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On an Elliptic Equation with Exponential Growth.

J. A. AGUILAR CRESPO - I. PERAL ALONSO (*)(**)

ABSTRACT - In this paper we deal with the following nonlinear degenerate elliptic
problem

®) {—A,,us — div(|Vu|P"2Vu) = AV(x)e* in QcRY, N=2,

uIBQ=O’

where p > 1,1 > 0, Q is a bounded domain in RY and V() is a given function
in L7(£) (¢ depending on the relationship between N and p). In particular,
we study the existence of solutions in W}'? (), considering the cases: 1) Ex-
istence of solution for A small and V possibly changing sign in Q. 2) Conditions
for positivity of solutions, with V changing sign in . 3) Existence and behav-
ior of the minimal solution for V(x) = 0 in 2 and p < N. 4) Existence of sol-
ution for V possibly changing sign in £2 and p = N. 5) Full analysis of the radi-
al solutions for V=7"%,a < p, |x| = r. It has to be remarked that these re-
sults are new even for the semilinear case, p = 2.

Introduction.
We study the following problem,
®) { —d,u= —div(|Vu|? "2Vu) = AWV(x)e* in QcRY, N=2,
uloe =0,

where p > 1, 1 > 0, x € 2 a bounded domain, and V(x) is a given func-
tion which may change sign in Q.
The case V = constant has been studied in [GP] and [GPP] for gen-

(*) Indirizzo degli AA.: Departamento de Matemaéticas, Universidad Auté-
noma de Madrid, 28049 Madrid, Spain.
(**) Both authors supported by project PB 94-0187 CICYT MEC Spain.
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eral p. The semilinear case p = 2, with constant V too, has been exten-
sively studied; see for instance the papers [Bd], [F'], [Ge], [GMP], [JL],
[MP1] and [MP2]. Motivation for the model in this case p =2 can be
found in [Ch], [FK] and [KW].

On the other hand, the case p = 2 and V a given function has a few
precedents, see [BM] and [KW] for N = 2; the general case is new at
all.

The aim of this paper is to show the following results for Ve L?(£2),
where g=1for p>N,g>1for p=Nor ¢>N/p>1for 1<p<
< N.

(1) If A is small enough, then there exists at least one solution to
problem (P) for ¢ > N/p > 1.

(2) If 1 is small enough, then there exist at least one solution to
problem (P) for p = N.

3) If A is large enough and V =0, the problem (P) has no
solution.

(Obviously, if V' < 0 then the maximum principle implies that prob-
lem (P) has one negative solution).

In addition, we find a sufficient condition related to the existence of
positive solutions to (P) with V changing sign in £, a result new even
for the semilinear case p = 2.

We also prove that the first eigenvalue for the p-Laplacian with
weight Ve LI1(R2), V(x) = 0, is simple and isolated. This result is an ex-
tension to our context of those by [An], [B] and [L]; it will be used in
the study of the nonexistence of solutions to (P).

The paper is organized as follows: first, we show the existence of
solution to (P) for Ve L1(R), in case V may change sign in £ and a suffi-
cient condition about the positivity of the solution when V changes sign
is obtained. Next section is devoted to study the behavior of the mini-
mal solution for 1 < p < N, V = 0. Variational methods are used for the
case p = N, V possibly with non constant sign. Finally, after dealing
with the nonexistence of solutions, we analyze the radial solutions on
the unit ball for V(r)=r"%, a<p, r= |z|.

Before studying the existence of solutions, we give some definitions
for solutions to the problem (P).

DEFINITION. We say that w € Wi P () is a regular solution (P) if
and only if e*eL”(Q), and the equation holds in the semse of
W-LP(Q). If V() e* e L*(RQ), we say that u is a singular solution of
(P), and the equation holds in the sense of @'(RQ).
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Obviously, if e W}P(Q) with p > N, Morrey’s Theorem [GT,
Ch. 7] implies that e* € L > (£2). So, we just need V(x) e L'(R). On the
other hand, by using the Stampacchia’s lemma [S] and Trudinger’s in-
equality [GT, p.162], we get that a solution of (P) for p=N, ue
e Wa ¥ (), verifies u e L ® () whenever the function V belongs to
L9(R2), g > 1. In other words

PropPOSITION. If Ve L9(R2), with either q=1,p>Norq>1,p=N,
then any singular solution of (P) ue WyP(R) is a regular sol-
ution.

1. - Existence of solution for A small.

We show in this section the existence of solution to the prob-
lem

) { —A,u=AV(x)e* in QcRY, N=2,

ulag =0 ’
by means of a fixed point argument, where A > 0, x € Q, a bounded
domain, and V(x) is a given function in LI(2),¢=1if p> N, ¢>1if

p =N and ¢ > N/p otherwise.
It has to be noted that V may change sign in Q.

LEMMA 1.1. Let Bs;={pe C(Q): |p| <0, @|sg =0}, 6>0. Let

F,: By — L~ () defined by ¢ — F; (@) = y, where y verifies the follow-
ing problem

{ -4,y =AV(x)e? in 2,
ulse =0,
Then,

bl < CellVil,)
where C = C(p, N, Q) and y > 0.

PrOOF. Case p>N. In this case, W}?(Q)cL*(Q) and by
Sobolev inequality we obtain the following estimate

Iyl < Cp, N, @)Ae?|V]|,)Mp =D
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Case 1 <p < N. Since ¢ is bounded, we get that AV(x) e? belongs
to LY(R), ¢ > N/p. Hence, AV(x)e? belongs to W™17(2) for r>
> N/(p — 1). Then, there exist f;, f3, ..., fy in L"(8) such that, Vn e
e Wy (Q),

[ 1Vol2-%Vy, Vn)dz = (£, Vn)da

where f= (fi, f2, ..., fy) and AV(x) e? = — div f (see [Br, Prop. 1X.20]).
For k > 0, if we take as test

y-k yp=k,
n=sign(y)|y| -B*=Jv+k y<-k,
0 ortherwise,

then Vnp=Vy in A(k)={xe Q: |p(x)| >k} and 7 =0 in Q\A(k).
Then

Ak) A(k) Ak)

J |Vy|Pde = J(f,Vﬂ)dx$( I valpdx)l/p”furIA(k)Il—l/p—l/r.

