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REND. SEM. MAT. UN1v. PADOVA, Vol. 91 (1994)

A Remark on Global Smooth Solutions
for Quasilinear Wave Equations.

RENATO MANFRIN (*)

ABSTRACT - In this paper, following a result of S. Klainerman, we prove the exis-
tence of global smooth solutions in R, X R? for quasilinear wave equations
with small initial data wich are periodic in at most » — 2 variables. The proof
is based on suitable decay estimates for partially periodic solutions of the ho-
mogeneous wave equation.

1. Introduction.

The aim of this paper is to present a result concerning the existence
of a global solutions in C* to quasilinear wave equations for initial data
and nonlinear perturbations which are 2z-periodic with respect to some
of the space variables.

Let us consider the initial value problem on R; X R7:

1.1) Uy — Q= fQ2, Uy, Uy ovny Uy, ) s
1.2) u(0, ®) = eup(x),  u (0, ) = evy(x);

where f: Ry X Ry*' >R is a C* function which satisfies a condition
such as:

1.3) |f(x, 2)| <c|z|™*!  for |2| <4,

(*) Indirizzo dell’A.: Scuola Normale Superiore, Piazza dei Cavalieri 7, Pisa,
Italy. :
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where r is an integer = 1, and for every multi-indices «,

(1.4) sup |DED} f(x,2)| < »,

zeRy,|2| <p

when p is sufficiently small.

It was proved, under suitable condition on » and r (see in particu-
lar [K],[K,P],[T,Y]) that for given initial data u,(x), v,(x) € Cy (R%)
Pb. (1.1), (1.2) admits a unique global solution in C* provided ¢ is suffi-
ciently small. In[K,P] the proof was based on the L? — L? for esti-
mates the solution of the unperturbed equation with Cg initial data,
due to W. von Wahl[W]. Later, in[K],[T,Y] and other papers a more
general result was obtained using the so called I' and Q-norms.

Now we assume the periodicity in the first j space variables, with
2 < n —j, and defining a suitable Q-type norm for smooth functions in
R, X R}, we give a decay estimate for solutions of the homogeneous
wave equation wich are periodic in x4, ..., 2;:

(1.5) | Du(t)| = < Cp (1 + )" V2 Du(0)|lg, tny21 + 5

where the Q-norms will be define in § 2.

Using this estimate we obtain, following essentially [K,P], the
global existence for smooth solution when ¢ is sufficiently small.

We can state our main result:

THEOREM 1. Assume that (1.3), (1.4) holds and that f(x, z) is 2r-

periodic in &y, ...,%;. Then, for any smooth initial data wu,(x), vy (),
2r-periodic in xy,...,%; and compactly supported with respect to
Tji1y .. s Xy With J satisfying

n—j—1 1
1.6) —5 >

there exists €y > 0 such that problem (1.1), (1.2) has a unique global
smooth solution for 0 < e <¢,.

If n —j =3 and r =1, we have the following estimate of the life-
span T, of the solution

aamn T.= Bexp{A/¢},

for some positive constants A, B and for ¢ sufficiently small.
If n—j=2 and r=2, we can say more, namely that:

(1.8) T.= Bexp{A/<%}.
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REMARK. We recall here that Pb. (1.1), (1.2), without any other as-
sumption on the nonlinear term, does not admit, in general, global sol-
utions periodic in all the space variables. Consider for example the
equation '

(1.9 Uy — M = ul

then, it easy to see that every solution of (1.9) with constant and positi-
ve initial data, blow-up in finite time.

As a special case of Th. 1, taking initial data which are constant in
the variables x,, ..., x; we re-obtain the results of [K], thus the condi-
tion (1.6) is in some sense sharp.

We give here a direct proof of Theorem 1 when the nonlinear term
f(x, Du) does not depends explicitely on x, observing that when f de-
pends on x € R} it is sufficient to use a suitable form of Lemma 2.7 to
estimate the Q-norms of the nonlinear term.

