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Automorphisms of p-Groups
with Cyclic Commutator Subgroup.

FEDERICO MENEGAZZO (*)

Automorphisms of p-Groups
with Cyclic Commutator Subgroup.

FEDERICO MENEGAZZO (*)

ABSTRACT - We study the automorphism groups of finite, non abelian, 2-generat-
ed p-groups with cyclic commutator subgroup, for odd primes p. We exhibit
presentations of the relevant groups, and compute the orders of Aut G,
Op (Aut G ), and of the linear group induced on the factor group 

In this paper we give a systematic account of the automorphism
groups of finite, non abelian, 2-generated p-groups with cyclic commu-
tator subgroup, for odd primes p.

Special cases of this problem have of course been studied in connec-
tion with many questions, with the aim of providing examples and
counterexamples; still, the general information available is remarkably
scarce.

It is a remark by Ying Cheng [2] that in such groups G the
central factor group G/2(G) is metacyclic, hence modular; it follows
that G ~ 1 divides the order of Aut G [3]. Another known fact is that
in any metabelian 2-generated p-group G = (a, b), for all choices

of x, y E G’, there is an automorphism % mapping a to ax and b
to by [1]; moreover, if G’ is cyclic and p is odd, such automorphisms
are inner [2]. This implies that the order of Inn G is G’ ~ 2. Aut G
naturally induces a group of linear transformations of the Z/pZ-vector
space where 4l(G) is the Frattini subgroup; we denote this
group which in our case is a subgroup of GL(2, Z/pZ)-by Aut,G,
the 1 beeing a reminder of «linear». The kernel of this action, i.e.

(*) Indirizzo dell’A.: Dipartimento di Matematica Pura ed Applicata, Uni-
versità di Padova, via Belzoni 7, 35131 Padova (Italy).

The author acknowledges support from the Italian MURST (40%).
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{x E AutGlgCXØ(G) = ~( G ), Vg E G}, is sometimes denoted by Aut~ ( G );
for every p-group Inn G ~ Aut~ ( G ) ~ Op (Aut G ).
We found it necessary to analise separately several cases; indeed,

what we got is almost a classification (a classification of finite, non
abelian, 2-generated p-groups with cyclic commutator subgroup, for
odd primes p, has been given by Miech in [4]). For each case, we will
exhibit presentations of the relevant groups and compute the orders of
Aut G, Op (Aut G), Autl G. In many instances, we have been able to dis-
play the effect of Aut G on two chosen generators of G; we hope that
also in the remaining cases the information we provide is helpful.

1. In this section we will deal with metacyclic groups. Accordingly,
we suppose that a group G has a cyclic normal subgroup N = (b) of or-
der p~, say, with cyclic factor group G/N = (aN) of order p . We may
choose a such that b a = for some s, 1 ~ s  m. Since the order of
1 is we also have m - s ~ l. The centre is

Suppose that G splits over N. Then G = ( a, = 

= b1+ps) is a presentation of G. If b = a z b W is a candidate for an Aut G-im-
age of b, we must have (bP8) = G’ = (bP8) and a’ = bb -w E CG(G’). It fol-
lows that and then azps = 1,
w z ( 28) - z w 8 8 z w a -We also have (azb w)a

= a z = such a b is in fact in the Aut G-orbit of b, and an
automorphism mapping b to b and a to a exists if and only if a has order
pl and bä = = i.e. a E where CG(b) _ (b) x (apm-8).
We summarize our results:

where 1 ~ s  ~n and 
The effect of Aut G on the generators a, b is

where
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Suppose now that in our metacyclic p-group G there is no cyclic
normal subgroup N having a cyclic complement. G has a presenta-
tion G = (a, b ~ bpm - 1, yields
m &#x3E; h ~ m - s; b cannot have maximum order, so 1 &#x3E; h; for the same
reason, G’ 1- (a), which means s  h. As a first approximation to the
Aut G-orbit of b, we look for elements g = a’b’ generating normal sub-
groups N of order pm containing G’ = This happens if and only if
(gpS) = i.e. (a) A (b) = (apl), or az E (a P ~), and w 0 0 (p).
We have such elements g, where ~ is the
Euler function, which generate p~ subgroups N as above. For every
choice of N, G = (a, N) and the automorphism group induced on N by
conjugation in G is the group generated by the power 1 + p_~; it is there-
fore possible to choose a E G so that G/N = and = for

