RENDICONTI
del

SEMINARIO MATEMATICO
della

UNIVERSITA DI PADOVA

ANTONIO AMBROSETTI

VITTORIO COTI ZELATI

Multiple homoclinic orbits for a class of
conservative systems

Rendiconti del Seminario Matematico della Universita di Padova,
tome 89 (1993), p. 177-194

<http://www.numdam.org/item?id=RSMUP_1993 89 177 _0>

© Rendiconti del Seminario Matematico della Universita di Padova, 1993, tous
droits réservés.

L’acces aux archives de la revue « Rendiconti del Seminario Matematico
della Universita di Padova » (http://rendiconti.math.unipd.it/) implique 1’accord
avec les conditions générales d’utilisation (http://www.numdam.org/conditions).
Toute utilisation commerciale ou impression systématique est constitutive
d’une infraction pénale. Toute copie ou impression de ce fichier doit conte-
nir la présente mention de copyright.

‘NuMbDAM

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=RSMUP_1993__89__177_0
http://rendiconti.math.unipd.it/
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

REND. SEM. MAT. UNIv. PADOVA, Vol. 89 (1993)

Multiple Homoclinic Orbits
for a Class of Conservative Systems.

ANTONIO AMBROSETTI - VITTORIO COTI ZELATI (*)

1. Introduction.

This paper deals with the existence of multiple homoclinic orbits for
second order autonomous systems

) Gg+V'i@=0

where ge RY and V: RY - R is smooth and such that V'(0) =0. A
homoclinic orbit is a solution ¢ e C*(R, R") of (1) which satisfies the
asymptotic conditions

qt)—>0 as t—> x>,

The typical situation where homoclinics arise is the case in which
the origin (p, ¢) = (0, 0) e R?" is a hyperbolic point for the hamiltonian

Hp,q) = 5|p'+ V@, 3 9eR™

namely when ¢ =0 is a strict local maximum for the potential V.
The existence of homoclinic motions has been deeply investigated.
For example, we refer to [2], [7], [15], [16] for results concerning sec-
ond order systems and [11], [18] and [19] for first order systems.
When the potential V depends on time in a periodic fashion, multi-
ple homoclinic orbits arise. Actually, the existence of many homoclinics
is a very classical problem and the first multiplicity results go back to

(*) Indirizzo degli AA.: A. AMBROSETTI: Scuola Normale Superiore, 56100
Pisa; V. Cor1 ZELATI: Istituto di Matematica, Facoltad di Architettura, 81034
Napoli.
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Poincaré [14] and Melnikov [12]. By means of perturbation techniques
they proved that in the one dimensional case (N = 1) and when V de-
pends in a periodic fashion on ¢, forced systems like

@) g+V,t, ) =0

possess finitely many homoclinics. The extension of this kind of results
to any finite number of degrees of freedom (namely, when N = 1) is a
quite non trivial matter. Recently, there has been a great progress in
such a problem by using critical point theory. Actually equations (1) or
(2) are variational in nature and homoclinics can be found as critical
points of

-

@®) Fu) = J {%lz’dz—V(t, u)]dt,

on the Sobolev space E = H %(R, R"). The groundwork for employing
variational tools has been given in [8] and expecially in the remarkable
paper [17], dealing with first order convex forced hamiltonian sys-
tems

p= _Hq(t, P9 q¢= Hp(t, Q.

Subsequently, the convexity assumption has been dropped in[9], in
the case of second order systems like (2). Both in[17] and in[9] the
existence of infinitely many homoclinics is established. It is worth re-
marking that such a multiplicity result is not a consequence of any sym-
metry or invariance property of the functional f. Rather, it is obtained
by using in a striking way the periodic time dependence of the
hamiltonian.

On the contrary, in the autonomous case, no multiplicity result is
known, and in fact one does not expect, in general, to find infinitely
many homoclinics, nor multiple solutions in such a case.

The purpose of the present paper is to show that, for a class of sec-
ond order autonomous systems, multiple homoclinic orbits actually
occur.

Roughly, we deal with hamiltonians like

1 1
H(p, g) = Elplz— §|P|2+ W(g),

where W(q) satisfies
@ alg|*< W) <blg|* (x>2).
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Our main result states that (1) possesses at least two homoclinics pro-
vided b < 2*7%2.q, Other multiplicity results are also discussed.