That is

( | |V¢|pdx)(p—wps||f|lr|A(k)I“‘/”“/’-
Ak)

For p < N, by the Sobolev’s inequality (S/? being the best constant for
this inequality, p* = Np/(N — p))

Sl/p( I |w|padx)l’/p‘s( J' |V¢|de)p/p.
A(k)

A(k)

The case p = N is reduced to the case p < N because of the embedding
WV (Q)cWHP(R) for 1 <p <N (2 is bounded). Therefore

S(P-/p J' |¢|P’dx)(p_l)/p‘s"f”rlA(k)ll—l/P—l/'r'

A(k)
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If 0<k<h, A(h) cA(k). Then

j h - k)P‘dx)””' <

|AR)|MP" (R — k) =
A(k)
[ [ e <[ [ ra)
A(h) Ak)

Finally

AW < i T LFIe D (A= e yle -,
In other words

|AR)| < L __ 1 | flle* /2 =1 A(k)|#* @/p = 1/etp ~10)

Sp*/p (h — k)”'

Since » > N/(p — 1), the exponent for |A(k)| is greater than 1. So, we
can apply Stampacchia’s Lemma, [S], to conclude that there exists some
h for which |A(R)| =0, that is, y e L* () and

"w”” <sC(p,n N, 9)(166”V||q)”'/”. ]
In addition, the inequalities in RY
Cple—yl” fpz2,

(le|P 722~ |y|? 2y, x —y) = |z —y|2
" (lx) + [yEr

imply the following result

LEMMA 1.2. Given f,, foe W 1P (Q), consider u,, use W3P(RQ)
such that —A,w; =f;, i =1, 2. Then:

[(hi= )00 = ) do = [(1Vs 172Vt = [Vt [P 2 Vity, Vity = V) dr >
2 Q

C,,flV(ul—uz)l"dx fp=2,
2

>
| V(u, "'4‘2”2
)|

de ifp<2.
(\Vas | + |Vaig |27 fp

Q
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As a consequence

ij |V(uy = up)|Pde < lug — wellwp e | 1 = fellw-1r@ P22,
Q

[y = wellwp.p 0 <
< Cp (Ve Iy 2y + Ve Biar@))® 2N f1 = follw-1r ey if P <2.
Now we can state the existence theorem

THEOREM 1.3. If A is small enough, then there exists one solution
to the problem (P).

PROOF. Lemma 1.1 implies that, for A small enough, F'; applies the
ball of radius 6 in L * () to itself. On the other hand, if v, = F,¢,,
Yo = F, @5, where ¢@,, ¢ € Bs, Lemma 1.2 implies

)’o[ |Vy, — Vo, |Pde <
@

<2e’llor = @2l lvs = wela VI 1217 yo(p)>0, p=2,

71] |Vy, — Yy, |Pda < 2el [ @, — @22 |y, — welP2 -
Q

(ille +llwell )22 V] 1217 yi(p)>0, p<2,

by means of the mean value theorem. Therefore by either Sobolev in-
clusion in the case p > N, or by Stampacchia method in the general
case,

1F201—Fagzlle =llv1-yal. <Clp, N, 2, [V )2 P @1 - @2l

where y(p) > 0. So we have proved that F; is contractive if A is small
enough; therefore, the classical Banach-Picard fixed point theorem al-
lows us to conclude the proof. =

REMARK. In the case p = N, the potential can be considered with
less regularity. Precisely V e L' (log L)? (), the usual Zygmund space
with B > N — 1, gives that each iteration in the proof of Theorem 1.3
verifies u € L™ (2). (See [BPV])).
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2. — A sufficient condition of existence of positive solution.

When the sign of the potential V is constant, it is easy to know the
sign of the corresponding solutions. In this section we will give a suffi-
cient condition related to positive solutions with V' changing sign. This
result is new even for the semilinear case, p = 2, which is treated
following.

Let us consider the problem,

—-Adw=V(x) in QcR¥, N=1,

) { (x)
u‘aﬂ =0 ’

where x € 2, a bounded domain, and V(x) is a given function in L9(Q)

changing sign in 2 (¢ = 1if N > 2, ¢ > N/2 otherwise). We assume that

Q verifies the classical interior ball condition.

Let us assume that w > 0 in Q, that is, if G(x, &) is the Green’s func-
tion for £,

w(x) = j Gz, E)V(E)E> 0.

’
Since V=V* -V, we get (V* =max(V,0), V- = max(-V, 0))

wi (@) = [ G, HHV* () > [ Gla, HV™ () dE = wy(a)
2 Q
where w;, w, are the solutions of the problems
{ ~dw,=V*(x) in Q,
Wy a0 =0,

{ —Aw, =V (x) in 2,
wzlag=0-

Let y(x) be the function defined in Q by

W (@) if xe 2,
y() = w, ()
) dw(x)
—_avw2 @ if xedf,

where v is the exterior unit normal to R, This function is well defined,
positive and continuous in 2 by the Hopf’s Lemma. Let us suppose that
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mig y(x) = 1 + m for some m > 0. That implies w; > (1 + m)w,. Let M

be such that M = |y|..

Now, if we take a function @ such that 0 < ¢ < 6 log(y(x)), with
0 > 0 to be determined, we can define for A > 0 the application T, as
follows

¥ ="Tip=1[Glx, HVEe™® dE.
Q

Thus

T, zAJ'G(w, EYV* (&) dE -
Q

—XIG(w, E) V™ (E)Y(E))° d& = Awy (x) — M°wy (x)),
Q

then we can take 6 small enough to get
T, @ = Aw, (x) — M°w, (x)) > Alw; () — (1 + m)w,(x)) > 0.

