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REND. SEM. MAT. UN1v. PADOVA, Vol. 86 (1991)

On a Class of Second Order
Integrodifferential Equations.

DANIELA SFORZA (*)

ABSTRACT - We consider an abstract second order integrodifferential equation in
a general Banach space:
u"(t) = nAu'(t) + pAu(t) +

t t
o + [kt — ) Au' (s)ds + [ hit — s) Au(s)ds, t=0,
* 0 0

w0) =2x,

uw'@0=y,
where A: D(A) c X — X generates an analytic semigroup, »>0 and 8 € R, and
k, h: [0, + o[> R are both Laplace transformable functions. Under suitable
assumptions on the kernels k¥ and k, we construct the resolvent operator for
problem (%), in order to represent its solutions by the variation of constants

formula. Then, we state some results about the existence and uniqueness of
the strict and strong solutions. Finally, we give a concrete example of (x).

0. Introduction.

This paper is concerned with a class of parabolic integrodifferential
equations of the second order in the Banach space X

( t
w"(t) = nAu’ () + BAu() + [ k(t — 5) Au’(s) ds +
0
t
0.1) +[Wt—s)Au(s)ds, =0,
0
u(0) =z,
w'0) =1y,

(*) Indirizzo dell’A.: Dipartimento di Matematica, Via Buonarroti 2, 56127
Pisa, Italy. o

This work was written while the author was enjoying an INDAM
fellowship.
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where A: D(A) c X — X is a linear operator, which generates an ana-
lytic semigroup, n =0 and 3 are real constants and the kernels k¥ and »
are two real functions defined on the interval [0, + oo[.

Problem (0.1) arises, for example, in the study of the motion of vi-
scoelastic materials (see[11] and references therein).

In the applications one is often concerned with the correspondmg

problem with infinite delay (that is, with f replaced by f ). This is the

same as problem (0.1) with the addition of a non-homogeneous term,
provided the history of « up to time ¢ = 0 is known; otherwise, it needs
a separate treatment.

Several papers have been devoted to the problem (0.1) with n =0
and k=0 (see[l,2]) and to the nonlinear case (see[3,4,10, 11, 13]).

We first observe that the «type» of the problem (parabolic or hyper-
bolic) may change if » is greater or equal to 0. In fact, if n>0 we will
show in this paper that problem (0.1) is parabolic. In the case that n =0
the problem is, in general, hyperbolic, except in some special cases as,
for example, when k(t) = t™*, a € ]0, 1[. From now on we assume » > 0;
the case »=0 will be treated in a forthcoming paper.

In this paper we use Laplace transform methods for studying (0.1),
extending what was done in[8, 12] for first order equations. We con-
struct the resolvent operator for (0.1) in order to represent the solution
of (0.1) by the variation of constants formula.

To this aim, we assume that the kernels k£ and & are both Laplace
transformable functions and, in addition, that the Laplace transforms
k(2) and £(2) can be analytically extended to a suitable sector S in the
complex plane, containing the positive real semiaxis, in such a way that
the extensions k(A) and h(A) verify the estimate

0.2) k)| + ¥R <M, 21€eS,

with u, 8 €10, 1] and M > 0. Under these assumptions on A, 7, k, h, we
can define the resolvent operator for (0.1) by the formula

0.3) R = - f eMFO)dr, t>0,
2m
where y is a suitable path contained in the sector S, and

(0.4) FO)=(02—mA—BA—kQ)A—h)A)™,

is (formally) the Laplace transform of the resolvent operator.
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To study the regularity properties of the operator E(t), we make a
careful preliminary study of the operator F(1). In addition, we prove
some estimates about R(f), which are useful in studying the asymptotic
behaviour of the solutions of linear and nonlinear problems.

Then, thanks to the properties of R(f), it is possible to write the sol-
ution of (0.1) by the formula

t
0.5) u®=RMy+R Ox— AR x— f k(t —s) AR(s)  ds..

0

It is well known that problem (0.1) can be recast as a first order equa-
tion, and then known results can be applied to get the existence of the
resolvent operator R(t) and formula (0.5) (see [8, 12]). However, we ha-
ve preferred to derive them directly to make the paper as self-contai-
ned as possible, and because we are interested on the regularity of first
and second derivatives of the solutions.