every generator g of N. The choice of a is not unique: all the elements in
the coset aCG (N ) (and they only) share the same properties. The order
of CG(N ) = = N(aPm-S) is pl+s: once N is given, we have p l+s
possible choices for a. Comparing the orders, for every such a we find
(a) A N = Nph: it is then possible to choose a generator b of N
such that apl = bph. Again, the choice of b is not unique: the possible
choices are the elements of the All told, the number of
pairs (a, b) satisfying the given presentation of G is (p ~ choices for N)
times choices of a) times choices of b). In summary

where 1 ~shm 
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REMARK. For any n &#x3E; 6, fix m such that 3 £ m % n/2, 1 = n - m,
s = 1, h = m - 1: we get a group G of order with IAutGI =
= pn+1.

2. In this section we will deal with groups G which are not meta-

cyclic, and have nilpotency class 2. We first fix the notation: c~ b are

generators for G such that GIG’ = (aG’) x (bG’), aG’ has order p L
and bG’ has order p m. Then u = [b, a] generates G’, u has order pn with
1 ~ n ~ ~ n ~ m, and of course u E Z(G), Z(G) = bpn, u).

Suppose first that (b) A G’ = (a) A G’ = 1. G has a presentation
G = (a, b, bp = up - 1, = bu, u a = u b = u), and the ele-
ments of G can be uniquely written in the form E 

y E z E Zlpn Z. We can also assume l &#x3E; m. If 0 is any auto-

morphism of G/G’ and we fix elements a E and set
u = [ b, -a], it is immediately seen that (a, b) = G and a, b, u satisfy the
relations, so that the assignment a H a, b H b, u H u extends to an auto-
morphism of G. This means that the obvious homomorphism
Aut G -~ Aut (G/G’) is onto; its kernel is Inn G, of order p 2n. The struc-
ture of Aut (G/G’ ) is well known: if 1 = m it is isomorphic with
GL( 2, Z/p  Z), while if 1 &#x3E; m it is isomorphic to the group of all matri-

We obtained:

with l &#x3E; m &#x3E; n &#x3E;1.

[Notice that, if G/G’ - (aG’} x (bG’ ~, for some
a E Aut G, so in particular (a) A G’ = ( b ~ A G’ = 1. This fact will avoid
any overlapping with the discussion that follows.]
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Suppose now that for no direct decomposition x

x (bG’) it is possible to choose a and b such that (a) A G’ =
= ~b~ ~ G’ - 1, but there is one such decomposition with (a) A G’ = 1
(and (b) A G’ # 1). G has a presentation G = (a, b, u I apl = 1,
bpm = upk, ba = bu, ua = Ub = u), where 1k  n (we are no longer as-
suming l &#x3E; m). If b = ar b s ut is in the Aut G-orbit of b, then (5P’) =
= (G’ )pk = this happens if and only if a rpm = 1 and s ~ 0 (p). For
such a b we have [b, a] = ups, bP = bSP = usp = = (a, 5),
so that there is in fact an automorphism of G mapping b to b and fixing
a. If 0 is any automorphism of G mapping b to b, then [ b, = 

= [b, a]pkand = 1; so the condition on a 0 is a E where

b, G’), hence We may
now state

1 ~1~n.

The effect of Aut G on the generators a, b is

To finish with the class 2 case, we have to deal with the following
situation: for any choice of generators a,~ b of G such that GIG’ =
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we have and ~b) ~ G’ ~ 1. G will have a
presentation G = ~a, b, u I upn = 1, bpm = upk, I b a = bu, ua =

=Ub=u), where 1  h  n, 1  k  n, and we may assume l &#x3E; m.