Then, T, ¢ is positive if d is small enough. By fixing a 6 in tyhese hy-
pothesis, T; sends the ball of radius M° in L > () to itself and is con-
tractive for 4 small enough, by Theorem 1.3. In this way the existence
of one positive solution to the problem

) { —du=AV(x)e* in QcRV,

ulae =0,

can be shown by means of a fixed point argument (u = T, u), as a conse-
quence of the positivity of the solution to (P’).
Then we conclude with the following result.

ProPOSITION 2.1. Let p=2, w,, w, as above. If w(x)=
= (1 + o(x)) wy (x) bounded function and o(x) = m > 0 in 2, then prob-
lem (P") has at least one positive solution for A small enough.

Now we take p general. The corresponding result is the follow-
ing
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THEOREM 2.2. Let w be the solution of
{ —A,w=V*'(@®) -1 +u@)V () in QcRY,

ulse =0,

where Ve LI(Q) changes sign in (=1 p>N,q>1ip=N,
q > N/p otherwise) and u(x) verifies that there exists a positive con-
stant m such that u(x) = m > 0. Suppose that w > 0 in Q; then, if 1 is
small enough, there exists one positive solution to (P).

ProoF. Let O =log(1l+ m)/? (hence, e**=1+m and e ’=
= (1 + m)~'/2). Theorem 1.3 now implies that there exists one solution
to (P) belonging to the ball B;. Let v such a solution. then

—d,p =AV*(x)e¥ -V (x)e¥) =

AV (@)e =V (®)e®)=Ae (V' (x) -V (x)e?).
That is
—A4,p 2 A1 +m) BV (@) - (1+m)V ™ () = A1+ m) 2(-4,w).
The weak comparison principle allows us to conclude that

py=2CA,mN)w>0 inQ =n

3.-V=0and 1 <p<N. Minimal solution.

We show in this section the existence of a solution to the problem
(P) for the case 1 < p < N, V = 0 by comparison arguments. The follow-
ing results are extensions to the variable coefficients case of those
in[GPP]. We give the proofs of the results that need some
changes.

DEFINITION. We say that we WPP(R2) (WHP(2)NL*(Q) for
1 <p < N) is a regular supersolution of problem (P) if

—d,u = iV(x)e” in Q,
u|8!2= 07

We say that u,,, a solution of (P) is minimal if, for each supersolu-
tion w of (P), we have u,, < u.
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With this definition at hand, we study the existence and behavior
of minimal solution of (P).

LEMMA 3.1. Let uy be a regular supersolution of (P). Then, there
exists 0 < u,, < uy, u, being a minimal regular solution of (P).

COROLLARY 3.2. If there exists regular solution of (P) for A, > 0,
then there exists regular solution for all A < A,.

THEOREM 33. If Ve Li(2), ¢ > N/p > 1, there exists a constant
A* such that if A < A*, problem (P) has one positive solution.

THEOREM 34. If uge Wi'P(RQ) is a singular solution of

—dyuy=A*V(x)e*™ in Q,
(P1+)

ulaQ = 0’
where Ve L1(R2), ¢ > N/p > 1, then, for all A€ (0, A*) the problem

—d,u=AV(x)e" in Q,
(P;)

“|ag =0 ’
has one positive minimal regular solution we WP (2) N L= ().

PrOOF. If u, is a singular solution, then V(x)e“ e L' () and we
can consider V(z)e* e W17 (Q). The function

1 \V(-D
u1=(F) Uo

is a solution of the problem

{ —d,u; = AV(x)e™ in Q,

ulog=0.

. . 1/(p-1) 1/(p—-1)
and it verifies W@)¥AV" Vgme @MYV g <y <y, and
V(x)e™ e WP (Q); moreover

jV(x)u{dx< jV(x)ugdx< jV(x)ede © Vre(l, ).
Q Q Q
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If we consider the problem

{ —A,uy =AV(x)e™ in Q,

Us o0 =0;

then u, € W§'?(R); by using the weak comparison principle, we have
0 < up < u; < uy and

jV(x)ugdx <.
Q

By the convexity of f(t) = e™ for 0 <t <1, we get
€™ + (1 —t)xge™™ < ™,
Then, if t = (1/2*)/? -V and 2, = u,,
e+ (1 —t)uge se™.
Since uy < u; < ug,
() Ae < e — (1 —t)use™.

In addition,

-1
—Ap(pp v”/(”‘”) = —vd,v— |Vo|?.

By replacing v for u, in the last equality, we arrive to

-1
_Ap(pp ué’/(?—n): _uZApu2_ |Vu2|psllu2V(x)eul'

Now, by the homogeneity and (*)

-1
—A,,((1 — Y- pp ug/“’—”) <UL - uy V(@) e <

S AV(x)e™ + A(1 — ) u V(x)e™ < AV(x)e™ = —A,u, .

If we assume that u$/? =V e W} P(Q), by applying the weak compari-
son principle,

(1—-t/»=b p; L wp/P =V <y,
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and
Viw) e~ 07 @ = 1/mad/?™0 ¢ 10y,

Therefore, if V(x) e LI(2), with ¢ > N/p > 1, then V(x)e™ e L"(Q),
for » > N/p (by the Hélder inequality). So, the Stampacchia’s lem-
ma [S] implies that use L~ (), u; being the third iteration. In this
way, we have obtained a regular supersolution of (P;). Lemma 3.1
states that there exists one positive minimal regular solution of
P.

It remains to show that uf/? =V e W§'P(Q). We observe that

(#%) —Ap(p; . ué”/""”) = Au V(w)e™ — |Vuz | e L1(Q)
since V(x)e“ e W~ 1P (Q) and

lJuZV(w)e“Idx= j | Vg |Pdas = [|Vatg|p < oo .
Q Q2

It we define w;, as

-1 -1
p ug/(p—l) if p 5 ué’/(p‘” <k,
w (%) =

-1
k if pp ué’/(P—l);k,

By multiplying (**) by w;, the Holder inequality gives

p—1
p

I | Voo, |P dac < Ajwkqu(a:)e“Idx <
Q

Jug’/(p “DH1Y () etdy =
Q Q

=A, 2__;__1 J[V(x)l_(1/1.)1/(P-1)u2p/(p_1)+1][V(x)(l/lt)l/(}’-l)eul]dx <
Q

p

-1
3
p

- *)1/(p-1) *\1/(p-1)
(IV(x)wz’dx)l (A/A*) (IV(x)e““dx)(m ) <
Q Q

Then {wj} is uniformly bounded in W§'?(£2) and therefore the limit
(p—1D/puf/?P~PeWpr(Q). =
We need the following resulit.