In fact, in the case that the initial conditions x and y are sufficiently
regular, we prove that (0.5) gives the strict solution of (0.1), while if «
and y are less regular, the function «, defined by (0.5), can be conside-
red as the strong solution of (0.1).

Finally, to clarify this problem, we give a concrete example. We
consider the problem

t
Uiy (6, ) = Uy (1, 0) + gy 1, 2) + [ = 87 2t (5, 2) s,
0

(0~6) 4 t>0a xE[O,TL‘],
u(0, %) = ug(x), wel0,n],
ut (O, x) = ’UO (x) ) X € [Ov 77]7
ut, 0) = ut, ) =0,  t>0.

Under suitable assumptions on the initial conditions %, and v,, we pro-
ve that (0.6) has a unique strict (or strong) solution, which moreover
goes to 0 exponentially as ¢t — + o,

Our work is organized as follows. In Section 1 we list some
assumptions, which will remain valid throughout the paper. Moreover,
we define the resolvent operator and we give some of its regularity
properties. Section 2 is devoted to the study of the existence and
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uniqueness of the strict and strong solutions of (0.1). Finally, in
Section 3 we present a concrete example of (0.1).

We now give some notations, which we will use in the following.
Let X be a complex Banach space. If Y is another Banach space, we de-
note by £(X;Y) the Banach space of all linear bounded operators
T: X—Y, endowed with the norm ||T]| = sup {||T(x)|; ||x|| < 1}. We set
LX) = £X; X).

If 0 <ty <t; <+, we denote by C([ty, t;];X) (resp. C*([ty, t,1;X),
C%([ty, t,1; X)) the space of all continuous u: [t,,t,]— X (resp. conti-
nuously differentiable, twice continuously differentiable). If ¢, < 4o,
C([ty, t,1;X) is endowed with the norm |ju|l.. = {sup [[u(@)|; « € [t,, t;1}.
Given «€]0,1[ and ¢ <+, C*(t,t ];X) is the subspace of
C([ty, t;1; X) consisting of the a-Hoélder continuous functions u, that is

[u], = sup {|t — s|™*|lu(®) — u(s)|; t,s € [ty, t; ], t # 8} < + .

It is endowed with the norm |ullc-(,, 4,33 = [l + [w),. C2*([ty, 8,1, X)
(resp. C%*([t,,t ];X)) is the space of all (resp. twice) continuously dif-
ferentiable functions u such that »’ (resp. «") belongs to C* ([, ¢, 1; X).
Finally, we denote by A([e, T]; X), 0<e<T < +x, the space of all
analytical functions on [, '] with values in X.

1. Existence and regularity properties of the resolvent operator.

Throughout this paper X is a complex Banach space with norm ||||.
In this section we shall construct the resolvent operator for the inte-
grodifferential equation

t
1.1) u"@®) = nAu’') +BAu) + flc(t —8)Au'(s)ds +
0

t
+ [t -5 Autsds,  t=0,
0

where A: D(A) c X — X is a linear operator satisfying:

there exist M;>0, » e R and 6, €lx/2,z[ such that:

(i) the resolvent set o(A) of A contains the sector
Si,o={2eCr#w,larg(A—w)| <6 };

(i) for any 2 €S, ,: [0 —A) ey < My |2 — o] ™.

(1.2)
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Assumption (1.2) means that A generates an analytic semigroup in X.
Since A is a closed operator, D(A) is a Banach space, endowed with the
graph norm |fpc) = |lzl| + |Ax], = € D(A).

Let x>0, BeR and k, h: [0,+ ©[— R be two locally integrable and
absolutely Laplace transformable functions, whose Laplace transforms
k(/\) and A (%) can be analytically extended to the sector Sy o in such a
way that the extensions (denoted again by k(1) and A()) satisfy

(1.8) EQ| + ¥R <My, 2€S4.0,

with g, §€]0, 1] and M, > 0. To define the resolvent operator for pro-
blem (1.1), we need a careful preliminary study of the operator

(1.4) FO)=(02—nmA—-BA -2k A-kO)A)T,

which is formally the Laplace transform of the resolvent. To this aim,
we fix once and for all a maximal analytic extension of k) (resp. k()),
which we still call k() (resp. h( )), and denote by A; (resp. A,) its do-
main of definition. We set

(1.5) o) ={reA; nAy: X2—a()A
is invertible and (3% —a(x)A)™! € £(X;D(A))},

where
(1.6) a) = gA+ B+ AEQ) +h(Y).
Using a simple perturbation argument, it is not difficult to see that
co (F) is an open set. The function A — F(3), defined by (1.4), is analytic
in gy (F) with values in £(X; D(A)). Moreover, the following lemma can
be proved as in[9], Lemma 1.3.