There are further restrictions, namely: h &#x3E; 1~ and 1 &#x3E; m + h -1~. In

fact, from h ~ k it would follow bpm = Upk = (Uph)pk-h = a p I+k-h9 ,
1 and the generators a, bo = b(a would

satisfy G/G’ = (aG’) and (bo) A G ’ = 1. Similarly, if h &#x3E; k but

L ~ m + h -1~, we could set and obtain G/G’ _
= (ao G’) x (bG’) and We then assume h &#x3E; k and

1 &#x3E; m + h - k and look for subgroups C = (c) where c and
D = (d) where d = such that Cp - and Dp - 
Now 

l 
= = generates if

and only if (p): there are such elements, which gener-
ate pm+h subgroups C. And dpm = arpmbspm =
= generates (Upk) if and only if a rpm E (a) A G ’ = (aP’) = 
and s *0 (p): there are such elements, which generate
p(pm)pm+n /~(pm+n-k) = pm+k subgroups D. It is also clear that, for
any choice of C and D as above, G = (C, D) and arbitrary generators c
of C (in place of a) and d of D (in place of b) satisfy, together with
v = [c~ c] in place of u, relations very similar to the original ones, the
difference being that some coefficients h, g might appear in c p = 
dpm - VfJ.pk (~, ~ ~ 0 (p)). But there certainly are particular generators
a, b of C, D respectively (a convenient choice is c ; d ~), which satisfy,
with u = [b, a], all the relations (e.g., ab, b is not a «good pair», but ab,

one). For such a choice of a, b, we find that (i 0 0,
~0 (p)) will again satisfy the relations if and only if = uij is
such that = a ipl and uJP = Ejpm = i. e. if and only if j =
- 1 i = 1 (pn-k ): and we have such pairs. So the number of
automorphisms of G is: (number of C’s) times (number of D’s) times

We can now state:

where

3. From now on, we suppose G is not metacyclic, and its nilpotency
class is greater than two. Let us fix some notation. G’ is cyclic of order

and is cyclic and non-trivial, so that G is generated by
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two elements (4 b such that b E CG ( G ’ ), a acts on G’ as the power 1 + p~
(0  s  n) and G’ = ([b, a]); we denote the order of bG’ and by
p~ the order of a(b, G’). The Aut G-orbit of b is contained in CG ( G ’ ) =

and the AutG-orbit of a is contained in the

coset aCG(G’ ). We set u = [b, a]; since ~b, G’~ is abelian and normal,
[byu’, a] We will show that if i ~ 0 then [b, uPi
(mod This is true for i = 0; so, suppose i &#x3E; 0 and, by induc-
tion, acts on G’ as some

power 1 + tAp’+ i-1, and 1 + ( 1 + (J.ps+i-1) + ... + ( 1 + (J.ps+i-1)P-l =
= p( 1 + for some v, so that (on G’ ) the endomorphism 1 + +

+ ... + (api-l)p-1 is the power + vps+i-1). And then [b, apil =
= [b, E which establishes our

claim. So, in particular, [b, And ifaxpn-s bY uZ,
are arbitrary elements of CG(G’) and aCG(G’), respect-

ively, we can compute the useful formula

We can now easily compute (a) A CG(b) = (a) A Z(G) = (a) A
A (b, G’) = which gives l &#x3E; n; 
CG (b) = (aPn, b, u) and Z(G) _ (apn, bpn, Since

(aZ(G)) A (bZ(G)) = Z(G), we see that G/Z(G) is metacyclic of order
and bZ(G)aZ~G&#x3E; = bZ(G)l+ps. *

In this section we deal with the following special case: CG ( G ’ ) /G ’
contains a direct factor (bG’) of G/G’; and (bG’) has a complement
(aG’ ) in G/G’ such that (a) A G’ = 1.