LEMMA 35. Let u = u(d) be a minimal regular solution of (P). If
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we define the set X as
X={veW}P(Q)|0<sv<u}

the following functional

.1_ p — u
J(u) J | Vau|P dae zgj Vix)e*da

is well defined on X. Then, the minimizer u € X for J is the minimal
solution w. Moreover, u satisfies the estimate

AJV(x)e“wzdx <(p-1) J |Vu|P =2 |Vw|2de Vwe WEP(RQ).
g

Q

(See [GPP] for a proof).

THEOREM 8.6. Let {A,},.n be an increasing sequence such that
An— A* = sup {A|(P;) has solution}
IfVeLi(2),q>N/p>1, and u, = u,(4) is the corresponding mini-
mal solution of (P, ), then w, — u* strongly in Wi'?(Q), V(x) e —

- WV(x)e* in LP*/P*~V(Q), and u* is a singular solution of (P;.).

Proor. If u,is the minimal solution of (P, ) we get, taking w = u,,
and using Lemma 3.5,

/1,,jV(x)e@ng§dx <(p- 1)[ |V, [P = (p — l)anV(x)e’—‘"undw
(o] Q 2

Let us introduce the sets &, = {x € 2|u,> 2(p — 1)}. Then, in Q - §,,
0<u,<2(p-1) and

A, j Vix)etrulde < (p — 1) 4, j V() e, do +
Q (AN

+(p — mnj V(x) etnu, dac < 2(p — 1)2/1ne2<P-1>jV(x)dx +
& Q

A
on Ungy, 2
+ 5 EJ' V(x)e¥rus d .
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Therefore
IV(x)e“"?_L,fdx <4(p—1)2%e(p - I)JV(x)dx
2 Q

and we get

[V(x)e@»gndx <c, j |Vu, [Pdz < C.
Q Q

Then, if we take a subsequence {u,}
(1) Uy, —u* weakly in Wy P (2).
(2) By monotone convergence e%*—¢* in L1 (Q).

Besides, {u,} is monotone (remember that 1, is increasing). Hence
the limit »* is unique and the whole sequence converges. In order to
prove that «* is a singular solution of (P;+), we consider the following
inequalities:

J|Vyn|”‘2(Vym V(p)dx=lJV(x)e“"<pdx Vo e WHP(Q),
9 @

1[V(x)eﬂn¢2dx <(p- 1)] |Van |P 2 |Vy|2de Yy e WEP(RQ).
Q Q2

If we take @ = (1/2a)(e?™» — 1), y = ¢®» — 1 in the above inequalities,
we arrive to

1 1 2
—=— — | [ V(x)e®* " Vindp < —=—— [ V(x)e* Vindy .
((p—l)a 2){! @) (p—l)agj @)
Taking a such that
1 1. 3+p
(p—l)a>2 ie. 2a+1<p_1

we get, using the Young’s inequality,

C(a)jV(x)e(2a+ Diin gl < IV(x)eﬁ"dx S IV(oc)eu'dx.
Q Q 9

If we also assume that

p* Np

20+ 1> =
* p*—1 N(p-D+p
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then we obtain by Hoélder inequality
[y sy /o= i =
2

= I(V(x)1/2a eun)p‘/(p‘ -1 (V(x)z"/‘z“ 1) )p*/(p* Do de <
Q

p*/(p* — 1)(2a + 1))

< ( J' V(x) e(2a + l)ﬁndw)
Q

. ( I V(x)2ap‘/((2a +1)(p* - 1) - p*) dx)l/((p* - DZa+ Dfp*) .
Q

As Ve L1(Q), ¢ > N/p > 1, this quantity is finite if

2ap* <N
2a+1)(p*—1)—p* P
that is
1 1
> = =
2 N+p-1

Since the following is always true

Np <c_Np  _3+p 1 1 <2
Np-1)+p N(p-1) p-1’ 2 N+p-1 p-1

all the requirements about the value of a hold: there always exists some
a verifying them.

Then, we have proven that V(x)e¥ e LP*/?* -~V (Q)c W} P(R), and
V(x) e%" converges in W17 (Q) by the monotone convergence theo-
rem. The continuity of (—4,): W17 () - W7 (2) implies that the
sequence {V(x)e%"} converges strongly in Wg'?(R). Therefore, if we
take ¢ € W3'?(Q)

I(IVu* |P~2Vu*, Vo)da = lim J(IV@nI”‘sz_Am Vo) de =
Q Q

= lim JV(w)e@"qodx = fV(m)e“*wdx. n
Q 2

The next result gives the conditions in which the limit minimal sol-
ution is regular or singular.
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THEOREM 8.7. IfV, A* and u* are as in Theorem 3.6 and the di-
mension satisfies

pgB+p) _ _pB+p)
d+q(p-1) 4/g+p-1

then u* e L™ (Q) and it is reqular solution for (P;.).

PrROOF. We have to show that V(x)e%re L"(R2) with » > N/p, since
the Stampacchia’s lemma [S] implies that ||%,/|. < C uniformly in 4, and
so the limit u* is regular. If we apply Holder inequality

J(V(x)eun yde = J(V(x)l/(z" +1) gl (V(ip)20/2a + DY oy <
2 [*]

2a+1-71)/2a+1)

< ( f V(.’X?) e(2a + l)undx)r/(Za +1) ( J' V(w)zar/(Za +1-7) dx)
Q

Q

We are assuming that Ve L7(Q), ¢ > N/p. then, the above quantity is
finite if

2ar
2a+1—’r<q
ie. (r>N/p)
2aN/p  _ 2aN <
2a+1-Njp  (2a+Dp-N 1
or
S (N-p) _
2(pg - N)

But we are also assuming that

Then

(N-p)gq 2 . rq(3 + p)
2a-M “p-1 " N<Tiqp-Dn-
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REMARK. If we take VeL™, the last relationship transforms
n

4p
N<p+;}—-:-i'

This is the relationship appearing in [GPP], where V= 1.

