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REND. SEM. MAT. UNIV. PADOVA, Vol. 85 (1991)

On Oscillation, Continuation, and Asymptotic
Expansions of Solutions of Linear
Differential Equations.

STEVEN B. BANK (*)

1. Introduction.

There is a classical result due mainly to E. Hille (see [13; p. 345] or
[22; p. 282]) which states that for any second-order linear differential
equation

1.1 w"+ PR)w' +QR)w=20,

where P(z) and Q(z) are polynomials, there exist finitely many rays,
arg z = g;, for j =1, ..., m, (which can be explicitely calculated from the
equation), with the property that for any ¢ > 0, all but finitely many ze-
ros of any solution f# 0 must lie in the union of the sectors |argz —
—gjl<eforj=1,...,m.

In [1], [6], and [7], an investigation was carried out to determine the
corresponding situation for higher-order equations,

(1.2) w4+ R, @w" Y+ . +Ry(x)w=0.

It was first shown in[6] that when the coefficients R;(z) are polynomi-
als, the situation for n > 2 can be far different than that for n = 2, since
equations of order » > 2 can have the following property (which we call
the global oscillation property): For any ray, argz = ¢, and any >0,
there is a solution f#0 having infinitely many zeros in the sector,
largz — ¢| <e. The examples having the global oscillation property
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which were constructed in[6], are,
1.3) w™ +22w"+ 2w’ +w=0, for any n>2.

In[7], a rather complete answer was given to the question of deter-
mining the situation concerning the possible location of the zeros of so-
lutions of (1.2) when » = 2 and the R;(z) are any rational functions, by
proving the following result[7; Theorem 1]:

THEOREM 1. Given the equation (1.2), where n=1 and
Ry(2),...,R,_;(2) are any rational functions. Then, one of the following
holds:

(A) For any 6 in (—x,#) and any > 0, there exist positive con-
stants ¢ and K, with ¢ < min {¢, 6 + =, = — 6}, and a solution f# 0 of (1.2)
such that f is analytic and has infinitely many zeros z;,2;, ..., with
lim [z,| =+, on the region defined by |Argz—6| < ¢ and |z| > K.

(B) There exist a positive integer A and real numbers oy, ..., 0, ly-
ing in (—=,x] such that for any >0 and any solution f#0 of (1.2)
which is meromorphic on the plane, all but finitely many zeros of f lie in
the union for k=1, ..., 2, of the sectors, |argz — o, | <e.

It was also shown in[7] that there is an effective method for decid-
ing which property (4) or (B) in Theorem 1 holds for a given equation
(1.2), and in the case where Property (B) holds, our methods produced
the set {oy, ..., 0, }. (These results from [7] are stated in §§ 4, 6 below for
the reader’s convenience.) However (see § 11), it is not difficult to con-
struct examples where the set {y, ..., 5, } produced by our method in[7]
contains extraneous elements o;, in the sense that in some e-sector,
larg z — o;| <, no solution f% 0 of (1.2) has infinitely many zeros. One
of the main results of the present paper (Theorem B in § 7), sets forth a
simple method for deciding which (if any) of the numbers o; are extra-
neous in the above sense.

In order to explain the method in Theorem B, it is necessary to dis-
cuss how the set {oy,...,0,} is produced. It was shown in[7] that for
any equation (1.2) whose coefficients R;(z) are rational functions, there
exist functions Wy, ..., W,,M;, ..., M, (which can all be explicitely cal-
culated from the equation) such that: (a) Each W;(2) is either identical-
ly zero or is an analytic function which possesses an asymptotic expan-
sion as z— « in the slit plane, in terms of decreasing powers of z; (b)
Each M;(z) is a function of the form 2% (Log 2)%, for some complex num-
ber «; and some nonnegative integer k;; (c) In sectorial regions S of the
plane, the equation possesses a fundamental set of solutions fi, ..., f5,
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of the form,

(1.4) £@ = 4@ exp [W;@),

where for each j, the function ¢;(2) is analytic in S and satisfies
¢;(@)/M;(x)—>1 as z— o in S. (In the present paper, the set of
functions,

(1.5) {Mlexijl,MzexhWz, ...,Mnexijn},

will be called the asymptotic set for (1.2), and any corresponding funda-
mental set {f}, ..., f,} satisfying (1.4) will be called a basic fundamen-
tal set in S for (1.2).) Roughly speaking, the rays argz = a; in Part (B)
of Theorem 1 which are produced by the method in[7] consist mainly of
two types: (i) The boundary rays of the sectors S (where the represen-
tation (1.4) is valid), and (ii) all rays where the asymptotic behavior (as
z— ) of some ratio of distinct elements in the asymptotic set changes
from «large» to «small». Qur result in Theorem B shows that all rays of
Type (ii) are non-extraneous, and only those rays of Type (i) which are
also of Type (ii) are non-extraneous. This is accomplished by first prov-
ing a «continuation» result (Theorem A in § 7) which produces from two
basic fundamental sets in adjoining sectors, a third basic fundamental
set in the union of the two sectors (including the dividing ray). The
proof makes extensive use of the Phragmen-Lindelof principle.

