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On the Multiplicity of Holomorphic Maps
and a Residue Formula.

TELEMACHOS HATZIAFRATIS (*)

ABSTRACT - We obtain integral formulas for the multiplicity of a holomorphic
map at an isolated zero of it. The proof is based on Stokes’ theorem and a pro-
cess of passing to a residue.

1. Introduction.

Let U c C" be an open set, 0 e U and f = (f, ..., f): U— C" a holo-
morphic map with 0 an isolated zero of f. Then it is defined, by various
equivalent ways, the multiplicity mult(f,0) of f at 0; see[3, p. 667].
This multiplicity turns put to be the following integral

0, (F) A w, ()
1) mult(f,0)= | ——————
g f Ik
where
n-l n
on(f) = ew) det [, ;1= etm) (n = DI 2 (=1~ A £
j= >

on(f) = det[3f 1= fi A ... NS, , lfl"’=]§1 1512,

(*) Indirizzo dell’A.: Department of Mathematics, University of Athens, Pa-
nepistimiopolis 157 84, Athens, Greece.
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S.={2zeC": |z| =¢} and c(n)=—=-—"=

see[1, p. 20].

(In the above determinants j runs from j = 1 to j = » forming the n
rows; the integer above a column means that this column is to be re-
peated so many times as the integer indicates.)

If n =1 then the above integral is reduced to (1/2x%) f (f'[Hdz
which by the residue theorem is equal to Res(f'/f,0). %

In this paper we generalize, in a sense, this situation (to the case
n > 1) by writing integral (1) which is an integral of a (2n — 1)-form as
an integral of a differential form of lower degree, more precisely of
(2n — 2p — 1) degree for 1 < p < n — 1. In particular (by applying our
formula for p = » — 1) we express the multiplicity of f at 0 as a line inte-
gral. Let us also point out that there are certain choices that can be
made in constructing these differential forms which give various
formulas.

The (2n — 2p — 1)-dimensional cycles on which the integrals are
taken lie on appropriately chosen analytic varieties which pass from 0
and which could be singular at 0.

As for the process of obtaining these formulas it is the classical pro-
cess of passing to a residue after the use of Stokes’ theorem (see[3,
chap. 3)).

The arrangement of the paper is as follows: in Section 2 we state the
formula, in Section 3 we give the proof of it and in Sections 4 and 5 we
obtain some consequences of it in some special cases.

2. Statement of the result.

With notation as above let us consider a holomorphic map % =
= (hy, ..., hy): U— CP so that

h’i=h’ilfl+'“+hi’nf;17 i=1,2, ey P

for some h;;je O(U), 1<si<p, 1<j<mn.

Let us also assume that M =:{z e U: h(z) = 0} is smooth near the
points of S, and that M meets S, transversally so that T, =: M N S, is a
smooth (2n — 2p — 1)-dimensional manifold. Of course 0 e M and 0
could be a singular point of M.

Let us define

n—p-1

A(z) =c(n —p)det[hlj, ceey h/pj9 }, gf] ]
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and
oh, dh, “* /
= —_— ey — ; Vh|?
B() det[ azj’ , azj’dz’ |VR|
where
Ohyy ...y hy)
Vh 2 _ - ="
l | 1$j1<'§“:<jp5" a(zj‘, ...ij)

With this notation we will prove the following

THEOREM 1. The multiplicity of f at 0 is given by the formula

(S, ..., £,) Al A BG)

mult(f, 0) = a(zl’ vy zn) lf(z)IZ(n—p) .

zeT,

3. Proof of Theorem 1.

The idea of this proof is similar to the one in the proof of Theorem
2.1 of [4]; so we will give only the modifications which are needed to
carry out the proof in this case and we will refer to [4] where more de-
tails can be found about some calculations.

We devide the proof into several steps.