To begin, we suppose, in addition, that b can be chosen to satisfy
(b) A G’ = 1. Then G has a presentation G = (a, b, = 

= 

be in the Aut G-orbit of b, then b E CG ( G ’ ), 6,o (P(G), 1, so that
a" e 0 (p). And if a is in the Aut G-orbit of a, then a =
= ac for some (u). Conversely, for any
choice of a, b in agreement with these requirements, if we set f =
= [b, a], we get a generating triple for G which satisfies the defining re-
lations. Hence we can state:

where m-&#x3E;n, 0sn.
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The effect of Aut G on the generators a, b is

In this second part of the section we still assume that G has genera-
tors a, b such that GIG’ = (aG’) x (bG’) and (a) A G’ = 1 as in the
first part, but now (b) A G’ # 1. G can be presented in the form: G =

m &#x3E; k, (p), conversely, from
the presentation above one can easily read that no element g E CG(G’)
exists such that (gG’) is a non-trivial direct factor of G/G’ and

~g)l~G’=1. 
_

If b E CG(G’ ) is in the Aut G-orbit of b, then 
the group CG ( G ’ ) has class - 2 and belongs to its centre, so

that a xpn-s+m b ypm u zpm, and (G’)Pk if and only ifaxpn-s+m =
= 1 and y =t= 0 (p). On the other hand, suppose a xpn-s and

(p); set b = and £ = [b, a] = [byuz, a] = uy+’P’. Then
G = (a, b~, all the relations except maybe the last one hold, and 
= = hence, there is an automor-
phism of G mapping b to b and fixing a. For a given b as above, the con-
ditions on a = ac, where c E CG(G’), in order that some 0 e Aut G exists
which satisfies a, b’ = b are the following: apl = 1, and [b, a]pk =
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To compute the orders explicitly, we now only have to
make the necessary distinctions, according to the relative sizes of 1~ and

I = pm+n-k and pl, lapn-sl I - and We get the following
summary:

where
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4. In this section we retain the general hypotheses and the notation
established at the beginning of section 3, and we still assume

that contains a direct factor (bG’) of G/G’, but we now
suppose that for all complements (aG’) of (bG’) in G/G’ we have
(a) A G’ # 1.

The easy case in this context is when ~b~ ~ G’ = 1. G has then a pre-
sentation ( 1 h 1+ 

s

u b = u) with the usual inequalities 0  s  n ; b ] = 1 gives 
9

l ~ n, and of course n &#x3E; h &#x3E; 0; moreover, [ u p h, a] = 1 yields h ~ n - s.
If c = E CG (G ’) and a = ac is in the Aut G-orbit of a, then

so that bPP’ = 1 and 
if b is in the Aut G-orbit of b then y 0 0

(p), and 1 gives axpn-s+m = 1. Also, u = [b , E] = 
and an automorphism 0 of G mapping a to a and b to b exists if and only
if apl = Uph: we have to study the solutions of the congruence

with the conditions fl-pl = 0 (pm) and 0 This con-

gruence has solutions in y (precisely solutions modpm) for any
given A, p, v, x, z satisfying the conditions above. So we have

with l&#x3E;n, m&#x3E;n, h&#x3E;n-s, 0s,n
The effect of Aut G on the generators a, b is
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- If m&#x3E;l and ml+s-h:

5. Suppose now that C(G ’)/G ’ contains a direct factor of G/G’,
but for all generating pairs a, b (with b E for which GIG’ =
= (aG’) x (bG’) one has (a) A G’ ~ 1, (b) A G’ # 1. With our usual
notation (u = [b, a] of order p n, u a etc.) we find that G has a

presentation G = (a, b, 1, , ba = bu, , ua = , ub = u, , aP 1
bpm=urp), with r * 0 (p), 

k  m and ~’~ - rpk+s (pn). Some cases have to be excluded. If 1~  h
then 1 + l~ &#x3E; m + h, otherwise (b t p m+h-k-l )P l = 
- apl (for the inverse t of r mod ~n); hence with ao = ab - t P m+h-k-l we get
a 0 P = 1 and the pair ao , b satisfies and a0&#x3E; A
A G’ = 1. Similarly, sinceA G ’ = 1. Similarly, if h we must 1+k-h-. s &#x3E; I + k - h, since
otherwise with 

E CG(G’) and we could substitute bo = a for b; but

b0&#x3E;AG’=1.
To determine Aut G, the point is to find all pairs a, B with a E

E aCG(G’ ), B cyclic, B ~ CG(G’ ) such that Bp m = (G’ )pk, (ap 1 (G’ )ph,
G = (a, B) and gpm - [ g, a]rpk for some generator g of B: in fact, if this
is true, then for every generator g of B we have and

it is clear that there is one particular generator b satisfying =

= [ b, a ] p h. Moreover, we can then easily determine all the « good » genera-
tors : b3 (p)) is one if and only if z. e.

