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Extensions of Unbounded Topological Spaces.

ALESSANDRO CATERINO - STEFANO GUAZZONE (*)

Introduction.

A method of compactification of locally compact spaces has been pro-
posed in [1]. This method is based on the concept of essential semilattice
homomorphism (ESH for short). More precisely, let X be a locally com-
pact (non-compact) Hausdorff space and K a compact Hausdorff space.
Let B be an (open) basis of K closed with respect to finite unions, and let
Ny be the family consisting of the empty set and the open subsets of X
which are not relatively compact. A map 7: 83— N, with a(U) =@ for
every U=, is an ESH if the following conditions hold:

ESH1) X —n(K) ¢ Ny — {{6},
ESH2) if U, Ve ®B then the symmetric difference

AUUV) A(U)Ua(V)) ¢ Ny — {#};
ESH3) if U,Ve® and UNV =@ then m(U) N (V) ¢ Nx — {@}.

If Tx is the topology of X and S={UU @@(U)\F): Ue®B, FcX,
F compact}, then Tx U S is a basis for a topology on the disjoint union
X U K. This new space is a Hausdorff compactification of X with remain-
der K. It is denoted by X lJJK and is called an ESH-compactification of X.

In this paper we present a natural generalization of the construction
above. We say that a topological space X is locally bounded with respect
to a family (of «bounded» sets) Fxc2X (which is closed under finite

(*) Indirizzo degli AA.: Dipartimento di Matematica dell’Universita, Via Van-
vitelli 1, 06100 Perugia, Italy.
E-mail address: catvip@ipguniv.unipg.it
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unions and subsets) if every point of X has a bounded neighborhood. We
note that, if Fy is the family of the relatively compact subsets of X (resp.
the relatively Lindelof subsets of a Ts-space X), we have that local
boundedness with respect to Fx is equivalent to local compactness (resp.
local Lindel6fness) of X.

We construct dense extensions of unbounded spaces, which we call B-
extensions. By adding some requirements, mainly local boundedness of
the space, we obtain Hausdorff B-extensions. This construction is ob-
tained with a method similar to the one used to obtain ESH-compactifi-
cations. This method can be applied, for instance, to construct Lindelof
extensions of non-Lindel6f locally Lindel6f spaces. As a final remark, we
mention that Theorem 2.3 of this paper appears to be a generalization of
a Tkachuk’s result (see [8], Proposition 1).

1. — B-extensions with respect to a boundedness.

An extension of a topological space will mean a dense extension.

We recall that a non-empty family Fx of subsets of a space X is said to
be a boundedness in X if Fy is closed with respect to finite unions and
subsets (see [5]). Elements of % are called bounded sets of X. Every
subset of X not in Fy is called unbounded.

A space X with boundedness Fx is said to be locally bounded if every
point of X has a bounded neighborhood. If X is T}, this is equivalent to
say that the family of the closed bounded neighborhoods of each point of
X is a neighborhood base.

We remark that, for a given space X, the family Cxy= {AcX: A is
compact} is a boundedness in X, as well as £y = {AcX: A is Lindelof}.
Clearly, a space X is locally compact iff X is locally bounded with respect
to Cx.

A space X is said to be locally Lindeldf if every point of X has a Lin-
del6f neighborhood. If X is T5, it is equivalent to say that every point of X
has a Lindel6f closed neighborhood (or to say that the family of the
closed Lindelof neighborhoods of every point of X is a neighborhood
base). Hence, a Ts-space is locally Lindelof iff X is locally bounded with
respect to Ly.

In [8] Tkachuk defines a space X to be locally Lindeldf if every point
of X has an open Lindeldf neighborhood. If X is T;, the two definitions
are equivalent. In fact, if x € X and U is a Lindel6f neighborhood of «,
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then there exists fe C(X,[0, 1]) such that f(x) =0 and f(X\U) =1.
Hence

zxeZ=f10)cW=f"10,1)cU

and f71([0, 1)) is Lindeldf since it is an F, contained in a Lindelsf
subspace.
We remark that Z can be chosen to be a zero-set neighborhood of the
point x. In fact, it is sufficient to consider the map g = (2f—-1) V0.
Therefore, a locally Lindelof Ts4-space X is locally bounded with re-
spect to the boundedness

Zey={AcX : Acf~1(0), f~1([0,1]) is Lindelsf & fe C(X,[0, 1])}.