The previous results show that, under the regularity hypothesis
above cited about V = 0, there exists at least one positive regular sol-
ution of (P), for 1 < p < N. However, for the subcritical case p = N, we
can do a variational argument.

4. - V changing sign and p = N.

We will assume in this section the following hypotheses:
1) p=N.
@) Vix)eL1(RQ),q>1for p=N,q=1 for p>N.

(3) There exists an open ball Bc 2 such that V(x) >0 for
xeB.

In these hypotheses the comparison argument don’t work in gener-
al. But the condition p = N allow us to state a result by critical points
methods. More precisely we have the theorem:

THEOREM 4.1. There exists a constant Ay > 0 such that if A < A,,
problem (P) has two regular solutions at least.

Hypothesis (3) imply that V* #0: it plays a fundamental role in the
existence of two solutions: notice that for V< 0 (i.e. V* = 0) there is
only one negative solution. The proof of 4.1 follows the argument used

in [GP] for the case of constant potential.
The energy functional corresponding to our problem is

-1 P gy — u
Jw) = 3 j|Vu| da AJV(x)e da.
Q Q
It satisfies the following inequality

J(u) = % [ 1Vulpde - 2]V],Cexp
Q2

D(J |vu|de)N/”]
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where C = (k,|2[)V/% and D =k (¢')V | Q|®~ YN (k,, k, are the
constants that appear in Trudinger’s inequality [GT, p. 162]).

LEMMA 4.2. The functional J wverifies the Palais-Smale condi-
tion.

ProoF. Let {u;} cWj'?(2) be a Palais-Smale sequence for J;
ie.

J(u))—C,
J'(uj)—>0 in WLP(Q).

It is necessary to show that any Palais-Smale sequence contains a
subsequence which converges strongly in Wg'? (). If &; = J'(u;) then
¢;—0 in W17 (Q); therefore, we can assume that ||¢;|w-1r g <1,
and

C= hm{J(u])— p<8”u]>+ p(e],u]>}2

u- 1 1/p
P % S P >
>}l{2[zp J |V, | dx+lIV(x)e ](Zp l)dx %5 (Qj | Vau, | dx) ]
i 1 P g _ 1 P 1e
zjllnl[% Qj |Vu, |Pdec + A ||V ], Co | 2| 2 (J |V, |P dae
where
—C. =minle* X —
Co ﬂlg[e (2p 1)] <0

since

g(x) =e” ('2; —1)

is a continuous function defined in the whole R that verifies g(x) -0~
as ¢ — — o and g(x) » » as & — . Hence g attains a minimum value
- CO < O.

Thus, the sequence {u;} is bounded in W3 P (£2); the rest of the proof
of Lemma 4.2 is identical to the one appearing in[GP] for
V=1 =
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As in [GP], it is easy to show the following properties of the func-
tional J for 0 <1 < 4,:
@ IfJO0)= -2 J V(x)dx <0, ie. if jV(x) dx = 0, the functional
Q Q
J verifies that, for A small enough there exist R, >0, g e R such

that if |Vu|, = R,, then J(u) > ¢ > J(0): by taking R; =1, o = 1/2p,
A < @p|V],CeP)!, we get

1
5 - A|V|, Ce? > 35 =0 > J(0).

@ If j V(x)de = — a > 0, then J(0) = Aa. If we take ||Vu|, = R;,
we have ¢

J(u) = 1

P
J(u) = % - A| V[, CePR > % > la = J(0)

whenever

p_
A<min| —2—@ 1}
plvi,ce?™ " P
(3) There exits wy € Wg'?(2), with ||Vay ||, = B, > R, and J(wy) <
< J(0); for any we Gy (B) c W}P(2), w= 0, where Bc £ is the ball
where V is positive, we have

J(tw) = %’ [ 1vwlPds -2 [ Viw) e da =
Q Q
tP o i
=— | |Vw|Pde -2 | VT (®)e™de + 1|V (x)da <
* fivuic |

< % [1vulrds — a2 [V @wPde +2 [V @ de— - as t— e
2 Q Q

since e™ > (tw)* and JV‘ (x)dx and IV* (x)w? dx are bounded.

Q Q
The graph of J is then contained in the region above the graph
of

1 u
FAVul) = 5 [Vulp - 2]V, Ce™™¥

f has two critical points: a local minimum near 0 and a local maximum
Le., the geometrical conditions required for the existence of ecritical
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points of J are fulfilled. Therefore, we can use the Mountain Pass Lem-
ma (see [AR]) to get

LEMMA 4.3. There exists a constant 1y > 0 such that if 0 < 1 < A,,
problem (P) admits a solution corresponding to a critical point of the
functional J with critical value

c= ;lgf@ trer%gxl]e](w(t))

where €= {g e (C(0, 1), W§P(R)): @(0)=0, (1) =w,} for some
wy € Wi P(8) such that J(w,) < J(0). Moreover, ¢ > J(0).

To obtain the other critical point, we make the truncation in the
functional appearing in[GP]. Let us consider a cut-off function 7 e
€ C” () such that for the previously defined B, and R,

1 fx<R,,

1r(QU)E{O if t=R,,

and 7 nonincreasing. Thus, we obtain the truncated functional

F) = 5 [ 1VulPde =2 [ V) (| Vul,)e* dz
Q Q2

It has to be noted that
(1) J and F are the same if |Vu|, < R;.
@) If |Vu|, = R,, then F(u) = (1/p)j |Vau|P da.

o]
@) F(u) < J(0)= —4 j V(x)da, then |Vul, = R, since F is in-

Q
creasing for % with | Vul|, = R, . Hence, J and F are the same in a neigh-
borhood of % and the Palais-Smale condition for J implies the subse-
quent Palais-Smale condition for F.