REMARK. By the same methods, we can prove global existence in
C~ for small initial data to the more general equations of the form

(1.10) Uy — M= 3 a;;(@, DU) Uy, 4 + flax, Du)

i,j=1

where f(x, z) satisfies the same assumptions as before; a; ;(x, Du) sat-
isfies a condition of type (1.4) and a condition of the form

(1.11) la; j(x, 2)| <Clz|", |z2| <.

REMARK. A weaker version of Th. 1, which avoids the use of I'-
norms, can be found in[Ma]. More precisely, using merely the Sobolev
norms and an appropriate Von Wahl's type estimate for the periodic
solutions of the homogeneous wave equation, we are able to prove the
conclusion of Th. 1 assuming instead of (1.6)

(1.12)

(n—=1) . 1 1

) -J]> 7(1 + '/’-‘) .
This is the plane of the paper: in § 2 we give the notations and the fun-
damental decay estimates for partially periodic solutions to the linear
wave equations, in § 3 we recall a classical local existence result for the
nonlinear wave equation, finally in §4,5 we complete the proof of
Th. 1.
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2. Preliminaries.

Following S. Klainerman [K], we introduce a set of partial differen-
tial operators:

@1) =-2, 8=2" (@=0v,

LO =tat +x131 +, ey +xn8n,

2.2 .
( ) Qa,b=xaab—xbaa, a,,b:()’”_’,n.

The first order operators Q, , and L, satisfy the following commutation
properties with the wave operator [J in R, X R} :

(2.2a) [0, Q.,1=0, [0O,L]=20.

Moreover we have
(Lo, 2,31=0, [Ly,d]1= -9,
(a5, 2c,al =15,624,a+ Na,d25,c = Mb,aL0,c — Y)a,ch,d,
[Q6,6,9:1 =159 — Ma,c%%-

Thanks to the commutation properties (2.2a), if Ou = 0, then also Lyu
and Q, ,u are solutions of the homogeneous wave equation. Thus, the
energy identities hold

IDQ,, s w2 = |DQq, s u(O)llzz,  IDLow(t)|lzz = [|DLou(0)||g2.

In the following, these relations will be used to obtain the basic decay
estimates for the L®-norm of u(t, x) (see Lemma 2.6 below).

For semplicity of notations, in the following sections we shall con-
sider our problems in R; X Ry X R}, where we assume periodicity in
R}, and compactness in R}. Let w(t, x, y): R, X Rz X R}’ - R be a
smooth function, then we define:

Vou = (g, oony Ug,),
2.3) Du = (ugy gy oevy Uy, ) s

Du = (ut’ uxlv ---’uxn’ uyly ---’uym)’
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besides we introduce the following sets of first order operators
.Q=(.Qi’j), 1$l<]sn,

Q0=(,,;), 0<a<bsn,
Q*=(9;,Q4,4), 0sisn, 0sa<bsn,

0 =(Q% 38,,,...10,) = (31, 3 ..., 34.» Oyy» s Oys Qa ) -

(2.3a)

Taking u(t, &, y) a smooth function compactly supported with respect
to the variables x = (,, ...,%,) and 2z-periodic with respect to y =
= (Y1,...,Ym), in corrispondence of one of the sets of operators

Q,0,0% Q, say A= (4,,...,A,), we define the norm:

(240) Ol = (| 2 JA=uOR e 10, 2) ™

and observe that a different orderings of the operators A, ..., 4,, will
produce equivalent norms. In the following, we also use the norm

@4b)  [u@®|-, = |Q**Diut, @, y)|*dedy .

Zoa
le| <k, 18] < B [0, 21"

We quote now the fundamental decay estimates, due to S. Klainer-
man, with respect to the I-norms (which hold for any smooth function
with compact support) referring to[K] for the proof.

LEMMA 2.1. Let wu(t, ) be a smooth compactly supported function
in the hyperboloid H? = {w=(t,x)e R, X R*: t* - || =1, ¢t >0},
then

- — 1/2
(2.5) sup |u(w)| < Cn( IW?AE%M)) .
HY

18] <[n/2] +1

LEmMA 2.2. Let w(x) be a smooth function in R™ compactly sup-
ported. Then:

(n—-1)/2
26) |u@)| < Cn(%wl) ||’“"b/,%(n—1)/21+1 "aru"b{%(n—l)/zHl , x#0.