We note that, if X is locally bounded with respect to a boundedness Fy,
then Cyc Fy. If JFx is also closed with respect to countable unions, then
LxC T « too.

If aX is an extension of X, then there is a natural boundedness in X
associated to aX. In fact, if we define

Ix(aX) = {AcX: ClyA = ClyA},

then d(x(aX) is a boundedness in X. We remark that if aX is T and aX\X
is closed, or aX is T, and aX\X is compact, then X is also locally bounded
with respect to ICx(aX).

Now, let X be an unbounded space with respect to Fx and let Ny be
the collection consisting of the empty set and the unbounded open sub-
sets of X. Let B be a basis for the open subsets of a topological space Y,
and assume that Ye B and B is closed with respect to finite unions.

We say that m =74 5: B— Ny, with 7(U) = § for every U=§, is a
B-map, if it satisfies the following conditions:

B1) if {U;};caC B is a cover of Y, then X\‘UAﬂ(Ui)Ec_‘TIX;
B2) if U, Ve B then '

a(UUV) A(U) U a(V)) e Fy;

B3) if U,Ve® and UNV =§ then () N a(V) € F.

In the following, a B-map w: $— Ny, with B closed with respect to
unions of cardinality < a, will be also called an a-B map.
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Now, a topological extension of X can be constructed by means of a
B-map. If Ty is the topology of X and S$= {UU (m(U)\F): Ue 3B,
F=TF, Fed}, then TxUS is a basis for a topology on the disjoint
union XU Y. To prove this, it is sufficient to imitate the proof given
in [1] (see p. 852).

The set X U Y, endowed with the topology generated by T'x U S, will
be denoted by X lJ.ZJY and will be called a B-extension of X.

We observe that X is open in X lJJY, and the topologies of the sub-

spaces X, Y coincide with the original topologies. If § = Ue ®, then
(V) ¢ Fx. Hence n(U)\F = @ for every F € Fy. It follows that X is dense
in X 9 Y.

If X is a space with boundedness Fx, we say that a continuous map
f: X—Y is B-singular (with respect to Fx) if, for every non-empty
UeTy, f~1(U) is unbounded in X. We note that, if f: X—Y is B-sin-
gular, then 7 =f"1: Ty— Ny is a B-map.

If J% is a boundedness in X, then Fyx= {FeJ%:FeJy} is also a
boundedness and one has that F e Fy iff F € Fy.

A boundedness Gy with the property that F e Gy iff F € Gy (that is
Gx= éx) will be called a closed boundedness. Clearly, Cx, £x, Z£Lx and
IHx(aX) are closed boundednesses.

Now, if # = w4 5 is a B-map, then & = 7w 4 5, defined by 7w(U) = a(U)
for every U e &, is also a B-map and we have that X UY = X UY. In fact,

a(U) ¢ Fx implies #(U) ¢ Fx and the closed unbounded subsets with re-
spect to Fy are just the closed unbounded subsets with respect to F.
Hence, every B-extension of X can be considered as a B-extension with
respect to a closed boundedness. Therefore, we can assume, without re-
striction from the stand point of B-extension, that every boundedness we
consider is a closed boundedness.

Now, let aX be a B-extension of X. We show there is a maximal
boundedness My and a B-map #' = 7 g g, such that aX =X !}J'Y'

PROPOSITION 1.1. Let aX=X ';:JY be a B-extension of X, with B-
map v =mg 5. Then FxCIHx(aX) and there is a B-map nt' =T g s ax)
such that aX =X UY. If Y is compact, then Fx = x(aX).

