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The Existence of Envelopes.

EDGAR E. ENOCHS - OVERTOUN M. G. JENDA - JINZHONG XU (*)

ABSTRACT - In [7] (pg. 207) a theorem was given guaranteeing the existence of
certain kinds of covers. A dual theorem proves the existence of envelopes.
These theorems do not prove the existence of injective and pure injective en-
velopes. However, if we use Maranda’s notion of an injective structure [11],
we can show that a modification of arguments in [7] prove that envelopes
exist for a wide class of injective structures. These envelopes include the in-
jective and pure injective envelopes.

1. Introduction.

DEFINITION 1.1. If R is a ring and ff a class of left R-modules, by
an ~ preenvelope of a left R-module M we mean a linear map ~ : M - F
where F E F and such that for any linear f: M - F’ where F’ E F there
is a g: F ~ F’ such = f. If furthermore, when F’ = F and f = ~
the only such g are automorphisms of F, then ~: M - F is called an
F-envelope of M. If envelopes exist they are unique up to isomorphism.
Covers are defined dually to envelopes. It is not hard to see that if ’15F’is
the class of injective modules then we get the usual injective en-

velopes. Similarly, we get the pure injective envelopes when ff is the
class of pure injective modules. For F some familiar class of modules,
say the class of flat modules, §-envelopes will simply be called flat

envelopes.
If R is a noetherian domain, then flat envelopes exist for all modules

if and only if R has global dimension at most 2 (see [7], pg. 202). Mar-
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tinez Hernândez ([10] and [9]) and Asencio Mayor [10] have considered
the question of the existence of flat envelopes in general. We will show
that if a ring is right coherent then every left module has a pure injec-
tive flat envelope. From this we will deduce that if the ring is also pure
injective as a left module, then every finitely presented left module will
have a flat envelope. We note that over the group ring ZG with G # 1 a
finite group, not even Z with the trivial G-action has a flat envelope al-
though Z -&#x3E; ZG with 1 - li g( g E G) is a flat preenvelope (Akat-
sa[1]).

It is an open question whether every module has a flat cover. But it
is now known that every left module of finite flat dimension over a

right coherent ring has a flat cover [3].
We need the following:

PROPOSITION 1.2. If F is a class of modules closed under products,
then a left R-module M has an ~ preenvelope if and only if there is a
cardinal number X,,, such that for any linear map M -~ F with F E ff
there is a factorization M - G - F with G and Card G ~ Na.

PROOF. The condition is necessary, for let Na = Card F where
M --~ F is an lKpreenvelope. Conversely, given such an Na, it is easy to
construct or product TI Gi with Gj e 1 Card for all i and a map

which is an ~ preenvelope. a

DEFINITION 1.3. A left R-module A is said to be absolutely pure it
for every n ~ 1 and every finitely generated submodule 8 c Rn,
Hom (S, A ) ~ Hom A ) ~ 0 is exact.

We now get the known (D. Adams, [2]).

COROLLARY 1.4. Every left R-module M has an absolutely pure
preenvelope.

PROOF. We fix the ring R. Let Np be an infinite cardinal. We claim
there is another cardinal such that if A is any absolutely pure left R-
module and V c A is a submodule with Card V ~ then there is a sub-
module V’ of A with V c V’ such that Card V’ ~ ~a, and such that if n -&#x3E; 1
and if is any finitely generated submodule then any linear map
S - V has an extension R n -~ V’ .

To see this we consider the set of triples (Rn,8,f) with 
as above and f : S -~ V linear. For each such f choose an extension

Let (with the sum over all (R n, ,S, f )).
From the construction of V’ it is easy to see how to find Np’.
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Repeating this procedure with playing the role of Xf3 we can fond an
ordinal Xf3" and then a submodule U" c A, U’ c U" with Xf3" having the ob-
vious properties. Hence we see that we have a sequence of cardinals

Xf3’" ... and then a sequence V c V’ c V" c ... of submodules of A
with the obvious properties.

Letting Xet = sup N(pn) (over n ~ 0) we have that if B = then
Card B ; From the construction we see that B is absolutely
pure.

Hence if M is a left R-module, suppose for some Xf3. Let
Xa be as above. Then if ~: M -~ A is linear where A is absolutely pure, let
V = a(M). Then Card V ~ Xf3. By the above there is an absolutely pure
submodule B c A with V c B c A and Card B 5 Xa. We then have the fac-
torization M-B-A. The result now follows from the Proposi-
tion.

If G is a left or right R-module, let G + Homz (G, (~~ ). Then G + is
a pure injective R-module. G is pure injective if and only if the canonical
injection G ~ G + + admits a retraction ([8] or [12]).

If G is a right and M a left R-module then (G 0RM)+ ==
= HomR (M, G + ). A sequence 0 - M ’ - M -~ M " - 0 is exact if and only if
0 - (M") - M + - (M ’ ) - 0 is exact. If R is right coherent and G is an
absolutely pure right R-module then G + is a flat R-module. This is seen
using the isomorphism

for any finitely presented right R-module P.

2. The main result.

For a ring R, Maranda [11] calls an injective structure on the catego-
ry of left R-modules a pair If) where a is a class of linear maps be-
tween left R-modules and where F is a class of left R-module such that
F r= if and only if Hom (N, F ) --~ Hom (M, F ) -~ 0 is exact for all M -
-&#x3E; N E A and M -&#x3E; N E A if and only if Hom (N F) -+ Hom (M F) -&#x3E; 0 is
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ture (ci, 50 is determined by ~ if and only if M - N e a j and only if 0 -~
-~G0M-~G0~V is exact for all G E g.