LEMMA 2.3. Let u(t,x) be a smooth function in R, X R} compactly
supported in R? or vanishing sufficiently fast at infinity, for any fixed
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t=0. Then for any (f,x)e R, X R} such that t>0, t=2|x| we
have:

@0 |ult, )|% < Cy(t2 — |x|?)~™*D-

2p
'f”u(s)”ﬁ,[n/z]n(”u(s)”ﬁ,[n/2]+1 + ”Lou(s)”(),[n/zln)ds
0

where % =t% - |z|2.

The estimates (2.6) and (2.7) are not convenient fot £ and x small,
thus we must resort to the Q*-norms, (which include also the deriva-
tives 9,,, ..., 9;,). On the other hand, for our purpose we must avoid the
use of the operator L, = t3, + 2,9,, + ... + x,0,, because its commuta-
tor with the wave operator in R; X Ry X R}, has the form

O, Lyl =20+ 282, + ... + 28

so that, if we apply L, to each term of the equation Ou = f(«x, y, Du) in
R, X Ry X R}’ we obtain a linear term in the right side:

DLO“ = L()f(x’ Y, Du) + [D9 LO]u-

Thus, we need a result of the following type:

LEMMA 24. Let u(f, x) be a smooth function in R; X R} compactly
supported in R}, then for any £t =0, x € R}:

28) |u(t, 2)|2< Cp(1+8) "V (JulBe tnjzr+1 + Vo w OB - 1y/2141) +

20
+C (1 + t)_nj(||“(3)"12'),[n/2]+1 + ”Du(s)llzﬁ,[n/Z]+l)ds )
0

where o2 =t% - |x|%

Proor. We shall first prove inequality (2.8) in the case ¢ > 0 and
t = 2|x|, then we use Lemma 2.2 and the Sobolev embedding theorem
to consider the other cases.

Assume that ¢t >0 and ¢ =2|xz|, putting (¢, ) = pw, where o =
= (wg, w) € R X R", with w} — |w|? =1, we have

e
29)  o"u(pw) < (n+ 1)j{u2(za)) + A u(A@)| |8,u(X@)| } AmdA .
0
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Let dS; be the area element of the hyperboloid
H" = {& = (9, ) 0§ — |o|* =1}
then A"dxdS; is the area element of R X R". Thus, integrating (2.9) on
Y={weH": vy=2|o|}
we easily find
2.10) jpn“u?(pa) dS; < (n + 1)[
z

0<s?-|y|®<c% |y| <s/2

{u(s, y) + (s = |y|®)"? |uls, y)| |3,u(s, y)| } dsdy
2
<(n+ l)jds j {u®(s, y) + s|uls, w)| |8, u(s, y)| } dsdy .

0 ly| <s/2
Recalling that 9, = cosh (6) 3, + > senh(6)x; /| x| 3;, we have
i=1

|8, u(s, )| < cosh(6)|Du(s, y)|
then, since |y| < s/2 in (2.10) we have 6 < 1/2log3 in the domain of in-
tegration and we can write:

20
@.11) o™+ j u?(pw)dS; < (n+1) f (lluts)liz2 + CsliDuCs)llpzla(s)ee ) ds
P 0

from which it follows that:
@.12) ot Iz j@ﬂuz(pa)ds(-, <
18l <k
P}

20
<ca+o (||u<s)llfs,k > kun@ﬁuxs)uiz) ds.
0 .