ProOF. If Ae J, then YU (Y)\A is an open neighborhood of Y
that does not meet A. Hence ClxA = Cl,xA and so A € 3x(aX).
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Now, we observe that if § = Ue B then a(U) ¢ 3x(aX). Otherwise
UUn(U)\Clyxn(U) = U U a(U)\Clyn(U) = U would be a non-empty
open subset of aX contained in aX\X. Therefore, we can consider the
B-map 7' =g s.ax) defined by n'(U) = n(U) for every Ue B. Since
Fx C Hx(aX), then we have TXUY TXUY On the other hand, every basic

open of X UY of the form UUx’ (U)\F UUa(U)\F is also open in
aX=X 9 Y, because F = ClxF = Clx F. Hence Txyy= Txuy.

Now, suppose that Y is compact and let A e I(x(aX). For every
yeY, there is a basic open U,Un(U,)\F, containing y such that
U, un(U)\F,)NA=¢. If {U,, ..., U,} is a finite subfamily of
{U,}ycv that covers Y, then

Ac (X\.yln(Uyz)) UF,U..UF, eJx. =

We note that, if 7 =74 5 is a B-map and X 9 Y is Ts-compact, then

Fx = Hx(aX) = Cx. Moreover, if X is Tp-locally compact and Y is Ts-com-
pact, then the B-maps (with respect to Cx) are exactly the ESH’s as de-
fined in [1]. In fact, let &: 8 — Ny be such that X\n(Y) € Cx and a(U U
UV) A(@(U) U (V) e Cxforevery U, Ve B.If U = {U, };.aC Bisacover
of Y and {U,, ..., U, } is a finite subcover of Y, then X\n(Y) =

=XAn(Y)eCxand n(Y) 4 kllen( )) € Cximply that X4 U n(Ulk)

= X\(kL:Jl”(Uik)) € Cx. Hence X\ _UAn(Ui) € Cx too.

If X is a space with boundedness &y, then the relation defined by
A ~ B iff AAB e J is an equivalence relation in 2%, Finite unions and in-
tersections are compatible with it. Moreover, if F is closed under unions
of cardinality y, then one has that also unions of cardinality y are com-
patible with ~.

ProPOSITION 1.2 (see Prop. 1.1 in [2]). Let X be a locally bounded
space with respect to Fx. If 1 =m g z: B—> Nx is a B-map, then every
map ' : B—> Ny such that 7(U) Ax' (U) € Fx, for every Ue B, is also a
B-map such that X UY =X UY.

PRrROOF. It is easily seen that x' is a B-map such that Txyy=
= TX’[’J'yv. ]
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Now, we will see that the Hausdorff property of X 9 Y is ensured un-

der the assumption that X is locally bounded, namely that X is locally
bounded with respect to a closed boundedness.

The proof of the following statement is straightforward (see the
proof of Prop. 1 in [1]).

PROPOSITION 1.3. Let X and Y be Hausdorff spaces. If X is locally
bounded with respect to a (closed) boundedness Fx and n=rmg 5 is a
B-map, then X gY is a Hausdorff space containing X as a dense
subspace.

With an argument suggested by the last part of the proof of Prop. 1.1,
one can also prove the following proposition.

PROPOSITION 14. IfaX=X lj;lY is Hausdorff, with n=mg4 g, and
Y is compact, then X is locally bounded with respect to Fy.

THEOREM 1.5. Let aX be a Tgextension of X such that aX\X is
closed and 0-dimensional. Then aX is a B-extension of X.

Proor. We denote by B the basis of ¥ =aX\X consisting of the
clopen subsets of Y. If U € B, by the normality of aX, we have that there
is an open subset A of aX such that A N (aX\X) =U and aX\A is a
neighborhood of Y\A. In fact, U and Y\U are closed (and disjoint) in aX.
For every U € 8, choose such a set A. Observe that, if B is another subset
of aX that satisfies the same conditions, then ANX)ABNX)e
€ 3x(aX). Moreover, (Cl,x(ANX))\X = U implies that if U =@ then
AN Xe¢dx(aX). Hence, we can define = m g s, qx) by setting a(U) =
=ANX. We note that X is locally bounded with respect to (x(aX).

