) is n-permutable, we are
done. So suppose that G, is not n-permutable. Continuing the above pro-
cess we obtain sequences x;, &, ... of distinct elements of G and
Gy, Gy, ... of subgroups of G such that for each ¢=1,2,...;
(1, @2, ..., %;) < Z(G;). Now if G; is n-permutable for some j then by [3]
G; and therefore G is finite-by-abelian-by-finite. Otherwise, by Lemma 2,
Z(G;) is boundedly finite for all 7 and so the process must stop after a
bounded number of times. This means that there exists some positive in-
teger [ such that G, is an m-permutable group. This completes the
proof.
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