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A Property of the Variety of 2-Engel Groups.

LUCIA SERENA SPIEZIA (*)

Introduction.

Suppose that © is a variety of groups defined by the law
w(xy, ..., %,) =1, and assume that » is the least number of variables re-
quired to determine V. Following [KRS] we denote by ¥* the class of
groups G satisfying the following property:

«For every n infinite subsets X;, ..., X, of G, there exist elements
x; in X;, i =1, ..., m, such that the subgroup generated by {«,, ..., x,}
is a Y-group».

Clearly all finite groups satisfy the property for any V. The question
we are interested in is:

«For which varieties V is very infinite V*-group a V-group?»

For example, if V is the variety @ of the abelian groups, then the
law defining @ is w(x, y) = [z, y] =1, and, by definition of a*, for
every pairs X, Y of infinite subsets of G € @*, there exist xe X, yeY
such that xy = yx. It follows, from a theorem proved by B. H. Neu-
mann in [N], that G is centre-by-finite, so that Z(G) is infinite. For any
x,y € G, we consider the infinite subsets Z(G) x, Z(G) y. By hypothesis
we can find 2, 2, € Z(G) such that 1= [z, 2,y] =[x, y], so that
Ged.

Problems of similar nature are discussed in [KRS], where the vari-
ety © considered is the class @2 of metabelian groups, and in[RS],
where the authors studied the classes of locally nilpotent, locally solu-
ble and locally finite groups. Furthermore in [LMR], the authors an-
swer the question affirmatively, using a considerably weaker hypothe-
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sis, when 7V is the variety of nilpotent groups of nilpotency class » — 1.
In fact they assume only that [, ..., x,] = 1 instead of supposing that
(21, ..., %, ) is nilpotent of class = — 1. In the present paper we estab-
lish a positive result for the class &, of 2-Engel groups, by proving the
following:

THEOREM. Let G be an infinite group. If for every pair X, Y of infi-
nite subsets of G there exist some x in X and y in Y such that
[x,y,y]1 =1, then G is a 2-Engel group.

Our notation and terminology are standard (see for instance [Ro)).
We shall write 8 to denote the class of groups G for which, whatever
X, Y are infinite subsets of G, there exist # in X and y in Y such that
[x,y, ... ot y] = 1. Thus our Theorem states that & = & U &, where &

is the class of all finite groups. The proof we give relies upon a lemma
proved in[S] which we restate here below for the reader’s conve-
nience:

LEMMA. Let G be an infinite group in &f . Then Cg (x) is infinite for
every x in G.

Proofs.

We will need some preliminary results before proving our state-
ment. The first of these is actually a straightforward consequence of
the above Lemma.

LEmMMA 1. If G is an infinite group in the class &f, then for any
x € G there exists an infinite abelian subgroup A of G containing x.

Furthermore we point out that:

REMARK. If G is in & and its centre Z(G) is infinite, then for any
x,ye G the subsets xZ(G), yZ(G) are infinite, hence there are
21, 22 € Z(G) such that:

1 =[xz,y25, ... ... , Y2o] = [, 9, ...k...,.y] Ve, yeG.

Joe) Tl JTa
Therefore G is a k-Engel group.
LEMMA 2. Let G = (y, A) be an infinite group in & , where A is an

infinite abelian subgroup of G. Then there exists an infinite subset T of
the set B = {a e A|la, y, y] = 1} such that t,t; ' € B for any t,, t, in T.
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PROOF. Consider the set Y = {y*|a e A}. If Y is finite, then the in-
dex |A: C4(y)| is finite too, hence C4(y) is infinite and contained in
the centre of G, Z(G). This means that Z(G) is infinite, and, by the pre-
vious remark, G is a 2-Engel group. In this case we choose
T=B=A.

So we may assume, without loss of generality, that Y is infinite.
Suppose now that the set A\ B is infinite and consider the two infinite
sets Y and A\ B. By hypothesis there are elements c e AN\ Band be A
such that 1 = [a, °, y°]1 = [a, ¥, y]. But this is a contradiction since a
is not in B. Thus A\ B has to be finite and B is an infinite subset of A.

If A has a torsion-free element a, then it is possible to construct an
infinite strictly decreasing chain of infinite subgroups of A

Az{(a)>(a®>..>@¥)> ...

Since A\ B is finite, there exists n € N such that (a?") is completely
contained in B. Then we set T = (a?'). We have now to examine what
happens when A is a torsion group. In this case the subgroup H gener-
ated by A\ B is finite, and A/H is infinite. Choose any transversal T
for H in A containing 1. This is an infinite subset of A contained in B
and, for any pair of distinct elements of T, t;, t,, we have t,t; ! ¢ H.
Since 1 T, we have t,t; ' € B, for every t,, t, in T. This proves our
claim.

We are now in a position to prove the theorem stated in the
introduction.

THEOREM. If G is an infinite group in the class &, then G is a
2-Engel group.

PRrROOF. Our purpose is to show that [x,y,y] = 1, for every x, y in
G. By Lemma 1 we may assume, without loss of generality, that G is
the group generated by y and A, where A is an infinite abelian sub-
group of G containing z, ie. G = (y, A).

If we consider the subset B = {a e A|[a, ¥, y] = 1} of A, Lemma 2
guarantees the existence of an infinite subset T of B such that for any
ti,toe T, tit; ' e B. Set T = {y'|t e T} and consider the following two
cases:

Case 1. T finite. Since T is contained in the union of finitely many
cosets of C4(y), it follows that C,(y) is infinite. Thus the centre of G,
containing C,(y), is infinite too and the claim follows from the
Remark.
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Case 2. T infinite. We will show that [a,y,y] =1 for every a in
A. The subsets aT, T of G are infinite for every a € A and, therefore, we
can find t,, t, e T such that 1 =[ay", ¥, y*]. But

lay®, y', y=] = [(ay)", y'2, y*] = [(ay)h¥ ", y, yl2 =

_ w1 _
= [ay" ", y, y1=[la, y"** , ylly"% ', y, y].

Now we notice that, since t,t;"* is in B, y1% " € Cy (y) for every ¢,, t; in
— ~1y-1
T. Hence [yh® ', ¥, y] =1, and y”w2 ”", so that we have

1=[la, y"* ,yl=la,y,y] VaecA,

and the theorem is proved.
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