LEMMA 44. Let {u;} e Wy'P(R) be such that
F(u;)—C < J(0),
F'(u)—0 in W-Lv'(Q).

Then there exists a subsequence which converges strongly to ue
e Wy ? (),
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LEMMA 4.5.

inf  F(w)<J0)= -1 j V) de .
Q

ue WyP(Q)

PROOF. Let w be a function in €7 (B) e W¢'P(RQ), w = 0, where B is
again the open ball where V> 0. If ||Vw|, = 1, and ¢ < R,, then

o? -
Flow) = —Ajv+(x)erx+/1jV (x)da <
. Q 2

< %’ —AJV+(x)(1+gw)dx+/1jv-(x)dx=
Q2 [}

o !
=ol %5 —A[V+(x)wdx —le*(x)dx+AIV‘(x)dx<J(0)
Q Q

Q

whenever ¢ is small enough ( JV" () wdx is bounded). u
Q

By the same argument as in [GP] we have the following result.

LEMMA 4.6. There exists a positive constant Ay > 0 such that if
0 < A < 4y, then problem (P) has a solution corresponding to a critical
point of the functional J, with critical value ¢' < J(0).

With the lemmas we conclude the proof of Theorem 4.1 in an inmedi-
ate way.

5. — A remark on eigenvalues and nonexistence results.

Let 2 be a bounded domain, 3R € €*# and now we assume V(x) = 0,
V(x)e LY(Q) (gq=1if p>N,qg>1if p=N, ¢ > N/p > 1 otherwise),
with |{xre 2: V(x) > 0}| #0. |-| means the Lebesgue measure.

Let us consider the problem (1 <p < ®):

P ue WP(Q), u#0,
Yol —4,u = —div(|VulP 2 Vu) = AV(@) [u|P " 2u, ulae = 0.

DEFINITION 5.1. We say that A is an eigenvalue if (P;) admits
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a solution. such solution is said an eigenfunction corresponding
to the eigenvalue A.

We now define the first eigenvalue, 4,, as

A= mf[j |V |P da: w e W&"’(Q),JV(x) |w|Pda = 1].
Q Q

This problem when Ve L “, was studied by [An], [BI] and [L.]. We need
the case Ve L9, with ¢ in the hypothesis above.

The proof follows closely the one in[An], and then we concentrate
our attention only in the points that need some change.

The two next results are well known.

LEMMA 5.2. If u is a solution of (P,), u € C»(Q). Moreover, if
u =0 then u >0 in 2 and Ju/dv < 0 on 32, where v denotes the unit
exterior mormal vector to 0R2. (Hopfs lemma).

LEMMA 53. A, is an eigenvalue and every eigenfunction u, corre-
sponding to A, does mot change sign in Q: either u; >0 or u,; <O0.

We consider I(u, v) defined as

I(u,v)—<—Apu, = >+< 4,9, = >

with
(u,v)eD; = {(u, v)e (WHP(R))?: u,»=0 and % eL” (Q]
we get the following results (see [An, Prop.1 and Th. 1]):

PROPOSITION 5.4. V(u,v)e D;, I(u, v) = 0. Moreover, I(u, v) =0 if
and only if there exists a e (0, ©) such that u = av.

The proof of this proposition consists of the calculation of
wP — P P — uP
<—A,,u, e > and <—Apv, g >

to show that I(u, v) is the integral of a sum of two non-negative func-
tions, hence I(u, v) = 0. Moreover, I(u, v) vanishes if there exists some
ae (0, ©) such that u = av. As a consequence we get
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PROPOSITION 5.5. 1, is simple, i.e. if u, v are two eigenfunctions
corresponding to the eigenvalue 1, then u = av for some a.

With respect to the isolation, we extend the results by
Anane [An]:

PROPOSITION 5.6. If w is an eigenfunction corresponding to the
eigenvalue A, A > 0, A#A,, then w changes sign in Q: w* #0, w~ #0
and

121 = afv],cry

where 2~ = {x e Q: w(x) <0},0=—-2¢'ifp=N,0=—qN/(gp — N)
if 1<p <N and A, is the first eigenvalue for the p-laplacian with
weight V in Q.

Proor. Let u, w be two eigenfunctions corresponding to A, and 4
respectively, with || Vu|, = ||Vul|, = 1. If w does not change sign, by ap-
plying Lemmas 5.2, 5.3 and Proposition 5.4 we get

(u, w) e Dy, I(u, w)=0.

But

5|

0. Iu, w) = [(Ay = D V@)u? - wP)de = (A, - /1)(
(o]

)<0

1
Ay
and we arrive to a contradiction.
If w™ replaces to w in (P;), we get
1920~ I =4 [ Vew~y7de < 2|V lw™ )l |2 |12
Q
with 1/¢+ 1/a+ 1/B8 =1. Now we are considering two cases
(1) p = N. By Sobolev’s inequality
lw=)?lle = llw~ 5 < CIVw =[5 (a>1).
Thus, if we take a = 8 =2¢q' then
|27 | =@|vi,cr—
(2) 1<p<N. We take

a=N/(N-p), B=qN/(gp~-N)|(w)?|,=]w"|3,
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where p* = Np/(N — p)). by Sobolev’s inequality
[V~ B < 2|V, lw~ s | R~ | P =DV <
<AV, CP||[Vw = |p |2~ | @ - M/N,
Hence
|27 | = G|V],cr) " Ne-D =

REMARK 1. Ifq'—1 (¢ — x), we obtain the estimation by Anane
(see [An, Prop.2]).

REMARK 2. As Lindquist pointed out, we can also extend these re-
sults to any bounded domain (see[L]).

In the hypotheses of Proposition 5.6 we obtain the next theorem
which proof follow[An]. However, we include it for the sake of
completeness.