E] = 1. This means E(6) A Z(G) = (bpn), j == 1 (pn
so there are precisely «good» generators of B. ~ 

Now, take a = we have E G’

implies [Apl * 0 which in turn _ ( G ’ ) p h &#x3E; h;
but if k 5 h we have 1 &#x3E; m + h -1~, and then = (urp.P)P k l-m E 
and 

If g = (y ~ 0 (p)), we find axpn-s+m bypm u zpm (since
m ~ s). In case h ~ k we have and so E

E (G’ )pk+1, which implies (gPm) = (bpm) = (G,)pk. If instead k  h, then
gpm E G’ forces E G’, i.e. 0 (pl), and again 
- (G , )pk. 

k

Finally, we study the condition [ g, a]rpk for g, a as above,
with tAp * 0 and 0 (p 1). The condition is

At, this point, we have found all pairs
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and ~ is determined (modulo the order of by

As we expected, the conditions depend only on B, and not on the
particular generator g. The number , 1 of subgroups B is then

where 6 is the Euler func-

The possibilities for a = I are the following (we use the fact
that 

For a given choice of B, the number of a’s is Bpn|(Ql(bG’&#x3E;)| I where [3
stands for the number of distinct cosets a Àpn-s (apl) when ~ satisfies (*).
In case k ; s A is arbitrary, hence 03B2 = on the other hand, when
1~  s the is fixed, which splits cosets

in this case ~3 = pl-n+k. In the end we get:
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6. From now on, we shall deal with the case when no nontrivial
direct factor of G/G’ is contained in CG ( G ’)1 G ’. With our usual sym-
bols, G is generated by a and b, b E CG(G’), u = [b, a] has order p n,
ua = ul+p$ (~  s  n)~ 
for some h, 0  h  ~n. G/G’ does not split over (bG’), hence 1 &#x3E; h; and
[b, = 1 implies n. We also have n - s &#x3E; 1 - h, because from
n - s 1 - h it would follow apH E CG(G’) and 

conversely, bG’) A
A for all h, g and indeed does not contain

any direct factor of GIG’.
In this section we further assume that (b, G’ ) _ (b) x G’, i. e.

bp~ - 1; the remaining cases will be discussed from section 7 on-
wards.

The simplest instance of this class is when m b can be chosen so that
(a) (b) fl G’ = 1. G has then a presentation G = (a, b, bpm - 1,
ba=bu, ub=u, where 0sn, 
0  1 - h  n - s, h ~ n (the last inequality coming from the fact that
bph E Z(G)). If we take 
E with y 0 0 (p), and u = [b, a], then G = (a, b), bpm = 1 because

I only remains to check the rela-
tlon other termS,
x, y, h, g have to be solutions of

x, h, g can be taken at will, and then y + is determined. In par-
ticular y --_ 1 (p), so Aut G is a p-group. We have 
= choices for a. Once ac is given, ac-

cording to (**) we can choose b arbitrarily in the coset
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order p1-n+s 9 I = ~ h, and these subgroups of G/G’ are inde-
pendent, we choices for b. We obtained

In the setting recorded at the beginning of this section, we suppose
now that the generators a, b satisfy (a) A G’ = ~b~ ~ G’ = 1, but

(b) 1. G has now a presentation G = (a, b, ulupn = bpm = 1,
ba = bu, ua = u, where (p), 0 £ j  n,
and the usual conditions 0  s  n, 0  h  m,
01-hn-s, m ~ n hold, and (which means

We also assume j  h, since otherwise bo = butpJ-h
would satisfy and We also have ! 

/B G’ = 1 gives the further condition j + m - h a n.
Here (and in the rest of the paper) it is expedient to use the direct

decomposition where .

