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On a Pair of Automorphisms of C*-Algebras.

F. S. CATER (*) - A. B. THAHEEM (**)

1. — Introduction.

During the last decade or so, a lot of work has been done on the op-
erator equation a + a !=p8+ 87!, where a and B are *-automor-
phisms of a W*-algebra or a C'*-algebra M (say). Among several decom-
position results in this context, it is known (see e.g.[1,7,9]) that this
operator equation in the commuting case (that is, when a and S com-
mute) leads to a decomposition of the W*-algebra M, namely, a = 8 on
Mp and o = 87! on M(1 — p) for a central projection p in M. In case M
is a factor then a = 8 or a = 1. Batty [2] has studied this operator
equation for C*-algebras. Recently, Bresar [3] has considered this oper-
ator equation in a more general context of rings and has obtained de-
composition results analogous to the results of Batty[2] and Tha-
heem [1,7,8]. There are situations where this operator equation en-
sures the commutativity of a and § and consequently the commutativi-
ty condition can be relaxed from the hypothesis to obtain the decompo-
sition. For instance, it has been proved in [7, Theorem 3.1] that if M is a
commutative Banach algebra then the operator equation a + a ! =
=B + B! implies the commutativity of a and 8. Also, it has been shown
in [10] that if M is a C'*-algebra and a (or ) is inner, then also the oper-
ator equation a + a ! = 8 + B! implies the commutativity of a and S
(see also[3, Corollary 3] for an analogous result for rings). Recently,
in [4] we have studied this operator equation in a more general context.
We consider there the linear combination aa + ba ~! (a, b are complex
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numbers, a? # b? rather than the sum and obtain several decomposition
results for W*-algebras and C*-algebras. If we put b/a = ¢, then the
equation aa + ba "' =apB + bB ! reduces to the equation a + ca ! =
=B + ¢B 1. The purpose of this note is to look for situations analogous
to [7, 10] where the operator equation a + ca ! = B + ¢8 ! implies the
commutativity of a and 8 for an appropriate choice of c¢. For instance,
we show (Proposition 2.1) that if a and 8 are inner automorphisms of a
C*-algebra M such that a + ca ™! = 8 + ¢ ~! where c is a complex num-
ber with |¢| > max{1, ||a||}, then a and B commute. In case a and j are
automorphisms of a W*-algebra M satisfying a +ca =8+ ¢8!
where |[a — 1| <1, || —1]| <1 and ¢ is a complex number such that
|e| > 4, then we are able to prove a stronger form of the result, namely,
a = 3. We conclude this note with a general result on the commutativi-
ty of the inner automorphisms a and 8 on a complex algebra even when
the automorphisms satisfy the operator equation a + ca ' =8+ ¢!
for certain specific elements. For more information about the operator
equation we refer to[1,8,9,10] which also contain further references.
‘We shall follow Pedersen [5] and Sakai [6] for the general theory of W*-
algebras and C*-algebras. All C*-algebras considered here are as-
sumed to have the identity element.

2. - Commutativity of automorphisms.

Recall that an automorphism a of a C*-algebra M is said to be inner
if there is an invertible element % in M such that a(x) = uxu ! for all
x € M. We say that a is implemented by . If u is unitary then a is a
*_automorphism.

We now prove a commutativity result analogous to a result of[10,
Theorem 2.2] where ¢ is equal to 1.

PROPOSITION 2.1. Let M be a C*-algebra and o, B be inner auto-
morphisms of M which are implemented by u and v respectively. As-
sume that a +ca ™' =B + cB1, where ¢ is any complex number such
that |c| > max{1, vl|a|}. Then a and B commute.

ProoF. For any xeM, a(x) + ca~!(x) = B(x) + ¢f~!(x) implies
that uau ™' + cu 'ou = vav ' + cv 'aw. For x =v, we get uvu ! +
+ cu "Yvu = (1 + ¢)v, orin other words, a(v) + ca ! (v) = (1 + ¢)v. This
implies that a?(v) + cv = (1 + ¢)a(v) where a® means aoa. Then
(a—c)a—1)@)=0. Put (a—1)v)=y. Then a(@)=v+y and
(a—c)Xy)=0 or a(y)=cy. This implies a?®) = a(®)+ a(y) =
=v+y+cy=v+(1l+c)y. Thus we obtain that a”(w) =v+ (1 + ¢ +
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+c?+ ...+ c¢" 1y for any natural number % = 1. Then

Il A= = la"@) = ol < lall + Dol
and

Iyl e = Dllal + D e = D7 < o]

From |c| > max{1, ||a|} we conclude that ||y| = 0 and ¥ = 0. So a(v) =
= v and hence uvu ~! = v. This implies that uv = vu and consequently a
and B commute. This completes the proof of the proposition.

PropPOSITION 2.2. Let a, B be automorphism of a W*-algebra M
such that a +ca *=B+cf7!, |la —1|| <1, |8 —1|| <1, where c is a
complex mumber such that |c| > 4. Then a =p.