THEOREM 5.7. A, is isolated; that is, A, is the unique eigenvalue in
[0, a] for some a > A,.

PrROOF. Let A =0 be an eigenvalue and » be the corresponding
eigenfunction. By the definition of A, (it is the infimum) we have 4 =
= ;. Then, 4, is left-isolated.

We are now arguing by contradiction. We assume there exists a se-
quence of eigenvalues (4,), 1, ¥4, which converges to 4,. Let (u;) be
the corresponding eigenfunctions with ||Vu;||, =1. we can therefore
take a subsequence, denoted again by (u;), converging weakly in W7,
strongly in L?(R) and almost everywhere in Q to a function u € W§'?.
Since = —A4,"(A;V|wu|? "2w), the subsequence (u;) converges
strongly in W§'?, and subsequently « is the eigenfunction correspond-
ing to the first eigenvalue 1, with norm equals to 1. Hence, by applying
the Egorov’s Theorem ([B, Th. IV.28]), (u;) converges uniformly to % in
the exterior of a set of arbitrarily small measure. Then, there exists a
piece of 2 of arbitrarily small measure in which exterior w; is positive
for k large enough, obtaining a contradiction with the conclusion of
Proposition 4.6. ®

Now we are ready to show a nonexistence result for the problem
(P):if V(x) e L1(2),(¢g=1forp > N,q>1forp=N,q> N/p>1oth-
erwise) V = 0, and 1 is large enough then problem (P) does not have a
solution.
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In the end of the proof we use the isolation of the first eigenvalue
for — A4, with weight V(x).

THEOREM 5.8. Problem (P) does mot have a solution if

—1\r-1
l>max[ll,ll(pe ) ]

where Ve L1(2),(q = 1forp > N,q>1forp=N,q> N/potherwise),
V=0 and 1, is the first eigenvalue for the p-Laplacian with weight
V().

Proor. If 1, is the first eigenvalue for the p-Laplacian with weight
W(x), take A, = 1, + ¢, € > 0, v; a positive eigenfunction corresponding
to A; with ||v;]|. <1, and suppose that problem (P) has a solution
ue WHP(RQ) and

—1\p-1!
).>max(11,,11(pe ) )

for small &, we have (A, < A):
AP l<le®, Vx=0,

—A,0 = VoP 1 <A, V<AVEAVe = -4, u.

By using the weak comparison principle for the p-Laplacian we
obtain

MmMEU.
Let v, be the solution of
{ ~A,v,=AV(@vP™! inQ,
V2 |oe=0.
We know by regularity results that v, € @ 2(2). In addition

—A,v, =4, Vo ' <AVe" < AVe = —4,u,

P
—A,v <AV = —A4,0,.

By applying again the weak comparison principle, we get v; < v, < u.
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Now, let us consider the problems
{ -4,v,=AV@vp-! inQ,

’Uk|99=0-

The solutions of these problems form an increasing sequence {v;} such
that

MSVSVY 1 SU

Passing to the limit, we obtain a solution w e Wy'?(2) to the prob-
lem

{ -4,v=AV@wP~' in Q,

U |ao =0.

But this is impossible for ¢ small enough, because the first eigen-
value for the p-Laplacian with weight in L7(Q) is isolated by Theo-
rem 5.7. =

This argument also shows the nonexistence of positive solutions to
(P) for A large enough when V changes sign in £:

COROLLARY 5.9. Suppose that Ve Li(2) (=1 for p>N, ¢>1
for p =N, q > N/p otherwise), V changes sign in Q and there exists a
ball B c 22 such that V(x) >0 for xe B. If

—1\r-1
,1>max[/11,/11(?ie—) ]

then (P) has no positive solutions, 1, being the first eigenvalue for the
p-Laplacian with weight V(x) in B.

Proor. Let w; a positive eigenfunction corresponding to A, in B
with || ]l. <1, that is, w, verifies

-d,w, =4, V@)wP~' inB,
wy g =0.

Take A, = A, + ¢, € > 0, and suppose that problem (P) has a positive sol-
ution % for

- p-1
,1>max(,11,,11(pe 1) )
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Then, for small & we have (1, < A):
A.xP 1< le®, Vx=0,
—A,w =4 VwP ' <A, V<AV<AVe" = -4,u in B,
w,=0<wu in OB.

By using the weak comparison principle for the p-Laplacian we
obtain

W <U.

Using the argument in the proof of Theorem 5.8, we obtain a solution to
the following problem

{ -4, w=AV(@)wP"' inB,

w|;p=0.

But this is impossible for ¢ small enough, because the first eigen-
value for the p-Laplacian with weight in L9(B) is isolated by Theo-
rem 5.7. ®

6. — Analysis of the radial solutions in a ball.

In this section, we consider the problem

~du=1% i B(0O)cRY, ack, r=lal,

@)
’“|aB,<0) =0.

where B;(0) denotes the unit ball in RY and 1 > 0.

In order to study the existence of singular solutions, we just consid-
er the case 1 < p < N since for p = N every solution is a regular sol-
ution. In this hypothesis, it is easy to prove the nonexistence of singu-
lar solutions for some a:

If we consider the problem

=4

a

in B;(0)cR",
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with p<a <N, A>0 and we try the solutions v(r) = 8r?, we get
that

-a
y=%t7, A==y p -y - +N -1,
and therefore the solution v is not bounded for p < @ < N. For a = p we
can take

v(r) = Blogr,

obtaining B = — (A/(N — p))"/?~V and so v is also not bounded.
If we assume now that « is a positive singular solution of (P,), ie.
ue WyP(B,(0), e“r e L'(B,(0)), being p < a < N, then

U
—Au=1% 3zt = 4y

re re 14 v

that is, 4 > v. But this leads to a contradiction, since
u v
22 L ¢ L'(B(0)
r r

On the other hand, if a = N then the potential V(r) = ™ does not
belong to L!(B,(0)).