The order is easily computed. The natural candidates
for a 8, b B (0 E Aut G) can be written as ac’‘ b 11 u’ and c x b y u z, respect-
ively (y =1= 0 (p)). Some tedious but elementary calculations give:

If we take the relation acpl = bph utp’ into account, we can also com-
pute

in our case 

It remains to check the relation
and (3) the condition reads

Now (b, u) = (b~ x (u) and ph + = 0 (~n); so, we are looking for
the solutions of the system
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We also have n - j ~ m - h. Substituting y from (I) into (II) gives

if (h, g, x, y) is a solution of the system, then tAp 1-h = 0 and y =
- 1 + and conversely any 4-tuple (À, x, 1 + +

+ with = 0 (pn - j) is a solution.
To determine |Aut G|, we need to compute the orders of

which is if and

p2l+m-n+s+j-h if l- and of (c, G’~, which is pl+s+h. We
conclude:

To conclude this section, we now study the groups given by a pre-
sentation G = (a, b, u I upn = = 1, ba = bu, u a = =u, apl =
= as in (E.2), but with n &#x3E; j + m - h (we retain the other condi-
tions on the parameters). This means that CG(G’ ’)1 G’ I does not contain
direct factors of G/G’, there is such that

(b, G’) = (b) x G’, and for all elements a E G which, together with b,
generate G, we have (a) A G’ ~ 1. As in the previous case, we set a =

b where c = = [b, a] and check
whether they satisfy the relations. Since bpm = we see that

for all choices of x if j + 7% a I + s; on the other hand, if

j + m  1 + s we must take x --_ o Exactly as in the discus-
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sion leading to (E.2), equivalent to the system

but in this case n - j &#x3E; m - h. If we multiply (I) through 1 + 
write (II) in the form + = 1 + + and
substitute into (I) we get + 

I  m then 03BC must be - 0 (pm-l). And (II) may also be rewritten as
(y - 1)( 1 + = or y = 1 + where a
is the inverse of 1 + in Zlpm Z.

Hence, the solutions of our system are all the 4-tuples (À, p., x, 1 +
+ + where 03BC = 0  m and x = 0 

To compute the order of Aut G, we note that for
p. = 0 (pm-l)  m; and for any 03BC if m) 
- ~ cG’ _~ , so that and the sets

and have

and, We state our results:

The effect of Aut G on the generators a, b is
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- If l  m and j + m  l + s:

7. In order to complete our analysis, we still have to consider the
following situation: for every we have

- (bG’) is not a direct factor of G/G’; and
- (b) is not a direct factor of (b, G’).

We again use our standard notation: G = ~a, b), b E CG ( G ’ ),
u = [b, a] has order IbG’1 [ = p m, u a = with 0  s  n,

la(b, G’) [ = pl. As we saw at the beginning of the previous section,
the first condition is equivalent to: bph u tpJ m &#x3E; h and
n - s &#x3E; 1 - h, t =1= 0 (p) (at least for the moment, we are not excluding
the possibility that j ~ n); [apl, b] = 1 implies ph + = 0 (~~). And
the second condition says some (p), 0  k  n;

a] = a] then implies p m - ( p n ); so, in particular,
m &#x3E; k and m &#x3E; s.

Any cyclic subgroup of CG ( G ’ ), not contained in ~(G), is generated
by some element g = a xpn-s an easy calculation gives

If j + m + n ~ L + s + k, the congruence +

+ + 0 in the unknowns x, z has a solution
(~0), and then On the other

hand, if~+m+~&#x3E;~+s+~ then for all choices of x, z g as above
satisfies 1. Hence our second condition is equivalent to

Next, we determine (a) A G’ . we have 

, -h .
In this section we study the special case in which (a) A G’ = 1, i. e.

(~ n ), Since k  n, this implies h + 1~ = j + m, and
the reduces to n - s &#x3E; l - h. Once

more, we set (p)), (where
c = apn-s b _pn-s-z+h) and check the relations. Using (1), (2), (3), it is easi-
ly seen that Urpk translates into
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i. e.