STEP 1. Let
f; S :
g; = and s;= 2 1<sj<n.
TSI T | =1

Then s;(z) is defined for ze U — M and
Q) le,-fj:l and Elgjfj=1.
J= J=

Let us set

lnl2

= —c(n) Z det[g;, s;, ag], as ].
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We claim that dn = w,(g;) = w,(f)/| f|** on U - M.
To prove this it suffices to work close to a point where f; # 0 and to
write

l n—-1-2

n=2 s 3(g.f))  Auf)
n= _cm) 2 det ah suh (glfl _1f1 ,
Aot 9% 8 9g; 9 lacjen

(in the last determinant j runs from j = 2 to j = % forming the 2nd to
n-th row of it).
Then, in view of (1), n can be written

‘i_ n—-1-2
C(n) E det 1 0 0
1=0 g] sj ag] as] <j<n

which implies that 3y = (1/f,) 120 (X;+1 — X;) where

Lt om-i-
X; = c(n)det [ §gj , ésj lo<j<n -

Therefore 3y = (1/f;) X,_1 — Xo).
But it is easy to calculate and find that X,,_; = fi w, (g;) and X, = 0,
which proves the claim.

STEP 2. Let us start with the integral

I wn(f) N\ w, W _

T

S,

and write it as

. wl () A w, ()
i | e

S.s

where S, ;= {zeS,: |h(2)| > ¢}.
But for z €S, ; we have (by Step 1)

AINE))

din N\ w, ()] =
1A en()) e



On the multiplicity of holomorphic maps ete. 41

Therefore the above limit can be written (also in view of Stokes’ theo-
rem) as

tim [ 7 A0,

T.s

where T, ;= {z e S.: |(z)| = ¢} (here ¢ and ¢ are small enough and so
that the various sets over which we integrate are smooth).

p—2
STEP 3. We can write =7 + 2, 7, where
m=0

nptlpcl
7= —c(n)detlg;, s;, 3g; , 3s;]

and

n-m—-2 m

Tn= —c(n)detlg;, s;, dg; , 9s;]

provided that differential forms are restricted to T, ;.
This follows from the fact that on T, ; we have 7, =0 if m = p;
see [4, p. T91].

STEP 4. With differential forms restricted to T, ,, 7 can be written
(up to a sign) as follows:

The proof of this is similar to the proof of Lemma 3 of [4].

STEP 5. %msTf Tm N, () =0for 0sm<p-2
—0 Te, ¢

This follows from an analogous estimate to the one in Lemma 4
of [4].

STEP 6. By Steps 2, 3 and 5 we obtain

mult (f, 0) =£i_l:% J 7 N\ w, (f).

T.;
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But

(fiy v f) (fis s f)

a(zl; ey zn) wn(z) - a(zlv ceey zn)

o (f) = B() A w, (k)

(up to a sign); this follows from Lemma 1 of[4].
Therefore (also by Step 4)

. ~ o (fi,--»fu) ANAB A B _
‘1*1“1’% In/\w"(ﬂ_?—{%T O@ys .-us 20) | f|ZnP Ny E N wp(h) =
T.;

_ [ 8, i) ANB
r 0215 --e5 2n) ,le(n—p)

which completes the proof.

4. Parametrizing T..

With the notation of Theorem 1 let us consider the case p =7 —1in
which case the integrand 6 in the integral of Theorem 1 is a differential
form of type (1, 0).

Now suppose that ¢ is a holomorphic map from a neighborhood
VcC of 0 to U so that the map A—~ZQ) =(&W), ..., L)) is
a parametrization of M={zeU: h(2)=...=h,_;(z) =0} with
£(0) = 0.

Let r,={xeV: 2 [EW|%= 52]. Then ¢: 7,— T, and let deg ¢ de-
i=1
note. the degree of ¢.
With this notation we have the following.

THEOREM 2. The multiplicity of f at 0 is given by the formula

mult (f; 0) = 27i(deg ) Res(%)—, A= 0)

where £*(6) in the pull-back of 6 via ¢
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ProoF. First let us mention that 36 = 0 (as a computation shows)
whence 3(Z* (6)) = 0; from this it follows that there is a holomorphic
function in V — {0}, denoted by ¢* (6)/dA which has a pole at 0 so that

g*(0) = (Z*(6)/d)) dA.
Now, by Theorem 1, mult(f, 0) =7f0. But by [2,p.253] we have:

j0=«kgaj:ﬂm.
T, [2

€

Also, by the residue theorem,

£*(0)

2, 3=0)

IC* o) = 27riRes(

TE

and the formula of the theorem follows.