Now, we check the B-properties of 7. First, suppose that U = {U; };.;
is a cover of Y of members of ®B. Since every U; U z(U;) is open in aX,

then X\ AUIJL'(Ui) = aX\(.UI U; Un(U;) | is closed in aX and so it belongs

to %X(GX).
Let U,Ve®. If 0O=(UUa(U))UVUm(V)), then ON (aX\X) =
=UUYV and aX\O is a neighborhood of Y\(U U V). Therefore,

ONX)Ar(UUV) =@(U)Ua(V)) An(U U V) € IHx(aX).
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Now, suppose U, Ve B and UNV =§, that is UN V=@. Then
Clx (m(U) N a(M)\X € (Clox (U)) N (Clyx e(V))\X =
= (Clax (X N (Clyx (V)X =UNV=4§
implies Clx((U) N a(V))c X and so o(U) N a(V) e x(aX).
Finally, we show that aX =X 9 Y. Obviously, TXl;’JY < T,x. Now, let T

be an open subset of aX and suppose y € T NY. Choose U, € B such that
ye U, and U,cT. Clearly, 7(U,)\T has no adherence points in T (that is
open in aX). Also, 7(U,)\T has no adherence points in Y\T. In fact,

(Clox (MU )\D)\X ¢ (Cloxy (U)\X = U,cT.

Therefore, F, = n(U,)\T € 3(x(aX) and we have y e U, U n(U,)\F,cT.
Hence,

T= U (U,0aU)\F)V(TNX),

and so TeTxyy. ®

2. — Lindel6f and other special extensions.
The proof of the next theorem is routine (see Proposition 1 in [1]).

THEOREM 2.1. Let X be a locally bounded T2-space with respect to a
(closed) boundedness GxC Lx (hence X is locally Lindelof) and let Y be a
Lindeldf To-space. If m=mg o is a B-map, then X ngY is a Lindeldof
To-space.

If X is a Hausdorff space, locally bounded with respect to Cy, and Y is
compact and Ty, then X l]JY is a T-space.

Now, we investigate regularity and normality of X 9 Y when X is lo-

cally Lindel6f and Y is Lindelof. Of course, we suppose that X and Y are
Ts-spaces.

THEOREM 2.2. Let X be a locally bounded Ts-space with respect to a
(closed) boundedness GyC Lx. Assume that every F e Gx is contained in
an open subset A € Gx. If Y is a Lindelof Ts-space and w=m g ¢, is an
w,-B map, then X UY is a Tyspace.
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ProoF. In view of Proposition 1.3 and Theorem 2.1 we have only to
show that X UY is regular.
Let I be a neighborhood of x € X in X gY. If Uy=CilxU,cINX and

U, = Cly U, € Gy are neighborhoods of ¢ in X, then V=U,NU,cl is a
closed bounded neighborhood of x in X. Hence V is also a closed neigh-
borhood of x in X UY.

Now, let x € Y with ¢ € U U n(U) \F';. By hypotheses, there is an open
subset A; of X such that F,cA,c A, and G, = A, € Gx. By the regularity
of Y, there exist W, W, e B such that xte Wc WcW,;cW,cU. If ye
e\Uc Y\W,, let V, € B be such that x e V,,c Y\ W,. Since Y\U is closed
and Y is Lindelof, then the open cover {V,},.y of Y\U has a countable
subcover {V, },-1, and one has

N\UcV= U V,c\W,.

Now U, Ve B and UU V=Y imply F, = X\((U) U 7(V)) € Gx. Denote
by A, an open subset of X such that F,cA,c 4, and G, = A4, € Gy.

Since VN W =¢ we have that a(V) N a(W) e Gx. If we set G3=
= a(V) N (W) then one has a(V)N (m(W)\Gs)=@. Now, we claim
that

WU a(W)\(G,U G, U Gg) c U U a(U)\F;.
Suppose z¢ U Ua(U)\F; and ze X. Then
ZE.T[(V)UFluFZCJT(V)UAIUAzcﬂ(V)UGIUGg,

and (V) UA; UA, is an open neighborhood of z that does not meet
WU a(W)\(G, U G, U Gj3).

Finally, let z¢ UU z(U)\F; and ze Y. Then ze V and VU n(V) is an
open neighborhood of z that does not meet WU n(W)\G;. =

By the way, we note that, in the previous theorem, if Gy is closed un-
der countable unions, it is sufficient to assume that 7 is a B-map (in place
of w-B map).

