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On Automorphism Groups of Finite p-Groups.

IZABELA MALINOWSKA (¥) (¥*)

Numerous papers on automorphism groups of p-groups can be
found in the literature. There are a lot of examples of p-groups, whose
automorphism groups have a given structure. Most of them are of nil-
potency class 2 and all their automorphisms are central. In[6] Jonah
and Konvisser constructed a p-group of order p®, whose the automor-
phism group is elementary abelian. In 1979 Heineken [4] found a class
of finite p-groups all of whose normal subgroups are characteristic.

In this paper we answer the question of Caranti ([7], 11.46 b))
asking whether there exists a finite p-group G of nilpotency class grea-
ter than 2, with Aut G = Aut,G - Inn G, where Aut,G is the group of cen-
tral automorphisms of G. We show that no group G of order up to
p°(p > 2) has the property AutG = Aut,G-InnG. The p-group of the
smallest order with this property has order p® and nilpotency class 3.
We also show that for every prime p > 2 and every integer n = 7 there
is a p-group G of order p” with Aut G = Aut,G - Inn G. Its automorphism
group is a p-group of nilpotency class smaller than the nilpotency class of
G. Throughout the paper terminology and notation will follow [1,5].

Let G, be a group generated by a, b, ¢, d, © with the following rela-
tions: a? =bP =cP=dP=2P =1

(1) [a, bl=a”, @) Ila,cl=1,

(8) [bcl=1, 4) [a,dl=b""",

(5) [b,dl=1, 6) [e,dl=a™ b,
(N la,x]=a® "p¥"", (8) [bxl=1,

9) [e,xl=b""", (10) [d,x]l=c,
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where p>38, r>1 and k, I, m, n#0 (modp), or p=38, r>1,
k,l,m,n =0 (mod3) and In = 1 (mod 3).

One can easily show that the following subgroups of G, are
characteristic:

(11) Z(Gy) = (a?",b7""),

(12) 72(Gy) = (a®, ¢, b*" ),
(13) Q:(y2(Gy) = (¢, Z(Gy)),
(14) Ce, (@1 (y2(GY)) = (a, b, c),
(15) A ={c, d, x, Z(Gy)),

(16) Cs,(A) = (aP, b).

We show only that A is characteristic. Of course for p > 5. (G,) is
regular, so we have A = Q,(G,). It is easily seen that this holds also for
p=5.

The case p =3 is a little more complicated since the group G,
as well as A is no longer regular. But it is easy to check that

7 —2 7 —2 . — r — 2 _ r -2
Q,(G)=(a® ", b¥ " ,c,d,x) since a ™ p"T*VFd2x?  and
r—2 r—2 .
a™™ T pm D3 dy? are in Q,(G,). Furthermore

Zy(G) =(a¥ 0% % ¢) and  Q,(Gy) < Z,(Gy)-Cg, (b).

Now, if d and « belong to Z;(G,):Cg, (a*b’c"), it follows that
=0 and y=0 (mod3), so the subgroups (a®,b), (a¥ ', p%°
¢, d, 2) = Cg g, (a®, b) and Ql((a” b3 %, ¢, d, x) = A are characte-
ristic in G;.

PROPOSITION 1. Aut Gl = Aut,G; - InnG,.

Proor. We prove the proposition for » > 2. The proof of the case
r =2 is similar.

Let ¢ be an automorphism of G;. By (13)-(16) we see at once that
o(c) € Q,(y2(Gy)), p(a) € Ce, (¢), ¢(b) € Cg, (A) and ¢(d), p(x) € A. So the
subgroups H = (b"r_l) and B ={g e G,: Yhev;(Gy) h? = h(mod H)} =
=(a, b % ¢, x) are characteristic in G,. Hence ¢(a) e BN Cg,(c) =
=(a, b*" ", ¢), ¢(x) € Q,(B) = (¢, «, Z(G,)) and then

2

pla) = a*b® ¢,
o(b) = a®b®,
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olc) =ct,
o(d) = c"d’x’
o(x) = c*x’,

where «=» means «congruent modulo Z(G,)».
Applying ¢ to the (1) and (7) relations gives 3 =0 (modp), =1
(modp™~1!), A=1 (modp) and

an l = la + y(modp).

Hence by (9) £ =1 (modp). Applying it to the (10) and (6) relations gi-
ves 4 =1 (modp), «a =1 (modp) and : =0 (modp), so by (17) y=0
(mod p). Now we see that each automorphism ¢ of G has the form:

pla) =a'**?,

o(b) = ba® ,
ple)=c,

pd)=c"d,
o(x) = c’x,

where a, 8, v, de Z.

The number 1 + ap can be expressed in the form (1 + p)*' (modp").
Now one can easily verify that ¢ acts as the conjugation by
b* a ~#d ~°x" modulo Z(G,). Thus ¢ belongs to Aut, G, Inn Gy, and then
Aut Gl = Autc G1 -Inn Gl .

Let G, be a group generated by a, b, ¢, d, x, z with the following re-
lations: a? =bP =cP=dP =aP =2P =1

[a, b] = a? [a,c]=11[b,c]l=1
[a,d] =2 [b,d1=1 [c,d]=aP '™pr "

r—1

[a, x]1=a? 6P ' [b, 2] =1 [c, 2] = b?
[d,x]=c¢c,
[a,2]1=1[b,2]=[c,2]=1[d,2]=[2,2]=1,

where p >2, r=2, k, I, m, n # 0 (modp).
Symilarly as in the previous case it can be proved that

PROPOSITION 2. AutG, = Aut,G,-InnG,.
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This shows that for all » = 7, there is a p-group G of order p" with
AutG = Aut,G-InnG.