Our approach is still variational, the main tool being a Lusternik-
Schnirelman type lemma (Lemma 5 below) which allows us to take ad-
vantage of the «pinching» condition (4). Such a lemma is in a certain
sense a comparison result, somewhat related with [4, Theorem 1.2],
and we think it can be of possible interest in itself. It permits to esti-
mate the number of critical points of a functional f on a manifold M, in
relationship with those of a related functional g, whenever the sub-
levels of f and g are boxed in a suitable manner.

The main results of the present paper have been outlined in the pre-
liminary note [3].

2. Main results.

Let us consider a potential V of the form
®) Vig) = - 1 lq|* + Wig)

where ge RY, |q| denotes the Euclidean norm in RY and W satis-
fies:

(Wy) WeC?(RY,R);

(Wy) 36€]0, 1/2[such that 0 < W(q) < 6W'(¢q)-q, Vge R" ;

(W) W"(0)=0 and W'(¢9)-q < W"(g)q-q, Vg RY, g =0;

(W) Joy, 92 C2(RY, R), homogeneus of degree o, a= % > 2,
such that

P1(@) SW(Q) < p2(q), VgeRY.

REMARK. From the preceding hypotheses it follows that ¢ = 0 is a
strict local maximum for V. Moreover the set {ge RY: V(¢) <0} is
compact and ¢ = 0 belongs to the interior. ®

We set

(6) a= rr}i=n1 @), b= max P2 () .

|2

Our main result is the following one

THEOREM 1. Let V of the form (5) with W satisfying (W,)-(W3),
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and let
@ L
Then (1) possesses at least two homoclinic orbits.

REMARK. A condition like (7) recalls a similar one used in a cele-
brated multiplicity result by Ekeland-Lasry [10], see in particular the
proof given in [5]. Actually, even if the approach in the present paper is
somewhat similar to that one of [5], the discussion in the sequel will
make it clear that the two results are different in nature. =

When W is even, the preceding theorem can be improved. For
k < N, let II; denote the class of k-dimensional linear subspaces of RY
and let us set

® %= l;rne%)k( lxlzl}gerr #1(@).

THEOREM 2. Let V be of the form (5) with W satisfying (W,)-(Ws)
and suppose, in addition, that W is even. If, for some k < N, there
results

© = <2

then (1) possesses at least k homoclinic orbits. In particular, if (7)
holds, then (1) has at least N homoclinic orbits.

As a consequence of the preceding theorems, one can deduce multi-
plicity results, perturbative in nature. For example, one has

THEOREM 3. Let V be of the form
(10) Vig) = - 3 1al*+ % lal* + R(@),

with « > 2 and R satisfying (Wy) and
Wy R(@ <0, R"@qq=o0(g|*) as ¢g—0.
Then there exists ¢y > 0 such that for all 0 < ¢ < ¢, one has:

(a) (1) possesses at least two homoclinic orbits;

(b) ¥, in addition, R is even, then (1) has at least N pairs of homo-
clinic orbits.
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3. The variational setting.

Let E denote the Sobolev space H %R, RY) with scalar prod-
uct

0

o) = j [ () 5() + ult) - o(®)] dt

and norm

o

lulf = () = J[|u(t)|2+|u(t)|2]dt.

Let V be of the form (5). With the preceding notation, the functional F
defined in (3) becomes

o

a1 F) = Lt - [ Waw).

In order to prove the preceding theorems it is convenient to use a dif-
ferent variational principle, substituting the search of critical point of
F on E with a constrained problem. This device is closely related to
that one used, for example, in[5]. See also[6] and[1], Proposition
14.

Let us consider the unit sphere S = {u € E: |u|| = 1}; for u e S and
AeR*, one finds

a2) FOu) = —AZ J Wow),

d I
13) aF(Au) =A _1 W'Qu)-u,
(14) Ed-—z-F()\u)-l— J W' Ow)u- .
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Let 2y be such that (d/d)) F(Agu) = 0. Then (13) yields

+
A = I W'(xou) u,

and from (14) it follows

o

W' Qow) u B
Ao

-]

+
2
1 L PO =1= [ WOgwu-u=

dx
f

Using (W;) we infer from (15) that

d 2
dx®

Moreover (W;) (or else (W;)) readily implies that

8\ +

o o

W' gu) - Agu — W Rou) Agu - Agu
25

+
W' (xou)u-u — J

(16) FOw) |55, <0.

. d _ . d - _
amn '\1_1335r o FOuw) =0+, Al=n11w o FQu) .,
Then (16) and (17) imply that for all € S there exists a unique A(u)
such that

g
da

The preceding discussion allows us to define a new function f: S — R by
setting

(18) flw) = max FQu) = F(A(w)u).