Then we directly assume that a < p, independently on the dimen-
sion. Following the procedure carried out in [GPP], we introduce the
new variables

s=logr,
7(8) = |ug |~ 2u,,
u(s) = —Aev*(P-as

In the plane (v, w) the radial solutions of (P,) satisfy the following
autonomous system

dv _ .
ds =w (N p)v’
Lid% =(p-a+ |v|? Ysign(v)w.

By the definition of the new variables, the region of interest is
v <0, w < 0 (a radial solution of (P,) is positive and its radial deriva-
tives is negative). In this region we find two stationnary points:
Pi(0,0) and Po(— (p—a)?" !, = (p— a)P "N — p)) ue WPP(Q).
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The point P; is an unstable hyperbolic point. The v-axis is the stable
manifold for this point, and the unstable manifold is tangent to the
straightline w = (N — a)v.

With respect to the point P,, it is

(1) A stable nodus if N =p + (4(p — a))/(p — 1).

(2) A stable spiral point if p <N <p + (4(p — @))/(p — 1).

We can see also that a singular selfsimilar solution of (P,) is

S(x) =log( lxllp_a)

with A being equal to 2 = (p — a)? “'(N — p). This singular solution
corresponds to the critical point P, in the phase portrait, and it verifies
the following interesting property:

L swo 1
|| ||?

for every a.
We need some previous lemmas (their proofs are similar to those
in [GPP]).

LEMMA 6.1. Let u be a radial solution of (P,) and (v, w) the
corresponding trajectory of the autonomous system. Then, u is a
'regulafr solution of (P,) ( lim wu(s)=A <) if and only if

lim_(v(s), w(s)) = (0,0). "~

LEMMA 6.2. The unique trajectory of the autonomous system cor-
responding to a solution of (P,) such that 11m u(s) = o is the critical
point P,.

Let w(4) be the minimal solution of (P,), A* = sup{ﬂ. (P,) has sol-
ution}, and 1= (p — a)? "1(N — p). In this way, we arrive to the

THEOREM 6.3. i) If N=p+ (4(p — a))/(p — 1) then A* =1, for
each A < A* we have a unique radial reqular solution, and 11m u(d) =
= u, 18 a singular solution;

i) fp<N<p+ @&p—a)/(p-1)then X <A*, and for A =1,
there are infinitely many regular radial solutions, the values at the
origin going to infinily.
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Moreover, in case ii), Alin}‘ u(Ad) = u, € L”, and there exists a positi-

ve constant, ¢, > 0 such that, if 0 < |A — Z| < &, then the correspond-
ing problem (P,) has a finite family of radial solutions.

PRrOOF. In case i) we show that the trajectory joining P, and P,, de-
noted by ¢, is a monotone curve contained in the region — (p — a)? "' <
<v<0,—(p—a)’ YN —p) <w < 0. Thus, there exists a unique point
of intersection for each line w = — 4, ie., there exists a unique regular
radial solution for each 4 e (0,(p — a)?~Y(N — p)).

First, it is easy to see that ¢ is below the line w = (N — p)v. We
need a lower bound for ¢; for that, we consider two different
cases.

If N=max{p+ (4d(p —a))/(p — 1), 3p — 2a}, and R is the line

_N-p -1 N-P
w= 5 v—(p—a) 5

we will show that dw/dv < (N — p)/2 along R, whenever
—-(p—-a)’ l<v<0.

In this way the trajectories (v, w) in the phase plane must cross R from
below; this implies that ¢ cannot cut R, since it stars from above.
Then, it suffices to show that

dw _N-p dv
ds 2 ds 0

when (v, w) e R, — (p — a)? "' < v < 0 (it has to be noted that dv/ds <
<0 in the region —(p—a)? '<v<0, —(p—a)? ' N-p)<w<
< (N = p)v). So

dw _N-pdv_ . o1 (N—p)2
s 5 ds_((p a)? |’0|)l 5 +

N-p } ,p—a-— |v|t/P-D
2P p—a— |o|YPD) — (N = p)p — a)P ! :
5 (P |v] )= (N -p)p—a) PR rE—

The factor ((p—a)?~!— |v|) is positive; if we write s=
= |v|Y?-V/)(p—a), and we suppose 1<p<2, the function
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(1 —s)/(1 —sP~1) is increasing in (0, 1). We obtain (remember that

N=p+Ap-a)/(p—1)

N-p
2

1_
+(p—a)(l—s)—2(p—-a)m§_—l>

S N-p 2(p-a) S

5 T >0

If p > 2, then

N-p
2

Hp @1~ 9) ~2p - @) Tty = o f(9)

sP1  1—gp-!
where f(s) is

N+p—2a
2

N -3p +2a

)s”“+(p—a)s+ 2

f8)=(p—a)s? — (

for s € (0, 1). This function verifies the following properties:
D) f(0)=(N-38p—-2a)/2>0, f(0)=p—a>0.
(@) f(1)=0 and f'(1) <0 since N=p+ 4(p —a))/(p - 1).

(8) f has two critical points, the first between 0 and 1, the second
one greater or equal to 1.

This implies that

dw N-p dv
ds 5 ds 0

when (u,v)e R, —(p — a)? "'<v <0, and therefore the trajectory ¢
cannot cross R.

When p + (4(p — a))/(p — 1) < N < 38p — 2a, we can do a different
argument. We consider now the curve

fw) = =(p— )P~ VRN ~p)|v|'2
contained in the region — (p — a)? "!< v < 0. Then f verifies

M) f(0)=0, (= (p—a)’ D =—(p-a) (N -p), that is, f
connects the two singular points in the phase plane.
(2) f is increasing and convex in ( — (p —a)? 1, 0).

3) dw/dv < f'(v) on (v, f(v)).

Then, it follows that f is a lower bound for the trajectory ¢ and we
conclude the analysis for i).
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In case ii) the line w = — A cross the manifold ¢ infinitely many
times. Each point of intersection s; corresponds to a radial solution of
(P,) by scaling s in such a way that for s = 0 we have as an initial value
;. The rest is a consequence of the analysis carried out in this

section.
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