Then we have

THEOREM 2.1. If an injective structure 50 on the category of left
R-modules is determined by a class G of right R-modules then every left
R-module has an tr-envelope. If G is any set of right R-modules then
there is a unique injective structure (cr, 50 determined by g. In this case,
§will consist of all ~ which are isomorphic to a direct summand of prod-
ucts of copies of the modules G + for G E ~.

PROOF. We first need a sort of Zorn’s lemma, namely:

LEMMA 2.2. Let F be any class of left R-modules and let M be some
left R-module. Suppose F is closed under taking summands and that M
has an tr-preenvelope, say M -+ F. If for any well ordered system of tr-
preenvelopes ((M -+ Fi), there exists a map of lim (M - Fj) = M -

- lim Fi into M - F (i.e. there is a commutative diagram

then M has an ~ envelope.

PROOF. The proof is a fairly straightforward modification of the

proofs of Lemmas 2.1, 2.2 and 2.3 in [7]. There injective precovers E --~
~ M over a left noetherian ring were considered. Given an inductive sys-
tem ((Ej - M), (fji» of such precovers, lim Ei is injective, so there is a
commutative diagram 

~

where E ~ M is an injective precover. The last condition in our hypothe-
sis is seen to be exactly what is needed to carry through the rest of the
argument.
We now immediately get the first part of the theorem, for if

((M -+ Fi), (fji)) is an inductive system of F-precovers of M, then
for each i, so 0 - G © M - G © Fj is exact for all G e g.
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Hence is exact. So But then
-+

if M - F is an F-preenvelope, we have a commutative diagram

Then by the lemma, M has an F-envelope. a

Now suppose ~ is a set of right R-modules. We let a be the class of all
M - N such that 0 - G © M - G © N is exact for all G and let §con-
sist of al modules F which are isomorphic to direct summands of products
of copies of the G + for G E ~. If IF) is an injective structure, it is clear-
ly the only one determined by ~.

Let G E exact for 
Hom (N, G + ) - Hom (M, G + ) - 0 exact. Hence by our choice of 1J§ we
see that Hom (N, F) ~ Hom (M, F) - 0 is exact for all F e M Since for
G e g, 0 - G © M - G © N is exact if and only if Hom (N, G + ) ~
-~ Hom (M, G + ) -~ 0 is exact, we see that and only if
Hom (N, F) ~ Hom (M, F) - 0 is exact for all F E ff.

Now let M be any left R-module. Since is a set, it is easy to con-
struct an F r= and a linear map M -~ F such that for any G and any
linear M -~ G +,

can be completed to a commutative diagram. But then for any 
Hom (F, F’ ) ~ Hom (M, F’ ) ~ 0 is exact, so since F e 1fl M --~ F is an
&#x26;F-preenvelope.

Now let L be such that Hom (N, L ) ~ Hom (M, L) ~ 0 is exact for
all M - N E CL Letting M = L in the above we get an ff-preenvelope
L2013~F. As noted, then so by hypothesis Hom (F, L) -~
- Hom (L, L) --~ 0 is exact. But this means that L is a direct summand of
F so L e M This shows that (ci, ff) is an injective structure and so com-
l t th f
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PROPOSITION 2.3. If R is right coherent then every left R-module
has a pure injective flat envelope.

PROOF. We claim there is a set ~ of absolutely pure right R-mod-
ules such that every absolutely pure right R-module A, A = lim Gi with
Gi for each i. If suffices to use a modification of the proof of Corol-
lary 1.3 to find a cardinal xa such that if S c A with S finitely generates
and A absolutely pure there is an absolutely pure submodule B c A
with S c B and Card B 5 Then choosing a set X with Card X = X(X’
let ~ be all absolutely pure right R-modules G with G c X (as a

set).
We now let ~ be the injective structure determined by ~. Then

by the above, M ~ N E a if and only if 0 - A © M - A © N is exact for
all absolutely pure right R-modules a. Hence by Theorem 2.1, every
left R-module has an ff-envelope. We only need argue that Ir eonsists of
all pure injective flat modules. But since R is right coherent, A + is flat
for every absolutely pure right R-module A (so in particular for A =
= G E ~ ). Hence each F E ~is flat. Also each G + for G is pure injec-
tive so each F is pure injective and flat.

Conversely let F be flat and pure injective. We want to show that
F E ff. But F + is injective, so absolutely pure, hence 0 -~ F + ® M ~
~ F + ® N is exact for all M - N e a. So

is exact for M -~ N E ci. Since F is pure injective, F is a direct sum-
mand of F + +, so Hom (N, F) - Hom (M, F) ~ 0 is also exact for all
M -~ N E a. Hence F E ff is flat since R is right coherent.

COROLLARY 2.4. If R is right coherent and pure injective as a
module on the left, then every finitely presented left R-module has a
flat envelope.

PROOF. Let M be a finitely presented left R-module. If ~: M ~ F is
a pure injective flat envelope, then since F is flat and M finitely pre-
sented there is a factorization M ~ But Rn is flat and pure in-

jective so can be factored M Then 
and since 9: M -~ F is an envelope, g o h is automorphism of F, F is a di-
rect summand of R n, i.e. F is finitely generated and projective. Then if
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M -~ G is linear with G flat, there is a factorization 
both flat and pure injective so

can be completed to a commutative diagram. This shows that M - G
can be factored M 1 F - G and so M ~ F is flat preenvelope and so an
envelope.
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