F(Au)“\:;‘(u) =0.

Let Vf|s denote the contrained gradient of f on S.

LEMMA 4. Suppose that W satisfies (W,)-(W,). Then
(@) feC'(S, R);
)] irslf f=m >0
(¢) Vf|s) =0 if and only if F'(\(u)u) = 0.

Proor. From the preceding discussion it follows that A(u) is the
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unique solution of
19 (F'OQw)|u)=0.

Then the regularity of F, and (16) imply that A+ A(u) is C' and hence
(a) follows.

From (W,)-(W,) we infer that W(q) = o(|¢|?) as ¢ — 0 and thus there
is ¢ > 0 such that

(20) W@l < 5lal* Vgl <s.

Since for all v € E one has ||v],- < c¢;|[v|| then for any v € E such that
[vll < &, = é/c; (hereafter cy, c,, etc., denote constants) there results
|[v(t)| < 4. Hence (20) yields

©

+
1y 12 IJ 2o 12
= =t - = > = <94 .
P> L= 5 [ o> Gk, Vil <4

This, jointly with (W;) and (18), implies that for all weS there
results

©

Lowp= Lear e - j W) ) =

32
=F(Aw)u) = F(u) = i—"al ulf = Zl

Therefore one infers there exists o > 0 such that
21) Mu)=zp>0 VueS,

and (b) follows.
Since flu) = F(A(w)w) and X(u) satisfies (19), then one finds
that

fr@) =2Aw)F'(Au)w).
Thus, if u € S is a critical point of f|g then there results
(22) Aw) F' (M) u) = yu,

for some Lagrange multiplier y € R. Taking the scalar product with »
and using again (19) it follows that

y = Aw) (F' (@) w)|u) = 0.
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Therefore (22) yields A(w)F'(AM(w)u) =0 and finally (21) implies
F'(A\(u)u) = 0. This proves (c). ®

4. A Lusternik-Schnirelman lemma.

This section is devoted to state in a general form a theoretical lem-
ma which will furnish a basic tool for proving our multiplicity results.
We will use the Lusternik-Schnirelman (L-S, for short) theory of criti-
cal points. See for example[1] for a short review.

Let us consider a C' Riemannian manifold M and a functional
feCY(M, R). For ce R we set f°= {u e M: f(u) < c}. Let K(f) denote
the set of critical points of f|, K(f) = {u € M: Vf|y(u) = 0}. We say
that f| satisfies the condition (C) on f° whenever for any e-neighbour-
hood U of K(f) there exists ¢ > 0 such that

IVfly@)| = ¢ Vuef\U.

REMARK. In using variational tools, it is usually employed the so
called (PS) condition introduced by Palais and Smale [13] rather than
condition (C). Verifying (PS) on f° amounts to requiring that any se-
quence #, € f°such that f(u,) is bounded (below) and Vf|, (%,) — 0, pos-
sesses a converging subsequence. Actually, condition (C) suffices to
prove the main results in L-S critical point theory. =

Another main tool of the L-S theory is the L-S category. Let T be a
topological space and let X c 7. The L-S category of X with respect to
T, cat(X,T), is the least integer k& such that Xc U X, X; being

1<i<k
closed subset of T, contractible in 7. Among the properties of the L-S
category, let us recall here for future references the following mono-
tonicity properties:

(23) X,cXpocT=cat(X;, T) < cat(X,, T),
(24) XcTicTy=>cat(X, T,) < cat(X, T}).

In the sequel we will make use of the following result in the L-S
theory:

LEMMA 5. Letfe C'(M, R) be bounded below on M and satisfy (C)
on f°. Then f|y has at least cat (f°, f°) critical points in f°

The main result we will prove in this section is the following
one.
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LEMMA 6. Suppose that exist ¢, m € R and subsets X cY c M such
that:
1) Xcf'cy;
2) dn e C(Y,X) such that n(x) = x for all x € X;
3) igff? m and f|y satisfies (C) in f°.
Then f|y has al least cat(X,X) critical points in f°.
Proor. First of all, assumption 3) allows us to apply the L-S
theory to f on f° yielding the existence of (at least) cat (f*, f°) critical

points for f|, on f°.
Next, using assumption 1) jointly with (23) and (24), one infers

(25) cat(f, f°) = cat(X, Y).
We claim that, if 2) holds, then one has
(26) cat (X, Y) = cat(X, X)

Indeed, since XcY, (23) yields that cat(X,Y) < cat(X,X). Conver-
sely, let cat(X,Y) =k. Then X cl U . X;, with X, closed and con-

sis

tractible in Y. Let k; e C([0, 1] X X;, Y) denote the homotopy such that,
for all x e X;:

h; (0, x) =2
hi(l,x)=¢&eY
Let us set H; = noh;. Then H;e C([0, 1] X X;, X) and there results
H;(0, x) = n(h;(0, 2)) = n(2) = =,
H;(1, ®) = n(h;(1, ®) = n(§) = & e X.