LEMMA 1.1. If x, € C is an isolated removable singularity of F(-)
(as a function from go(F) to £(X; D(A))), then A, does mot belong to
Ay Ag and Alin}o F() is not invertible.

We now define an analytic extension of F(-) on the set

A7 p(F)=pg(F)Yu {2 € C; X is an isolated removable singularity
of F(-)},

setting, for any A € o(F)|eo (F), F(2y) = Ali_{r}o FQ).
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PROPOSITION 1.2. Assume (1.2), (1.3) and n>0. Then, there exists
19> 0 such that

1.8) p(F) 38,0 {1 eClA[ =70},

and the following inequalities hold for any A € S0, |A| =7y:
(1.9) IFllecn < Ms|2|7*

(1.10) A/ ()] < My,

(1.11) JAF ey < M5 ||,

with M5, M,,M5;> 0 constants not depending on A. Moreover
(1.12) AF()x=FMN)Ax, xeD(A).

PRrRoOF. Consider the operator B=A — w. Since B satisfies (1.2)
with the same angle 6, and » =0, we have that for any A € S, the ope-
rator X% — pAB = yA(A/n — B) is invertible and

(1.13) (02— 9AB)Y| < My |22 .
Therefore, by (1.6) and A =B + », we may write
1.14) 2 —aWA = (I-(@+2rk0) +hW)B+a() w)—7AB)™1)-

‘(B =mAB),  A€S8,0

Taking into account (1.3) and (1.13), it is easy to show that there exist
70>0 such that for any AeSy .o, [A|=7, [[(B+1M)+hAW)B+
+a() w)(A% - nAB)” ~1| < 1/2. From this and (1.14) it follows that the ope-
rator 22— a(2) A is invertible and (1.9) holds. Moreover, thanks also to
the equality

1.15 = ——(3
(1.15) AFQ) (/\) (FPF0) -1,

(1.8) and (1.12) hold.
Since

aé\) (n+'3+k(;\)+ ()) ,

(1.10) easily follows, provided one chooses 7, large enough. Finally
(1.15), (1.9) and (1.10) yield (1.11).
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Now, it is possible to define the resolvent operator for the problem
(1.1), as the following proposition shows.

PROPOSITION 1.8. Let y be the path y=y*uy’Uy™, where
r"=eCr=pe*, o027}, Y={eCr=re”, |p|<6},

r=ry, n/2<0<46,, are oriented counterclockwise. Then the operator

(1.16) R = - f MFOYdA,  £>0,
271

is well defined and satisfies the following properties:
(1.17)  R() is analytic in 0, +oo[ with values in L(X);

(1.18) for any t>0, x € X, R(t)x € D(A) and AR() is continuous in
10, + o[ with values in L(X);

(119) [t ROllego + JAR oo < Mge™ ,  ¢>0,
with Mg>0 a constant not depending on t,

(1.20) (e % ARY®)| e < M f k(s)|dse™, >0,

where * denotes the conmvolution: (f* g)(t) = j fit —s)g(s)ds;

(1.21) Itk * ARY® ey < M f Ih(s)|dse™, t>0;
(1.22) lim RO=0  in £00;
t— 0%
(1.23) 1ing ARM®xz=0 e D)
t—0*

R(-) is Laplace transformable and

(1.24) RO =FQ), x€C, Rea>r,.