REMARK. Of course an analogue of Theorem 2 can be proved in the
case 1 <p <mn—2 too.

5. A special case.
We will prove the following.

THEOREM 8. Let Uc C" be an open neighborhood of 0 and
=, .., f): U— C" a holomorphic map with 0 isolated zero of f.
Suppose that 0 is an isolated singular point of M = {zeU:fi=... =

= f‘p = 0}'
Then for ¢ > 0 sufficiently small we have
0 (@) A 0 (§)

mult (f, 0) = B

MAS,

where m =n —p and ¢ = (f41, --vy fo)-

Proor. We will apply Theorem 1 with &, =fi, ..., h, = f,. Then we
may choose h;; =1 1if ¢ =7 and h;; =0 if 7 #J.
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Then
P m—1
[1 0 0 f of ',
0 f. o of
) A@=cm)det|0 0 -~ 1 F, 3, - &,|=
0 0 0 51 551 351
0 0 0 ¢m % 3 m
n—1
¢ O¢1 - O¢
= (-DPe(m)det | - - | = (=Pl @).
$m 5$m e gam
On the other hand
A(fis - fr)

@ B(@) = (=P wy (9)

a(zlr sevy zn)
provided that differential forms are restricted to M. This follows
from [5, p. 483] and the representation of B(z) in terms of local coordi-
nates as is given by [4, Lemma 2]. Now (1) and (2) and Theorem 1 com-
plete the proof.

ExampLES. 1) Let f: C®— C? be the map
f(21, 20, 23) = (2 — 2§, 23 — 24, 2l 2223 — 2} — 2228).

Consider the map & C — C? defined by Z(x) = (A%, A4, 219, If T, =
={zeS.:2f=23,28 =2{}and r,= {2 e C: |A|2+ |A|Z + |A|® = ¢*}
then & 7r,— T, and deg¢=1.

Thus combining Theorems 1 and 2 we obtain that

—Res| Lo} 5 _ol-
mult(f,O)—Res[dAC (f3 ),A—O]—34.
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2) Let g: C?— C be the function
1
9(21, 2) = 5213 2123 + 23

which defines the hypersurfaces S = {(z1, 2;) € C?: g(2,, 25) = 0} whose
0 is an isolated singular point.

Then the Milnor number of S at 0 is the multiplicity of the map f=
= (8g/32,, 9g/3z;) at 0 (see [6]).

Now f(21, 25) = (22 — 25, —32,2% + 524). Hence in the setting of The-
orem 2, if we set z; = A3, 2, = A% we compute (using also Theorem 3)
that the Milnor number of S at 0 is 7.

REFERENCES

[1] 1. AIZENBERG - A. YUZHAKOV, Integral representations and residues in mul-
tidimensional complex analysis, Transl. Math. Monos., 58, Amer. Math.
Soc., Providence, R.I. (1983).

[2] M. BERGER - B. GOSTIAUX, Differential Geometry Manifolds, Curves and
Surfaces, Springer-Verlag, New York (1988).

[3] P. GRIFFITHS - J. HARRIS, Principles of Algebraic Geometry, Wiley, New
York (1978).

[4] T. HATZIAFRATIS, On certain integrals associated to CR-functions, Trans.
Amer. Math. Soc., 314 (2) (1989), pp. 781-802.

[6] T. HATZIAFRATIS, A global residue theorem on analytic varieties, J. Math.
Anal. Appl.,, 149 (2) (1990), pp. 475-488.

[6] J. MILNOR, Singular points of complex hypersurfaces, Ann. Math. Studies,
61, Princeton Univ. Press, New Jersey (1968).

Manoscritto pervenuto in redazione il 19 Novembre 1991.