This means that X; is contractible in X and therefore cat (X, X) <k =
= cat(X, Y), proving (26). As a consequence, (25) becomes

cat (f¢, f°) = cat(X, X),

and an application of Lemma 5 completes the proof. =

5. Condition (C).

It is well known that the usual (PS) condition does not hold for F
on E because F is invariant under the (non-compact) action v — u, =
= u(- + 7). To overcome this difficulty, the following result has been
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proved in[8] and[9]. Let Ky(F) denote the set {ueFE:u =0,
F'(w) =0}.

LEMMA 7. Suppose that [ = i}g{m F>0 and let v,e E be a se-

quence such that
F,)—pell, 2,
F'(v,)—0.

Then there exist t, € R and 2y € E such that, setting z, () = v, + ,)
there results (up to a subsequence)

D) 2,—2,
@n ii) F'(z) =0,
i) [ < F(zp) <B<2l.

REMARK. Actually, the proof in[8] and[9] is given in the case
of non-autonomous potentials, but it can be carried over without
changes in the autonomous case, too. Moreover, let us explicitly point
out that, in the present setting. Lemma 4 (b)-(c) readily implies that
l=m(= iglf f). =

In analogy with Lemma 7, a condition similar to (27) holds true for
fls. Precisely one has

LEmMMA 8. Let u, €S be a sequence such that
Sflu,) — B e [m, 2m[,
VflS (un) —0.

Then there exist 7, € R and uy € E such that, setting w, (t) = u, ¢ + ©,)
there results (up to a subsequence)

) w,—>u,
(28) i) Vf|s(ug) =0,
ifi) m < f(ug) < B <2m.

ProOF. There results:
29) F(\(u,)u,) = fu,) — B € [m, 2m[

(30) [ (uy) = ypty + oy
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where o, — 0. From (30) it follows that
Au,) F' (M uy) u,) = vpty + oy -

Multiplying by u, and taking into account (19),we get 0 = v, + (o, | u,)
and hence

Aun) F' M uy) u,) = — (o |Un) 4y + o, .

Sinee A(u,) = > 0 (see (21)) then one infers

F' ) ) = ﬁn)[o—n — (o | )]
There results
1 1.
|55t = Gl || < 5 -2l

and hence, using again (21), we deduce that
F'(Mun) ) — 0.

This and (29) say that Lemma 7 applies to the sequence v, = A(u,,) u,
with [ = m, see the Remark after Lemma 7. Therefore v,, satisfies (27)
as well as u, verifies (28), proving the Lemma. ®

As an immediate consequence of Lemma 8 we infer

LEMMA 9. For all ¢ < 2m f|g satisfies condition (C) on f°.

6. Proofs.

The proofs of Theorems 1, 2 and 3 will rely on an application of Lem-
ma 6 to f, with a suitable choice of X and Y. First, some preliminaries
are in order.

For x =a,b let us consider functionals G.: E — R defined by
setting

©

G, () = %”u”z —x [ |ud)|=dt.

8+

Moreover, the same arguments developed in Section 3 permit to define
(smooth) functionals g.: S— R,

gx(w) = max G, (Au).
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From assumption (W3) it follows that
alq|* < W(g) < blq|*,
and hence
GwsFu)=<G,(w) Vuek.
This, in turn, implies
C1Y) g(w) < flu) <g,(w) VueS.

LEMMA 10. Ifb < a-2°722 then gf cf¥ *cgZ ¢, for all ¢ and all
e>0, small.

ProOF. From the left-hand side inequality in (31) we immediately
infer that f~c gZ . Furthermore, for all u e S there results

o

+
go(u) = max —AZ—aA’I |

o

+
Setting A(u) = « J |%|*, a direct calculation yields

(32) gu) = (5 = 2o,

DO |

In the same way one finds
(39) 9 = (5 = &) o7 awpr.