ProoF. (1.16)-(1.17) easily follow by the estimate (1.9). Thanks to
(1.11) for any t>0, re X, [e? AF())xd) is well defined. Since 4 is a
Y
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closed operator, [e*F(3)xdx belongs to D(A), and
Y

(1.25) ARz = -1 f M AF) zd.
271

Then (1.18) follows again by (1.11). Concerning (1.19), for £= 1, due to
(1.9), we have

+o0
M
It ROl < 222 [ e Lo+
e
To

[}
+ —Mije’ocwdgas My _1 +06)ent .
2r1y 7o\ cosbry
-6

For t€]0, 1] we set At=p, and we have

» =t_“fn ___Lf#<ﬁ)%
t~'R(t) = e“FO D= 5= | F( 7 )5
r/t L4

from which, again by (1.9), it follows

+ 00

0
M.
It ROl < 22| [ ereme Lot L [ enemrg),
il g ?0—0

which proves the first inequality of (1.19). The proof of the other ine-
quality is analogous. (1.20)-(1.22) follows from (1.19). To prove (1.23),
it is sufficient to show that (1.23) holds for x € D(A), and then to use
(1.19). If x € D(A), thanks to (1.12), we have

(1.26) AR@M)x = R(t) Ax,

from which by (1.22) it follows linol AR(t)x = 0. Finally, by (1.19) R(-)
t—0*

is Laplace transformable, and (1.24) is an easy consequence of the Cau-
chy integral formula (see also [8], Proposition 4.2).
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Now, we want to study the properties of the operators

(1.27) R'(t)= -1 f SOFQ) AL, >0,
271

Y

(1.28) R"(t) = —I—TJ’e"‘AzF(A)dA, t>0.
2m
Y

PROPOSITION 1.4. For any xe€ X, and t>0 we have that

(1.29) R’'(t)x € D(A) and AR’ () is continuous in 10, +oo[ with values
n L£X);

(1.80) R(-) is analytic in 10, + [ with values in L(X;D(A));
13D IR Do + AR Ollecr + R Dllsgo < Mye™t, >0,
with M;> 0 a constant not depending on t; for any x€X and t>0

t
(1.32) R'()x—x=nAR®)x +,efAR(s)xds+
0 t
+k*AR(t)x+fh* AR(s)  ds;
0

(1.33) for any x € D(A), tl_i)r{)1+R "t = ax;

(1.34) for any x € D(A), with Ax e D(A), tlinO1+AR ") x = Ax;
for any xeX and t>0

(1.35) R"()x=nAR'()x+BARM)x+k +« AR'(t)x + h * AR(}) x;
(1.36) for any x € D(A), with Ax e D(A), tlim R"(t)x = nAx.

-0

Proor. Thanks to (1.11) for any £>0, x € Xje“AAF()\)di is well

defined. Since A is a closed operator, f e* AF(A)Yw dx belongs to D(A),
and Y

(1.37) AR' (o = -1 f e AAFQ) xdi.
2mi
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Then (1.29) follows again from (1.11). (1.30) easily follows from the esti-
mate (1.11) and (1.17). The proof of (1.81) is analogous to that of (1.19).
As both members of (1.32) are continuous in ]0, + [, to prove (1.32) it
is sufficient to show that their Laplace transforms coincide, that is by
(1.24), that

(1.38) MFWx—xlx=pAFN)x+pA TAF)x +

+EQ)AFQ)x + A"t hWAF)x, 21eC, Rea>r,.

Thanks to (1.15) and (1.6), (1.38) holds, and so we get (1.32). Concer-
ning (1.33), taking the norm into (1.32), by (1.19)-(1.21) we have

t t
IR )&~ ol < wlAR ! + Moe™ ol lglt + [ le@lds + [ In)ds),
0 0

from which, due to (1.23), it follows (1.33). By (1.37) and (1.12) it follo-
ws for x € D(A)

(1.39) AR')x=R'(t) Ax,

and so, because of Ax € D(A), (1.33) yields (1.34). Finally, by differen-
tiating (1.32) we have (1.35), and from this, taking into account respec-
tively (1.34), (1.23), (1.31) and (1.21), it follows (1.36).

Now, we want to emphasize the regularity properties of the fun-
ction ¢{— R(f)x, depending on the regularity of .

PROPOSITION 1.5. i) For any « € X, the function t— R(t) x belongs
to C([0, + =[; X);
ii) for any x € D(A), the function t— R(t)x belongs to C([0, +
+ [; D(A)) N C* ([0, +°[; X);

iii) for any x € D(A), with Ax € D(A) the function t— R(t)x be-
longs to C*([0, +[; D(A)) N C2([0, +[; X).