Now we shall see that the smallest p-group with this property has
order p® and nilpotency class 3. First we show that there are no groups
with this property of order p*. We use the list of p-groups of order p*
found in [2], pages 145-146. We use also the numbering of the groups as
given replacing of P, @, R, S, E respectively by a, b, ¢, d and 1. Since
we want to find a group of nilpotency class greater than 2 only groups
(xi), (xii), (xiii), (xv) should be considered. One can easily find for them
automorphisms which do not belong to Aut,G-InnG. For these groups
we define such automorphisms by indicating images of generators. We
have then

Group a b c d
(xd) ac b c

(xii) a! ba? ¢!

(xiif) a’! ba? ¢!

(xv) p>3 a b c de
(xv) p=3 a’! b1 c

Now let G be of order p®. It is clear that G is metabelian and for
p > 3 is regular.

CAsE 1. G =4.

Since |G/v2(G)| = p? and G is metabelian then by [8] |Aut G| is di-
visible by p®. But |InnG| = p*, |Aut,G| = p? and |InnG N Aut, G| > 1,
so |Aut,G-InnG| < p5. Hence AutG # Aut,G-InnG.

CasE 2. clG=3.

Let G = v,(G) > y2(G) > y3(G) > y4(G) =1 be the lower central
series of G. Since |y;(G)/y;+1(G)| =p for i=1,2,8, we have p2<
< |G/y2(G)| <p°. . .

If G is metacyclic then G =(a, b: a? =b? =1, a’®=a'*?). It is
easy to see that the correspondence:

a—al, bob
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determines the automorphism of G which does not belong to
Aut,G-InnG.

Assume that G is not metacyclic.

If |G/y3(G)| = p?, then G/y,(G) has the type (p, p) and by Theo-
rem 15[1] |y2(G)/ys(@)| =p, ys(G) is elementary abelian of order
pZ. Of course Z(G) = v3(G) and Z,(G) = y5(G). Let G be generated by
elements a, b. Since G is not metacyclic and U, (y2(G)) < y3(G), by [5],
I11.11.3. U,(G) < Z(G) and so (a?)® =aP. On the other hand we
have

(a®? = (ala, b)Y = a’[a, b]*’ - ... [a, b]*[a, b] =
=a’[a, blla, b, a? "'1- ... [a, blla, b, alla, b] =
=a’[a, bP[a, b, a]'? VP2 =qP[a, bP

since y3(G) = Z(G) and y3(G) is elementary abelian. So we get
expy2(G) = p.
Now it is easy to see that the correspondence

a—>al, b—>b!

determines the automorphism of G, which does not belong to
Aut,G-InnG.

If |G/y2(G)| =p?, then by Theorem 1.5[1] |y,(G)/ys(G)| =
= |ys(@)| =p.

Let G/y2(G) be of the type (p?, p). Since G is not metacyclic there
exist @, b such that G = (a,b) and a?, b* e y3(G). By[5], IIL.11.3
G/y3(G) is of the type (x) (see[2]). Then the correspondence

a—a'*?, bob

determines the automorphism of G, which does not belong to
Aut,G-InnG.

Let G/y2(G) be of the type (p, p, p). If Z(G) # y3(G), then G is ei-
ther a direct product of groups A and B or a central product of groups A
and C, where A is a group of order p* and class 3, B is a group of order
p, C is a cyclic group of order p%. In both cases we can extend conside-
red automorphisms of the groups of order p* and class 8 to the whole
group G. Of course such automorphisms do not belong to
Aut,G-InnG.

Therefore we may assume that Z(G)=y3(G). Then byl[5],
I11.2.18a) Z,(G)/Z(G) is of exponent p. Since |G/Z;(G)| = p® we can
choose @, b, ¢ such that G = (a, b, ¢), a?, b € y2(G), ce Z;(G) and
c? € Z(@). Since Z,(G) is not eyclic ([5], II1.7.7a)) either y,(G) is ele-



270 Izabela Malinowska

mentary abelian or cyclic. In the second case there exists c e Z,(G)
such that ¢? = 1. In both cases we can find b with [b,c] = 1, as [a, c],
[b, cl € Z(G) = y5(G). If c¢? =1, then the correspondence

a—ac, b—b, c—c,

determines the automorphism of G, which does not belong to
Aut,G-InnG.
Assume that c¢? # 1. Since y,(G) is elementary abelian we have

[a?, b] = [a, b]** - ... -[a, bI*[a, b] =
=[a, blla, b, a?"'1- ...[a, blla, b, alla, bl=[a, bP[a, b, a]P~DP2=1

80 a? € Z(G) = (c?) and in the similar way b? € Z(G). So there exist a, b
of orders p such that G =(a,b,c) and [b,c] =1. If [a,b,b] =1 then
the correspondence

a—a’l, b->b, c—ec,

determines the desired automorphism of G. If [a, b, b] # 1 then there
exists a with [a, b,a] = 1. Hence the correspondence

a—a, bob!, c—oec,

determines the automorphism of G, which does not belong to
Aut,G-InnG.

ExamMPLE. We end the paper with the example of the group G of or-
der p® and class 8 with AutG = Aut,G-InnG:

G=(a,b,c,d: a’’ =b""=¢c?P=d? =1, [a, b] = a?, [a, c] = b?,
[b,c1=1, [a,d] =c, [b, d] = aP™b", [c, d] = a™),

where p>3 and k,l,m#0 (modp) or p=3, I=1, k,m=0
(mod 3).
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