Using (7), from (32) and (33) it follows
g.(u) <2g9,(w) VueS.
This and the right-hand side inequality in (31) yield
flu) <2g,(w) VuelS,
completing the proof of the lemma. ®

ProOF OF THEOREM 1. The proof will be carried our in several
steps.

() If we S is a possible critical point of g, on S, then the argu-
ments of Section 3 yield that Gy (A(w) ») = 0 and thus q(t) = A(u) u(t) is a
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homoclinic orbit of

¢ +q—balg|*2g=0.
From the conservation of the angular momentum, it follows that
g(t) = &r(t), where £ e SV~ and r = n(t) satisfies the scalar equation

NI a1 _
34) {1) r+r — bar ,

ii) »@)—0, rt)—0, as t— *+ o0,

Since (34) has, up to time translations, a unique solution it follows that
g, has a unique critical level on S.

(i) Let n = IISIf gy. Clearly Lemma 9 applies to g, with m = u and
therefore the L-S theory can be used to infer that, actually, u = ngin .

Let u* € S be such that g, (u *) = . Then, according to point (i) above, u
is the only critical level of g, and ¢* () = A(u*)u* () has the form
q*(t) = & (), with &* e S¥~! and r satisfying (34).

(ili) We will apply Lemma 6 to M = S and f, by taking ¢ = 2u — ¢,
with ¢ > 0 small, and

X={ueS:g(w)=p} (=g,
Y=g"".

First of all, let us notice that cat (X, X) = 2. To see this, we recall that
X={u=¢&r/|r]: te S¥!, r is a solution of (34)}; moreover, the sol-
utions of (34) have the form r(t) = r,(t + 1), for a fixed r; and any 7 € R.
Thus X =S¥~! X R and the claim follows.

Next, from Lemma 10 (with ¢ = u) it follows that assumption 1) of
Lemma 6 is verified. Moreover, from point (ii) we deduce that X is a de-
formation retract of Y. Indeed, g, has no other critical points than those
in X, and Y can be deformed (actually, retracted) on X because, by
Lemma 9, condition (C) holds true for g, |s on g,,z" ~¢. In particular, such
a retraction gives rise to the map » € C(Y, X) satisfying assumption 2)
of Lemma 6.

From (31) it follows that m = n}gin f=u. Hence 2u — ¢ <2m and

therefore, as a consequence of Lemma 9, f|g verifies condition (C) on
f2m—e.

(iv) The discussion of point (iii) allows us to apply Lemma 6 yield-
ing cat (X, X) = 2 critical points for f|s. More precisely, according to
the L-S theory, fs has two critical levels ¢; = m < c¢; and if ¢; = ¢, (= m)
then f|g has at level m infinitely many critical points K, , such that
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cat (Ky, f#7°) = 2. It remains to show that, in any case, (1) possesses
at least 2 geometrically distinet homoclinic orbits. To see this, let u; be
such that f(u;) = ¢; and set §(w;) = {u € E: u(t) = w;(xt + 1), re R}. If
there exists only one geometrically distinct homoclinic orbit, we would
have G(u;) = G(uy) and therefore c; = ¢, = m. But it is immediate to see
that cat (g(u), f°) = 1 for all u e f° (one can assume, without loss of gen-
erality, that f° is connected, otherwise the same would be true in each
component). This completes the proof. =

Before proving Theorem 2, let us recall that when W is even, then F
and f are even functionals, and we can use the Z,-invariant L-S theory.
Let y(A) denote the Z,-genus of the Z,-symmetric closed set A, with
0¢ A; see, for example[1, Section 2]. We anticipate that, due to the
specific features of the Z,-genus, we do not need to use Lemma 6 any
more.

For k < N, let #* denote the k-dimensional linear subspace of RY
such that for the a; defined in (8) there results

ag = min ?1 (x) .
|| =1lxen*

Define 3, = {xe RY: |x| =1, x e n*}, and
X, = [u = ﬁ ‘r:£eX,, ris a solution of (34)].

Since X, =S* ! x R, then y(X;) =k, see Lemma 2.11-(vi) of [1]. We
claim

LEMMA 11. If b < a;-2°"%2 then X,cf% .

ProoOF. For all se R and all x € X}, there results

Wi(sz) = ¢; () |8]* = a; | s]|* .