According to the commutation properties of 2 with 9, we can easily
verify that for every integer k = 0 there exists M; > 0 such that:

2.13) ML|LDu(t)||,-,, s Im})kup(@ﬂu)(t)nm < My|IDut)5, .

k <
Thus using a localized version of Lemma 2.1 we find that for ¢ > 0 and
t=2|x|:

214)  |u(t, x)|®<
2p

< C,t =™ V(1 +0) J ("u(s)llrz'),[n/2]+1 + ||Du(s)||%,[n/2]+1)d8-
0
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Moreover, by Lemma 2.2 for x = 0 we have

1

@15) |u(t, o)|? scn(
||

n—1 2 2
) (”u(t)na,[(n—l)/zlﬂ + ”qu(t)”a,[(n-n/z]n)

and, from the definition of Q* it follows:

(2.16) |u(t, 2)| < Cllu(t)

0*,[n/2]+1-

So combining (2.14) for t =1, t = 2|x|, (2.15) for t = 1, t < 2|x| and
(2.16) for 0 <t <1, we obtain (2.8). This completes the proof of Lem-
ma 2.4.

We now apply the previous Lemma to a function « which depends
on the variables ¥, ..., ¥,. Let u(f, x, ¥) be a smooth function in R, X
X Ry X Ry, compactly supported in Ry and 2r-periodic in R;’ for any
fixed £ = 0. From (2.8), we have:

(2.17)  |Dfult, x, y)|* <

SCo(1+ )~ V(IDfult, -, YEs tn/21+1 + ”Vnyﬁ%(t, S W -1y21+1) +

2p
+Cn(1 + t)_nJ‘ (”057'4/(81 ) y)”.zﬁ,[n/2]+1 + ||D5Du(s, K y)”lz_),[n/21+1)ds :
0

Thus /int,egrating this expression with respect to ¥ on [0, 27]™ for any
multi-index |8| <[m/2]+ 1, by Sobolev immersion theorem we
find:

218)  |ult, 2, 9)|2 < Cpy o (1 + )"0

2 f {IDguct, -, Y&+ 2141 + Vo DEult, -, WIB, - 1y/2141 } Ay +
[0, 27Jm

+Cp, n(1+28)7"

2p

D> f j {||D5u(s, ) y)"(g),[n/ZHI + ||D5Du(s, Y y)ll.(zi,[n/z]u}d?/ ds
0 [0, 22"
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where the sums are extended to all multi-indices |8| < [m/2] + 1.
In conclusion, if we use the norm

219 |3+ 5, = |Q** Dfu(t, =, y)|*dady,

<k, slj
|| <k, |B] R [0, 2x]

we have proved the following result:

LEMMA 2.5. Let u(t, «, y) be a smooth function compactly support-
ed in Ry and 2r-periodic in R} for any fixed ¢ = 0, then:

(220)  |u(t, x, y)| S Cp (1 + )"V

© sup (“u(s)“a*,[n/2]+1,[m/21+1 + ||Du(s) |Q*,[n/2]+l,[m/2]+l)-

0ss<2p

Consider now a solution u(Z, , ¥) to the homogeneous wave equations
on R, X Ry X R':

221) u=Fu-fu—..-Ru-Ru-..-& u=0.

According to the commutation properties between the wave operator [
and Q, ,, 0 < a <b<n, we have the energy identity for any ¢t = 0,

(2.22) D@ ** DEw)(t)||L2 = |D@** Diw)(0)zz,

where D = (8;, 8,,, ..., O,, Oy,» ---» 3y,,) and, as in (2.13), for any inte-
gers k, | there exists M, , > 0 such that

1 ~
223) —|Du)|jg* 1. <
Mk, ] "D ”Q y k1
< l |<kE|m<l||D~(Q ** D u) ()2 pxio,2am < My, 1 [Dullos, , -

Hence, combining (2.20), (2.22) and (2.23), we obtain

LEMMA 2.6. Let u(t, , y) be a smooth solution of the homogeneous
wave equation, compactly supported in R} and 2z-periodic in Ry then,
for any t = 0 we have the estimate

224) |Du(t, x, y)| < Cp n(1+18)"®" /2 ”f)'“(0)”0',[n/2]+2,[m/2]+1-
Hence, setting

(2.25) |u(®)|g* k1= " <k2|ﬁ| < [|Q** DEu(t)||L, = re x Rp)»
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we have also