ProoOF. i) follows from (1.17) and (1.22). i), (1.23), (1.17), (1.18) and
(1.33) yield ii). Finally, iii) follows from ii), (1.29), (1.34) and
(1.36).

We conclude this section with some estimates, which are useful in
studying the asymptotic behaviour of the solutions of linear and nonli-
near problems. If we denote by o(F") the complementary set C\p(F),
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and we define
(1.40) wp = sup {Re ; 1 € o(F)},
then the following proposition holds:

PROPOSITION 1.6. For any >0, there exists a constant k(¢)>0
such that the following estimate holds for t>0:

14D [t RO+ IR’ Ol + [AR@) + [k + AR +
+|k + AR@)|| < k(c) erto1
where we mean ||| = |-lleco -
Proor. We shall prove only
(1.42) [R@®)|| < k(e) ter 99

because the other inequalities may be obtained in a similar way.

We assume that wp+ ¢ < — 17, (the other case can be handled in a
standard way). Then it is possible to deform the path y, in formula
(1.16), into a new path 7 so defined

Y=Y+UnUT-,

wp+s/2}

y.=31= eiio' = =
T+ { e 1P = R0 oS 0

?o={z=wp+ 5t Iyl<ho=(wp+§)tan0},

with 6 €lx/2,6,1. Since gy >1,, we may apply (1.9), and we have

+ ko
IR < f seoon % e“"F”/Z)‘ ” wop+ 3 +2y) 'dys
12
< grocostt Z_° J’ dp 1 e(arp+s/2)tJ’ F(wp-l- % +’Ly> dy=
~hy
ko
M 1 f .
= plopte/2t| 78 + — £
e 0 T oo F(wF+ 5 +zy) dy|,

)
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that is, (1.42) is true for t=1. If t€]0, 1[, by (1.19) we get
"R(t)” SMGeTO‘(wF+s)te(wF+£)t ,

from which the conclusion follows.

2. Existence and uniqueness of the strict and strong solutions.

In this section we want to solve the Cauchy problem

[ t
u"(t) = nAu' () + pAu(t) + f k(t—s)Au'(s)ds +
0
t
@n + [ 1t - ) Auts)ds,  t>0,
0
w(0) =,
w0 =y,

in a strict and a strong sense, where », 8, A, k and h satisfy the assum-
ptions of Section 1. A function u: [0, + ©[— X is said to be a strict sol-
ution of (2.1) if u e C* ([0, +=[; D(A)) N C2([0, +[; X) and satisfies
(2.1). We will call a strong solution of (2.1) a function u € C'([0, T]; X),
T > 0, such that there exists a sequence

{u,} ¢ C* ([0, T]; D(A)) n C*([0, TT; X),
with the following properties:
u,—u in C(0,T;EX), u0)=ux;
22 u,—»u' in C(0,T;EX), u'(0)=1y;
U, — nAu, —BAu, — k » Au, —h* Au,=0, meN.

We begin with a uniqueness result and a representation formula.

THEOREM 2.1. If x, y € D(A) and u is a strong solution of (2.1),
then

t
2.3) u®)=R{M)y+R'(O)x—nAR({t)x - f k(t — s) AR(s) x ds,
0

0<t<T.
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ProoF. We first assume that
u € C1([0, +o[; D(A)) n C2([0, +=[; X)

is a strict solution of (2.1). For every t =0 the function s+— R(t — s) u(s)
is twice continuously differentiable in [0, t], and we have, thanks to
(1.85), (1.32) and (2.1) respectively:

dizg RE—8)u@®)=R"t—8)u(s) —2R'(t—s)u'(s) + Rt —3s)u"(s) =
s

= nAR'(t — 8)u(s) + BAR(t — s)u(s) + (k » AR')(t — s) u(s) +
+(h*x AR)(t — s)u(s) —2u'(s) — 2nAR(t — s) u'(s) —

—28(1% AR)(t —s)u'(s) —2(k + ARt — s)u'(s) —

—2(1% hx AR)(t—8)u'(s) + pR(t —s)Au'(s) +

+BR(t — s) Au(s) + R(t — s)(k * Au')(s) + R(t — s)(h = Au)(s).