Therefore, for any u = &/||r]|- 7 € X, one has

(IMI ”(‘)) =% IIMI) -

and hence

o

(35) Sw) < gg, (w) = max —)\ —ak)\“j
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The same calculation made in Lemma 10 yields

1 —a 3 —a
@6) g = (5 - 3)apeear,

o

+
where A = alpr||~* I |7(t)|*dt. On the other side, as in Lemma 10, one
also has -

o = (1 = L)ooz,

and hence, using (85), (36) and assumption (9)
37 fu) <2-g,(w), VueX.

Finally, since » = &/|[r||- » and r solves (34), there results g, (u) = « and
(87) implies flu) < 2u for all ueX,. ®

We are now in position to prove Theorem 2.

PrROOF OF THEOREM 2. From Lemma 11 and the monotonicity
property of the Z,-genus (cfr. Lemma 2.11 of [1]) we infer y(f* %) =
= y(X;) = k. Moreover, according to Lemma 9, f| satisfies (C) on f%~¢
because 2u — ¢ < 2m. Then f|g possesses at least k (pairs of) critical
points, which give rise, as in the proof of Theorem 1, to k geometrically
distinet homoclinic orbits. =

REMARK. As seen in the preceding proof, we did not need to find
any set Y as claimed in Lemma 6. The reason is because, unlike the
genus, we do not have, in general, that cat (X, X) < cat (Y, Y) provided
XcY =

In order to prove Theorem 3, les us begin modifying the potential

R. Let 7y > 0 be such that 0 < (1/a)r* < (1/2) 72 implies 0 < r < r and
let xeC*(R*, R) be a nonincreasing function such that

) yn=1, Vr<m,
i) x(») =0, Vr=r,+1.

Define R, by setting

R() = x(lgD R,
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and set

W) = 11q|*+ E@.

LEMMA 12. Let ¢ > 0 and let ¢ be a homoclinic orbit of

(38) g—q+W.(@=0.
Then q is a homoclinic orbit of (1) with V given by (10).

PRrROOF. From the conservation of the energy we infer
Ligor- Ligor+w.ao =o.
Hence it follows
L1g 12> W.q®) = £ 190" + B @®).

Since ¢ =0 and R(q) =0, then we find that 1/2|q@®)|? = 1/|q(®)]*.
Therefore |q(t)| < 7y and from the definition of y it follows that R = R.
Hence q(t) solves (1), with V(g) = —1/2|q|% + 1/x|q|* + cR(q). ™

Proor oF THEOREM 3. First of all, let us check that for all e >0
and small enough, W, verifies assumptions (W;) and (W,). Let us take
any 6 ell/a, 1/2[. Then there results

W (@-q-W.0) = (0- L) g1+ (0B " @-g - B@).
From (W,) it follows that R'(g)-q and R(qg) are o(|q|*) as ¢ — 0. Since
R(g) = R(q) for |q| small, then there exists ¢ > 0 such that
39) W, (9)-q—-W.(q)=0, V]g|<o.
On the other hand, since R(g) = 0 for all |g| = 7, + 1, then there exist
& > 0 such that
(Bo)-R'@9<(0-1)lgl, Vgl >2,

whenever 0 < ¢ < ¢;. This and (39) imply that W, verifies (W,) provided
O <eg< €.

In a quite similar way, one shows that there exists s, > 0 such that
W, verifies (W;) provided 0 < e < ¢,.

Finally, let b be any real number such that 1 < b < 222, We claim
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that, for ¢ possibly smaller, (W;) holds true with ¢, (¢) = (1/«) |¢|* and
22(q) = (b/2) |q|*.

To see this, we argue as before. We first remark that, being R(q) =
=o0(|q|*) as ¢ — 0, then 3¢’ > 0 such that

R@=cR@< 2L, Vigl<o.
Moreover, since R(g) = 0 for |q| = 7, + 1, then there exists ¢; > 0 such
that

b;1 lg|*, Vlg|=¢, Veell, el.

eR(g) <

Therefore W, (q) = ¢5(q) = (b/a) |g|*, provided 0 < ¢ < ¢;. Since, plain-
ly, W.(q) = (1/a) |q|*, Ve > 0, Vg e RY, the claim follows.

The preceding discussion allows us to apply Theorem 1 (respect-
ively, Theorem 2) whenever 0 < ¢ < ¢; = min{e;, 5, €3} and V has the
form (10) (respectively, V has the form (10) and is even), yielding 2 (re-
spectively, N) homoclinic orbits for equation (38). According to Lemma
12, these orbits are in fact solutions of (1), and this completes the proof
of Theorem 3. ®
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