2.26) | Dut)|ger, 1< Comyny 1,1 (1+ ¢)~ D/ llﬁu(o)llﬂ‘,[n/Z]+2+k,[m/2]+ 141

REMARK. In view of the estimate of the nonlinear terms (see Lem-
ma 2.7 below), it is more convenient to use, instead of the norms
I llos, &, the |||z, » norms. Setting,

(2.27) Iu(t)lﬁ,k = | lz;k”()au(t)llbw(gg XR™) )

from (2.24) and (2.27) it is easy to deduce
228) | Du(®)|g,k < Cp,n, k(1 + )" V2| DuC0)3, 16+ my/21+3+k -
We now estimate the composite functions:

LEMMA 2.7. Let f:R¥ >R be a smooth function of U=
= (uy, ..., uy) satisfying

AO)y=0(U|I™*") at U=0,
where 7 is an integer = 1; and put

(2-29) Ak(P)"_‘ Z IDYf(ul7-"ruN)l .

|ui| Sp, 1< |y| <k +r+1

Then if all the norms appearing at the right side below are bounded, we
have

@30) || (U, M, & < Coedr (U, ) |2=) U, NG g 1UG g, &
where C; is a positive constant which depends only on k.

ProoF. When k =0, (2.30) is obvious; if £ =1 and 1 < |a| < |k],
we have

@31) G°fU)=

|| 3 i )
= l ,2 lDrf(U)EC(Y, wi,j)()“’"‘ul "'le,Ylul "‘QmN'luN---QmMYNuN,
rl=

Where the second sum is extended to all multi-indices w; i,
ey @ g 5 ey WN 1y ey Wy, Such that Zwi,j=a, |a),~7j| >0 and
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C(y, w;,;) are positive constants. Putting

(2.32) 2, (p) = sup |D7 fluy, -+, uy)|,

[ui] <p

we then easily compute:
|

(2.33)  [2*f(U®, N2k x 10, 221y < Clax) ! |21 {2, U, =) x
=

x 2Qerruy .. Qg Q9% uy O Y uy |2 g iozam §

where the second sum is as above. It is easy to see that one at most of
the multi-indices |w; ;| is greater than or equal to [|«|/2] + 1, thus
(2.30) follows from (2.33) taking into account that

(2.34) A, ] < Jel™ M 3 |2g(0)]

|8l =r+1

for |y| <7+ 1

3. Local existence for periodic solutions.

Before proving Theorem 1, we recall here a result of local existence
for solutions which are periodic with respect to m space variables. We
refer to[G1],[G2] and [M] for a detailed discussion and proof.

DEFINITION. We denote by for H;, (R; X R}’) the space of the fune-
tions g(x, y), 2n-periodic in ¥, ..., Yn, such that

9(x, y) € H* (R x (0, 22)™) .

In the same way we define L; (R} X R}') and WI,:’,;L” (Rz X RY").
Let f(x, 3, 2) be a C* function on R} X RJ* X R**"*2, such that

3.1) flx,y,0) e H; (R; X RY),
(3.2) sup |D*f(x, y,2)| < ® Va; Vo=0.

(x,y)eR% xR;",|zl <p

Then, the following result of local solvability for the nonlinear wave
equation holds:

PROPOSITION 3.1. Assume that the function f(x, y, w, Du), satisfies
(3.1), (3.2); then for any initial data uy(x, y), vo(x, y) € H;, (Ry X R})
there exists T > 0 (depending on uy and vy) such that the quasilinear
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wave equation

(8.3) uy — Mu = f(x, ¥, u, Du)

has a unique (local) solution u(t, x, y) e C* ([0, T); H; (R; X R}')).
Such solution has the finite speed of propagation property with re-

spect to x € R} . Moreover, if f does not depend explicitely on u and sat-
isfies a condition such as

(8.4 |f(x, y, Du)| < c|Du|™*!

for |Du| sufficiently small and v integer = 1, the life span of the sol-
ution can be estimate on below as

(3-5) T= C(||D~u(0’ %y )”H‘,’,m)—T
for s >[(m+n)/2] + 1.
REMARK. (3.5) easily follows from the energy estimates for the

quasilinear wave equations, using the inequalities of Gagliardo and
Nirenberg in order to estimate the nonlinear terms (see[N]).