Let us see the theory at work in the following example. It also shows
that Lindelof extensions of locally Lindelof spaces are not always
compactifications.

ExaMPLE 2.3. Let E be an uncountable set, viewed as a discrete
space, and consider X =S X E, f: S X E—S the canonical projection,
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with S the Sorgenfrey line. Then X is a non-Lindel6f locally Lindelof
space, which has a Lindel6f non-compact B-extension aX =X QS, with
respect to the B-map

a=f"1:Ts—>Ny= {0} U{McX: M is not relatively Lindelof} .

In fact, for every UeTs\{#}, f'(U)=UXE has a closure U XE =
= U{U xq: qe E'}, namely U X E has a partition in an uncountable family
of non-empty open sets. Then f~!(U) is not relatively Lindelsf and fis B-
singular. By definition S is closed as a subset of aX, therefore aX is not
compact. On the other hand, X is obviously T34, therefore has T»-com-
pactifications, and in each of them the remainder is not closed, since X is
not locally compact. From Theorem 2.2, we know that X 9 Yis a
T,-space.

If a space X is T3, we have already observed that X is locally bound-
ed with respect to ZLx. Since for every F' e ZLyx there is an open A € ZLy
containing ¥, we have the following result.

THEOREM 2.3. Let X be a locally Lindeldf Tsi-space and let Y be a
Lindeldof Ts-space. If =7 g 40, 18 an w1-B map then X gY is a Lindelof
Ts-space.

In the previous theorem, if X is a locally Lindelof 7;-space, ZLx can
be replaced by £x. In fact, we have the following proposition.

PropPoSITION 24. If X is a locally Lindelof Ts-space then ZLy = Ly.

PrOOF. Let F e £x. For every y e F, let U, be an open neighborhood
of y with Lindeldf closure. The open cover {U,},.r of F has a countable

subcover {U, }-. Then the open subset U = !1 U,, of X contains F and
is contained in U’ = lzllm, that is Lindeldf. Now, by the normality of X,
there is fe C(X,[0, 1]) such that

Fcf~Y(0)cf 4([0,1)cUcU’".

Then f~1([0, 1)) is Lindelsf because it is a cozero-set contained in the
Lindelof set U'. m

Now, let X be non-Lindeldf locally Lindelof , and Y= { o }. If X is
T3y, let w =y, 2, be the map defined by #( ) = X. Then X U{ o }, that



132 Alessandro Caterino - Stefano Guazzone

is Ty, is just the «single-point Lindeltfication» considered by Tkachuk
in [8].

If X is T, but not Tsy, and 7w =7 q, ¢, is defined by () = X then
XU{=} is a Lindelof Tr-extension of X, that is not T,.

We observe that, by Theorem 2.2, it follows that a T;-space X is local-
ly Lindel6f and T3, if and only if X is locally bounded with respect to
ZcBX.

If aX is a Tp-extension of a space X with |aX\X| = n, then X is locally
bounded with respect to d(x(aX). If aX is also Lindel6f, then ICx(aX) c
C £y and so X is locally Lindel6f. Now, we show that aX is a B-extension of
X. This result could be proved in a way similar to that of Theorem 1.5.
Here, a slightly different proof is presented, which will be useful to
prove the next theorem.

PrOPOSITION 2.5. Let aX be a T.-extension of a space X with
|aX\X| =n. Then X is locally bounded with respect to 3x(aX) and aX
is a B-extension of X.

Proor. Let Y=aX\X={y), ..., ¥} and let Uy, ..., U, be mutual-
ly disjoint open neighborhoods of {y, ..., ¥,} in aX. Since U;NX¢
¢ Xx(aX) for every i, we can define w =7, s,qx) by setting

W{yis - 9D = (U, NX)U ... U (U, NX).

It is easily seen that & is a B-map. Now, we show that X 9 Y=aX.
Clearly Txyy < T,x. Conversely, let A be an open subset of aX. If AcX,
then A is obviously an open subset of X 9 Y. Suppose y; € A for some k.