Similarly, we may write both as

and as

In our case (a) A G’ = = 1, so these conditions are equivalent
to the system

note that m-h=k-j n-j.
Suppose first that m-h~s-j, so that 

the first congruence is trivial. Since n + s + m - h ~ n - j, from (II)
and (III) we get

and then = 0 y = 1 Conversely, any 4-tuple
(~, ,u, x, y) with (J-pl-h = 0 ( p n -~ ) and y = 1 is a solution of the

system.
If, on the other hand, m - h  s - j  s), we proceed as fol-

lows. If (À, ,u, x, y) is a solution, then y = 1 (p); let y’ be the inverse of y
in Zlpn Z. From (I) and (II) we can write A = y’ x(J- + y = 1 +

for some a, p and then (III) becomes

forcing ~p~=0 (we used the equality (n-s)+(s-k)+
+ (~n - h) _ - n - j ). And now (II) implies y = 1 (pm-h). Moreover,

so g m 0 
yields k = 0 Vice versa, it is clear that any 4-tuple (h, g, r, y)
with A * 0 = 0 y - 1 (pm-h) is a solution of the sys-
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tem. So, we have

The effect of Aut G on the generators ci, b is

8. In this final section, we will use the notation established in
section 7 to study the only case left, namely: for all b E 
(bG’) is not a direct factor of G/G’ and (b) is not a direct factor of

(b, G’), and also (a) A G’ ~ 1 for every a E GB  b, O(G) &#x3E;. We saw
that G has a presentation G = (a, b, Ulupn = 1 ba = bu, ua = U1+p8
u b = u, b p - urp , (with some conditions on the numbers
n, s, l, h, t, j, 1!4 r, k, for which we refer to the previous section). And
(a~ l~ G’ - (ap L+m-h ~, , where a P 1+.-h = , so that +

+tpj+m-h=1=O (p n). We set (a~ /~ G’ _ (up2~; we have 0  i  n. Of
course, i =1~ in and i = j + m - h in case

then i=k+i’, where r+t=0 (pi’),
r + (~ i’ + 1 ). We claim that i  k + l- h. This is obvious in the first
two cases. Suppose k = j + m - h; if i ~ l~ + L - h, then r + t = 0

and the congruence r + t = 0 has a sol-
ution go: using (2) we get =
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contradicting an earlier as-
sumption. _ _

Set K = [b, El, where c =
= aP b -pn-s-l+h and y = 0 (p). There exists 0 E Aut G such that a° = a,
b 8 = b if and only if bpm = Urpk and aPl = if and only if (4) and
(6) hold. Suppose first that then (4) and (6) with A~=0
are, respectively:

whose solutions are: x --_ o (and x arbitrary if
y - 1 In this way we determine

I = p2h+i-.n if i  s +

+ 1 - h (notice that Z( G ), hence i ~ n - s and h + i - n ~
~ h - s &#x3E; 0)).
We will riow use (4) and (6) again, in order to find the Aut G-orbit of

a. If (ac, b) = (a’, 0 e AutG, then from (6) we get apl(1+p.pl-h_y) E
E (a) A (u), hence 1 + tapl-h - y = 0 (pm-h) and y - 1 pm-h
for some p. Note 

- A &#x3E; z implies so that again (6) yields

+ 1) == 0 (p j). And we have shown that ff -a is in the Aut G-orbit of a, then

j+l-h = h -
For the converse, suppose [Ap for some a, and set ppm-h =

= 1 + y and ~ = Then (4) and (6) translate into

where (p) is such that uqpi.
Since k+n-s-i-(n-s-l+h)=

all the coeffi-
cients are divisible hence (4) and (6) are equivalent to the system
2: of congruences (in the unknowns ~, p)

The determinant of E is invertible in for any choice of ~ and g
(with [AP j+l-h implies
that the solution for ~ (which is unique in Zlpn-i Z, for given ~ and p.) is
divisible by so we can solve for x, and take y = 1 + 

And then we conclude that the Aut G-orbit of a is the set
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whose cardinality is j
otherwise. We can now state
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