4. Estimates for the solutions of the nonlinear wave equations

We now use the result of § 2 in order to estimate the solution u(t, x)
of the quasilinear Cauchy problem in R, X R} X Ry':

4.1) Uy — Mu = f(Du)

4.2 w0, &, y) =ug(@, ), (0, x,9) =v(x, y)

where f: R™*"*! 5> R is a smooth function such that:

(4.3) |f(Du)| < C|Du|™** for |Du| <3¢

ris an integer = 1, and w, (, ¥), vy (2, ¥) are smooth functions compact-
ly supported in Ry and 2r-periodic in R;}. Let u(t, x, ¥) be a local sol-

ution of (4.1), (4.2), belonging to C* ([0, T']; H;, (R} X R;")), then by
the Duhamel’s principle we have

t
4.4) u(t, x, y) = w(t, x, y) + JG(s, t, x, y)ds,
0
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where w(t, x, ¥) is the solution of the homogeneous problem:
4.5) wy — dw =20,
(4-6) W(O, Z, ?/) = U (:L', ?/), wt(Ov X, y) = 'Uo(w, ?/),

while for any fixed s [0, T), G(s, ¢, x, y) is the solution to the linear
problem:

4.7 gu—49=0

(4.8) g9, %, 9) =0, g.(s, =z, y) =fDus)).

By (2.28) we can easily see that, for every k = 0, we have

49  |Dut)|g, i < Cr(1 + )~ V2 Daw(0)||5, ,+s +

t
+C, j (1+ @t - 8)~ " V2| f(Du(s))lg, +1ds ,
0

where » = [(m + n)/2] + 3.
Now applying Lemma 2.7 and observing that |[v|.- < |v|g,u2 we
find, for every integer [ = 0,

(4.10) ||f(D~u(s))||@,l < CzAl(|D~u(3)|[),[z/2])|ﬁ“(3)|5,[l/2] ||D~u(8)||(),z

where A;(p) is given by (2.29), and using energy estimates we can esti-
mate ||Du(s)|lg, ;. Putting:

(4.11) EE@t) = l§|:<l”ﬁ(()“u)(t)niz(kgx[o,zx]m),
by the commutation properties of Q and O we find:

i_ 2 - Oz f(D _i"ac
412 ZEF) 1521 j 0+ fDu(t) = 3*u(t) dwdy

from (4.10) and (4.12) it follows:

d _ _ _
418) o Ei(®) < A, (| Du) | ,0m) 1 Du®) | gy 1DUD N, 1
Since as in (2.13) there exists M; > 0 such that

4.14) —AIZ 1Du®)ls, . < E,(t) < My 1Dt o,
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applying Gronwall’s lemma we have
t
(4.15) [|Dut)llg, : < [|Du(0)||3, exp JClAl(|Du(3)|ﬁ,u/21)|Du(3)|3,[l/21d3 .
0

From, (4.9), (4.10) and (4.15) it follows:
4.16)  |Du(t)|g, < Cp(1 + )" V2| Dw(0)|lg, ,+% +

¢
+ ij((l + (=) " D2, (| Duls) | 6,1+ 021) |ﬁu(3)I5,[(n+k)/2] X
0

3
X ||D~u(0)||[), n+k €XP [JAr)+k( Iﬁu(f) '.é,[(n+k)/2])lﬁu(f)la[(”+k)/2] dT] ds.
0

Setting now:

4.17) Y, (t) = sup (1 + s)® V2| Du(s)| 3, &

0<ss<t

and observing that [(n + k)/2] < k as soon as

@.17) k22r;=2[m2+n}+6,

we find:
(4.18) | Dut) |1+ S | Dul®) 5,5 < (1 + )" V25, (¢)
if k satisfies (4.17). Finally from (4.16), (4.18) it follows that:

@4.19) Y, () < Gy |lDw(0)|l5, ,+x + C[|lDu(0)|a, ﬂ+kosgpt(1 + £)-D/2.