Since  y;¢Clx(U,\A) for every i=1,...,n, we get
Fk = Clx(Uk \A) = Clu.X(Uk \A) € DCX(aX) Hence, if AN (CLX\X) =
= {¥Yk,» ---» Yi,}» then we have

A= (jl:»'l({ykj} U ”({?/kj})\ij)) U(XNA),
and A is open in XUY. =

Now, we characterize the spaces that have a T,-extension with finite
remainder (compare [6]).
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THEOREM 2.6. A Hausdorff space X has a Tyextension aX with
|aX\X| =n iff X ts locally bounded with respect to a boundedness Fx
and there exist n mutually disjoint unbounded open sets A, ..., A,cX
and a bounded set FcX such that

X=A,U...UA,UF.

ProoF. The proof of the above proposition shows that the condition
is necessary. Conversely, suppose that the condition holds. If y, ..., ¥,
are n points not in X and Y= {yy, ..., ¥,}, we define =, 5 by
a{¥i, ---» ¥, }) =A; U...UA, . Then nis a B-map and aX =X lJJYis a

To-extension with |aX\X|=%n. =

From Prop. 1.1, it follows that in a Hausdorff space X, the existence
of a boundedness Fx with the properties as in in Theorem 2.6, implies
that Fy = 3(x(aX) for a suitable T»-extension aX of X.

A consequence of Theorem 2.6 and Theorem 2.1 is the following.

COROLLARY 2.7. A Hausdorff space X has a Lindelof To-extension
aX with |aX\X| = n ff X is locally bounded with respect to a bounded-
ness GxC Ly and there exist nm mutually disjoint unbounded open sets
A, ..., A, cX and a bounded set FcX such that

X=A,U...UA,UF.

Now, we give an example of a Lindeléf T,-extension of a locally
Lindelof space X that cannot be obtained as a B-extension with respect
to L.

ExampLE 2.8. Let E be a discrete non countable space, and let
E =S U T be a partition with S countably infinite. Consider further a two
points set Y= {a, b} disjoint from E, S =S U {a} the one-point com-
pactification of S, 7 =T U {b} the Lindeléf one-point B-extension of T,
with respect to 7 = 7 3, ., defined by #({b}) = T. Then, the topological
sum L = S + T is T, Lindelof and ¥ is dense in L. But L, that is a B-ex-
tension of £ with respect to the boundedness 9Cz(L), cannot be obtained
as a B-extension of E with respect to the «Lindeléf» boundedness £z. In
fact, 9Cz(L) # L5, and, from Prop. 1.1, we have that if 7' =74 5 is a
B-map such that L = E]EJ Y then Fz = 9Cz(L).
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We recall that a space X is said to be [0, x]-compact if every open
cover of X of cardinality < k has a subcover of cardinality < 6. If 6 = w,
then X is said to be initially x-compact, and if |X| < k, then X is said to
be finally 6-compact. Lindeldf spaces are exactly the finally w ;-compact
spaces.

For a space X, Cx(0, k) = {AcX: A is [0, x]-compact} is a bounded-
ness in X. We say that a space X is locally [6, x]-compact if every point of
X has a [0, x]-compact neighborhood. As in the Lindelof case, if X is T,
then X is locally [0, x]-compact if and only if X is locally bounded with
respect to Cx(0, k).

Proposition 2.1 can be easily generalized to [0, x]-compact case.

ProPosITION 2.9. Let X be a locally bounded To-space with respect
to a (closed) boundedness SxC Cx(0, k) (hence X is locally [6, x]-com-
pact) and let Y be a [0, x]-compact Te-space. If 1= 4 ¢ is a B-map,
then X UY is a [6, x]-compact Ty-space.

Theorem 2.2 can be generalized to finally #-compact case in the fol-
lowing way.

THEOREM 2.10. Let X be a locally bounded Ts-space with respect to
a (closed) boundedness Gxc Cx(0, k), with |X| < k. Assume that every
F e Gx is contained in an open subset Ae Gx. If YisTsand t=m g g, is
a 6-B map, then X UY is a Ts-space.

Finally, Theorem 2.3 and Corollary 2.7 have similar generalizations
to the finally #-compact case.
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