Integrating both members of the previous identity between 0 and t, we
get

24) —u@®+R'®)x—RM)y=nAR'* u)t)+BAR * u)(t) +
+((k* AR') % u)(t) + ((h x AR) % u)(t) — 2u(t) + 2 — 2n(AR * u')(t) —
—28((1% AR)* u’' )#) — 2((k * AR)» u' )(#) —2((L * h * AR) * u' )(t) +
+n(R x Au')(t) + SR * Au)t) + (R * (k * Au"))(t) + (R * (b x Aw))(?).
We now observe that
(2.5) (AR x u')(t) = —ARt)x + (AR’ * u)(?t),
(2.6) (1% AR)* u’ )®) = (AR * u)t) — (1 * AR)(t) x,
2.7 ((k*xAR)*u')t) = —(k* AR)t)x + ((k * AR') x w)(?),
2.8) ((AxhxAR)xu')t)=h* AR xu(t)—1x h+ ARt)x.

Substituting (2.5)-(2.8) into (2.4), we have
ut) =Rty —R'()x + nAR(t) x + 28(1 *» AR)(?) x +
+(k * AR)(t)x + 21+ h * AR)(t) x + 22,

from which, taking into account (1.32), we find (2.3).
Assume now that u € C!([0, T; X) is a strong solution of (2.1), and
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let {u,} cC'([0,T];D(A)) nC2([0,T];X) be a sequence satisfying
(2.2). Set for any » € N x,, = u, (0) and y,, = u, (0), then u, (!) = R(t) y,, +
+R'(t)x, —nAR(t)x, — k « AR(t)x,, te[0,T]. Letting n— +  and

using estimates (1.19), (1.20) and (1.31), we get (2.3), and the proof is
complete.

Now, we show that, if the initial conditions « and y are sufficiently
regular, then formula (2.3) gives the strict solution of (2.1).

THEOREM 2.2. Let x,y e D(A) be such that
2.9) nAy + BAx € D(A).

Then the function u given by (2.8) is the unique strict solution of (2.1),
and belongs to A([e, +[; D(A)) for each ¢>0.

PRrROOF. The uniqueness obviously follows from Theorem 2.1. Con-
cerning the existence, by (1.17)-(1.20), (1.22). (1.23), (1.29) and Propo-
sition 1.5, i) u belongs to

C([0, +=[; X) n C(10, +%[; D(A)) n C* (10, +=[; X)
and u(t)—x, as t— 0*. Moreover, by (2.3) we have
(2.10) Au(t)—Ax=
= AR(t)y+ AR'(t)x —nAR(t) Ax — k + AR(t) Ax — Ax.

By adding to this equation (1.82) calculated in (y/8) Ay, we get

Au(t) — Az = AR() y + %R '(H)(nAy + BAT) — %AR(t)(nAy + BAw) —

t
- —;—k * AR(t)(nAy + pAx) — % fh * AR(s) Ay ds —
0

t
- f AR(s) Ay ds — %(v;Ay + BA),
0
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from which, by (1.23), (1.33), (2.9) and (1.19)-(1.21) we have
lim Au(t) — Ax =0, so that u e C([0, +=[;D(A)). By differentiating

t— 0t
(2.3) and using (1.35), one gets
2.11) u'@)=R'®)y+LARt)x+h* AR(t)x.

Letting t— 0* and using (1.33), (1.23) and (1.21), we have »'(t) -y,
and so that w e C!([0, +=[; X). Moreover, thanks to (1.29) and (1.18)
%' € C(J0, +o[; D(A)), and we have also by (1.32) calculated in Ay

t
Au'(t) = Ay + AR(t)rAy + pAx) + 8 [ AR() Ay ds +
0

t
+k + AR() Ay + [ h + AR(s) Ay ds + h » AR() Ax.
0

Then, by (1.23), (2.9) and (1.19)-(1.21) ling Au'(t) = Ay, so that
t— 0

u € C1([0, +[; D(A)). To show that u satisfies (2.1), we differentiate
(2.11) and we have

2.12) u'@®)=R")y+BAR'(Hx+hx AR'(Dx,
from which, using (1.85) calculated in y, we get
u"(t) =nAR' )y + BAR@®) y + k « AR'()y +
+hx* ARGy +BAR (H)x+h« AR' () x.
By adding and subtracting
nBAR(t) Ax + nh =« AR(t) Ax + gk + AR() Ax + k = h « AR(t) Ax

in the previous equality and taking into account (2.11) and (2.10), we
find that (2.1) holds and u e C2([0, +[; X).