4
f 1+ (= 9) @ D21+ 5)~ @ DA, L (Yi(8)Yi(s) X
0

X exp j (1+ 7)-«"-1)/2”/1“,6(Y,c(r))Yk(f)de’ ds].
0

In conclusion, we have proved the following:
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LEMMA 4.1. Let u(t, x, y) be a local solution of Problem (4.1),
(4.2), belonging to C*([0, T']; H;, (R, X R}')) (which exists by Proposi-
tion 3.1), then for 0 <t <T and k = 2[(m + n)/2] + 6, the following
estimate holds

(4200 Y, (t) < C[|[Dw(0)|a, ,+x + Ci[Du(O)lg, , + kA 5+ (Yi(®)) - Vi) X

4
X sup (1+ 5)(”—1)/2[[(1 + (£ - S))—(n—l)/Z(l + S)_((n_l)/z),,. %
0=:s<t

0

X exp [An+k(Yk(t)) Y (b j( 1+ T)"(("—l)m’dr] ds] )
0

where w(t, x, y) is the solution of the homogeneous problem (4.5), (4.6);
A, ., is a nondecreasing continuous function which depends only on
fx, y, 2) (see (2.29)), and k while

Y, (t) = sup (1 + s)* V2 | Du(s)|5,&-

0<ss<t

5. Proof of Theorem 1.

Applying (4.20), we now prove that the (local) solution of Problem
(1.1), (1.2) is uniformly bounded with respect to t, as t — ®, provide ¢
is sufficiently small. We use the following

REMARK 5.1. Given h(y) = 0 a continuous non decreasing function,
let us consider the function

(6.1) Hy)=Ce(l+mMy)y"yexp{y)y'y}) -y, y=0; C,e>0)

where 7 is an integer = 0. Then for every « > C and ¢, > 0, there exists
A = A(a, €¢) > 0, such that if y < A/¢"and 0 < ¢ < ¢, then H(y) vanish
at some point of (0, ac).

Proor. Observing that H(0) = Ce > 0, we have, for y < A/c"
5.2) H(ae) < Ce(1 + Mac)a"Aexp {h(ac)a"A}) — ac,

and hence putting

h= sup h(ae),
0<

A )
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it follows that

(5.3) H(ae) < Ce(1 + ha"Aexp {ha"A}) — ac.

Thus if A is sufficiently small (with respect to « and ¢,), we have
H(ae) < 0 for some ¢, 0 < ¢ < ¢q.

We can now prove Theorem 1.

If (n —1)/2 > 1/r, there exists y = 0 such that

3
64) j (1+7)" @ D2rge <y
0

3
(65 (1+ E)(n—l)/2J'(1 + (£ - S))—(n—l)/Z(l + s)—((n—l)/Z)"dS < Y,
0

for every £ = 0.

Now, since for the solution of (1.1), (1.2) one has [|[Dw(0)|lg, ,+x +
+ [Du(0)|lg, ,+% < Ce, provided >0 is sufficiently small, by Re-
mark 5.1 and estimate (4.20) we see that Y, (¢) is uniformly bounded
(independently of t) provided ¢ is sufficiently small. From the local ex-
istence theorem 3.1 it follows that problem (1.1), (1.2) has a global
solution.

If n = 3 and r = 1, the integrals in (5.4), (5.5) can be estimate by the
function

(5.6) y=Clog(1l +¢),

80, by Lemma 4.1 and Remark 5.1 the solution is uniformly bounded
provided that

5.7 Clog(1+t)<A/e.
Thus the life-span 7', of the solution satisfies
(5.8) T.= Bexp{A/¢},

for ¢ > 0 sufficiently small and A and B positive constants.
Finally if n = 2 and r = 2 we obtain for the integrals in (5.4) and (55)
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the same bound as in the case » =3, r=1, and the life-span now

satisfies
(5.9) T.= Bexp{A/c?}.
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