Proor. By Sakai[6, Theorem 4.1.19], a and 8 are inner automor-
phisms. Therefore, a(x) = uau ! and B(x) = vav ! for all x € M, where
u, v are invertible elements of M. But ||a| < 2, and |c| > 4. Therefore
by Proposition 2.1, @ and 8 commute. From the relation a + ca ~! = 8 +
+ ¢B ! together with the commutativity of a, 8, we get

A (@B-c)Bt—aH=0.

We now prove that N(af — c¢) = {0} where N(af — ¢) denotes the
null space of (af — ¢). Let x € N(af — ¢). Then affx = cx. It follows that
cx — Bx = afx — fx = (a — 1) fx. This implies that

ex — Bl = (@ — 1) B < [la — 1]|[|B=] < || B]|.
That is

[llexl = lBll| <llBell-
This implies that

lelllll < 2[|Bz] < 2[|Bllll=] < 4]l

If x # 0, then we get |c| <4, a contradiction. This implies that x = 0
and consequently N(ap — ¢) = {0}. It follows from (A) and the commu-
tativity of a, B that for any xe M, (B! — a ")(x) e N(aB - ¢) = {0}.
Thus we get that 8 "1 = a 'z for all x € M and hence by the commuta-
tivity of a and B, it follows that a(x) = S(x) for all x € M. This com-
pletes the proof.

PROPOSITION 2.3. Assume that a, § are *-automorphisms of a C*-
algebra M and a + ca ™! = B + ¢! where c is a complex number with
le|] > 1 and a is inner. Then a = p.



140 F. S. Cater - A. B. Thaheem

ProOF. Because a is inner, a(x) = uxu ~! for all x € M where u is an
invertible element of M. Also, B(x) + ¢8 ! (x) = a(x) + ca " (x) for all
x e M. In particular, when x = u, we get

Bw) + B (u)=(1+c)u.

A procedure similar to the proof of Proposition 2.1 implies that f(u) =
= %. Therefore,

(aB)(x) = a(B(x)) = uB(x)u ! = B(u) Blx) B(u 1) =
= Bluau ') = (Ba)x), VrxeM.

Thus a, 8 commute. But a and B are *-automorphisms. Therefore ||a| =
=||8ll = 1 and as in the proof of Proposition 2.2, we get that N(af — ¢) =
= {0}. The commutativity of a, 8 together with the equation (A) in the
proof of Proposition 2.2 imply that a = on M.

COROLLARY 2.4. Assume that a, B are *-automomhisms of a type
I W*-algebra M such that a + ca ™' = B + ¢B ! where ¢ is a complex
number such that |c| > 1. Assume fm'the'r that a leaves the center
pointwise fixed. Then o = B.

ProoF. By Sakai[6, Corollary 2.9.32], a is inner and the result fol-
lows from Proposition 2.3.

We conclude the note with the following proposition which gives a
more general result on the commutativity of automorphisms a and 8 on
a complex algebra M even when the automorphisms satisfy the opera-
tor equation a + ca ! =B + ¢B! for certain specific elements of M.

PROPOSITION 2.5. Let M be a complex algebra with identity 1; let
a, f be automorphisms of M which are implemented by u and v respect-
wely; and let ¢ be a complex number different from — 1 and 1. Assume
that

() a(x) + ca~(x) = px) + B~ (x) for x =u and v,
(i) a(B(x)) = Bla(x)) for x =u and v.

Then a and B commute.

ProoF. Let k = v 'u !'vu. Then

0Y) vu = uvk .
The proof is complete if we show that k£ = 1.
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We first prove that k¥ commutes with » and v. It follows from (ii)
that

1 -1,,-1

wvey "lu ! = vuwu "o

Then
wvey " u " lou = vux .
This implies uvek = vux = uvke (from (1)). For x = u, we get
uvuk = uvku .

This implies that wv(uk — ku) =0 and since u, v are invertible, we
get

uk —ku=0 or uk=ku.

Thus k¥ commutes with %. Similarly ¥ commutes with ». Thus (1) may be
rewritten as

a vu = kuv .

Put « = v in (i) to obtain
@) wou"+ cutvu = (1+¢)v.
Multiply (2) on the right by %, and apply (1') to get
3) wo + cu " ou? = (1 + c¢)kuv,

or what is the same

@) cutoul=(ck+k—-1)uv.
Multiply (4) on the left by % to get

5) coul = (ck+k — ulv.
Multiply (1') on the left by ku to get

(6) kuvu = k*u®v.

Multiply (1') on the right by « to get

(M vu® = kuvu .
From (6) and (7) we get
8) cvu? = ck?u’v.

From (5) and (8) we obtain
9 ck?ulv = (ck+ k- 1uv,
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or equivalently

(10) (ck® —ck—k+1u2v=0.
But #2v is invertible, so we have
11) (ck-1D)k-1)=ck® —ck—-k+1=0.

Repeating the above arguments with v in place of %,  in place of v,
and k! in place of k, we get

(12) (ck'-1)(k'-1)=0.

Multiply (12) on the left with ck and on the right with £ and combine it
with (11) to obtain

(13) (c2=1)(k—-1)=0.
But ¢2# 1, so k=1 is clear and the proof is complete by (1).
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