Finally, the last statement follows from (1.30), and so the proof is
complete.

In a forthcoming paper we will introduce a class of subspaces of X,
which will enable us to give conditions on « and y, which guarantee the
Holder regularity of the strict solution up to t=0.

In the case that x and y belong only to D(A) the function u defined
by (2.3) is the strong solution of problem (2.1), as the following theorem
shows.
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THEOREM 2.3. If x,y € D(A) then the function u given by (2.3) is
the unique strong solution of (2.1) in [0,T], T>0, and belongs to
A(le, T'Y; X) for each €10, T[.

PROOF. The uniqueness follows from Theorem 2.1. Concerning the
existence, since x and y belong to D(A) there are two sequences
{x,}, {yn} c D(A?) such that x, — x, y,— ¥, as n— +  (thanks to as-
sumption (1.2), it is not difficult to show that D(A%) is dense in D(A)).
Since nAy, + Az, € D(A), by Theorem 2.2 for each n there exists a uni-
que strict solution u, of the problem

wl (t) = nAu,, (t) + BAu, (&) + k = Au,, (t) + b * Au, (2),
(2.13) u, (0) = 2, ,
u, (0)=1y,,

given by u,,t) = R®)y,+ R't) x, — nAR() x, — k « AR(f) x,,. By (1.19),
(1.31) and (1.20), u,, converges to  in C([0, T']; X), T > 0. Moreover, by
(2.11) we get u,t)=R'(Y)y, +BAR{t)x,+h * AR(t)x,, and so, by
(1.31), (1.19) and (1.21) u,, converges in C([0, T']; X), as x — + ». The-
refore, u is differentiable in [0, T'], u, — %' in C([0, T']; X), as n— + o,
and we have u'({) = R’'(t)y + BAR(t)x + h * AR(t) x. From (2.13) it fol-
lows that the last condition of (2.2) holds. Finally, in virtue of (1.17) u
belongs to A(le, T']; X) for each ¢€]0,T[, and so the theorem is
proved.

3. An example.

Let us consider the integrodifferential Cauchy-Dirichlet problem:

r

t
Uiy (), 2) = Ungg (b, 7) + Uy 0, ) + [ (6 = 87201 (5, 0) s,
0

3.1 t>0, xzel0,x]
w0, x) =uy(x), xel0,xr],
u (0, 2) =vy(x), xel0,x],
u(,0)=ut,=)=0, t>0.

This problem can be written in the abstract form (2.1), if we take
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X =C([0, n]) and A is the operator so defined

{D(A) = {u € C%([0, x]); u(0) = u(z) = 0},
Au=u".

It is well known that A satisfies (1.2), while assumption (1.3) holds for
k(t) = t"V/2 and h =0. Therefore, all the results of Sections 1 and 2 hold
for problem (3.1). If ug, v, € C%([0, x]), with

3.2) U (0) = uy (x) = vy (0) = vy (x) =0

and g, (0) + Vgze (0) = Ugyy (7) + Voue (7) = 0, then, thanks to Theorem
2.2, problem (3.1) has a unique strict solution given by

33)  ult,)= RO +R O uo— j_:z(R(t)uo)‘

t

2
- [¢-9e L@@ u)ds, >0,
X

0

where R(?) is the resolvent operator for (3.1). In the case that u,, v, be-
long to C([0, z]) and verify (3.2), then, by Theorem 2.3 formula (3.3) gi-
ves the unique strong solution of problem (3.1).

In addition, taking into account that the spectrum of the operator A
is given by the sequence {—n?, n € N}, we have that

oF) = l_Jl{AeC; 2Z4+n2a+n2+Vant=0}.

Thanks to this formula, it is easy to see that wy < 0; by numerical calcu-
lations we have wyp = — 0.9567. Therefore, by estimate (1.41) the strict
and strong solutions, given by (3.3), go to 0 exponentially as
t— + .
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