Our final result (Theorem C in § 13) concerns the precise determina-
tion of the asymptotic behavior of the elements f; in a basic fundamental
set. As mentioned earlier, the asymptotic expansions in the slit plane
of the functions W; in (1.4) can be explicitely calculated by the methods
in[7]. The function {;(z) appearing in the basic fundamental set (1.4)
obviously satisfies the linear differential equation in % obtained from
(1.2) by the change of dependent variable y = (exp[/W;)u. When this
latter equation is divided by exp[W;, we obtain a linear differential
equation in u whose coefficients all possess asymptotic expansions in
terms of decreasing powers of z, as z— o« in the slit plane. In Theorem
C, we show that one can choose the ¢;(z) to have a generalized asymp-
totic expansion (in known sectors and to any number of terms desired)
in terms of asymptotically decreasing functions of the form z?(Log 2)°,
which can all be calculated in advance from the original equation (1.2).
Thus, for these choices of the functions ¢;(2), the asymptotic behavior
of the functions f;(z) in the basic fundamental set (1.4), is known
precisely.
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Finally, the author would like to acknowledge valuable conver-
sations with his colleague, J. K. Langley.

2. Concepts from the Strodt theory [16].

(a) [16;894]: The meighborhood system  F(a,b). Let
—rn<a < b<n For each nonnegative real-valued function g on (0, (b —
— a)/2), let V(g) be the union (over all ¢ € (0, (b — a)/2)) of all sectors, a +
+ &< Arg(z — M) < b — &, where h(¢) = g(8) exp [i(a + b)/2]. The set of
all V(g) (for all choices of g) is denoted F'(a, b), and is a filter base which
converges to ©. Each V(g) is a simply-connected region (see[16; § 93]),
and we require the following simple fact which is proved in[6; §2]:

LEMMA 2.1. Let V be an element of F'(a, b), and let ¢ > 0 be arbitr-
ary. Then there is a constant E,(c) > 0 such that V contains the set,
a+e<Argz<b-—e¢,|2| = Ry(e).

(b) [16; §13]. The relation of asymptotic equivalence. If f(z) is an
analytic function on some element of F(a,b), then f(2) is called
admissible in F(a, b). If ¢ is a complex number, then the statement f— ¢
in F(a, b) means (as is customary) that for any « > 0, there exists an ele-
ment V of F(a, b) such that |f(2) —¢| <¢ for all z € V. The statement
f <« 1in F(a, b), means that in addition to f— 0, all the functions 6} f— 0
in F(a,b), where 6;  denotes the operator 6 f=
= z(Log?)...(Logj_, 2)f' (2), and where (for k = 0), 6]" isthe k-thiterate of
6;. The statements f; < f; and fi~f; in F(a,b) mean respectively
filfe <1 and f; — f, < fa. (As usual, 2* and Logz will denote the princi-
pal branches of these functions on |Argz| < z.) We will write f; = f; to
mean f; ~ ¢f, for some nonzero constant c. (We remark that this strong
relation of asymptotic equivalence is designed to ensure that if f<< 1 in
F(a, b), then 6; f < 1 in F(a, ) for all j = 1. (See[16; § 28]).) If f ~ cz~1*¢
in F(a, b), where ¢ #0 and d =0, then the indicial function of f is the
function,

2.1 IF(f,¢) = Cos(d¢ +arge) for a<¢<b.

If g is any admissible function in F(a, b), we will denote by [g, a
primitive of g in an element of F(a, b). We will require the following
two results, (see[T7;§2]:

LEMMA 2.2. Let f~cz™'*% in F(a, b), where ¢ #0 and d > 0. If
(a;, by is any subinterval of (a, b) on which IF(f, ¢) <0 (respectively,
IF(f, $) > 0), then for all real a, exp[ f < z* (respectively, exp[f > z%)
in F(a,, by).
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LEMMA 2.3. Let « = a+ bi be a complex number. Then for any
¢>0, we have 2%° < z* and 2* < 2** in F(~nr, ).

(c) [18; p. 244]. Logarithmic Fields. A function of the form cz*,
for complex ¢ # 0 and real «, is called a logarithmic monomial of rank ze-
ro. The set of all logarithmic monomials of rank zero will be denoted &,.
A logarithmic differential field of rank zero over F(a,b) is a set I'" of
functions, each defined and admissible in F(a, b), with the following
properties: (i) I' is a differential field (where, as usual, we identify two
elements of I if they agree on an element of F(a, b)); (ii) I" contains &,;
(iii) for every element f in I" except zero, there exists M in &, such that
f~M over F(a,b). (The simplest example of such a field is the set of
rational combinations of the elements of @,.) If f~ cz“ over F(a, b), we
will denote « by 30(f) If f=0, we will set §(f) = —

Now let G(z,v) = Z f](z)v’ be a polynomial in v of degree n=1

J=

whose coefficients belong to a logarithmic differential field of rank zero
in F(a, b). A logarithmic monomial M = cz* of rank zero is called a criti-
cal monomial of G if there exists an admissible function h~M in
F(a, b) for which G(z, h(z)) is not ~ G(z, M(2)) in F(a, b). The multiplici-
ty of M is the smallest positive integer j such that M is not a critical
monomial of 3’G/3v’. There is an algorithm (see [5;§26]) which
produces the sequence (counting multiplicity) of critical monomials of
G(z,v). (By [5; §29], the sequence has n — d members, where d is the
smallest k¥ = 0 for which f;, #0.) The algorithm is based on a Newton
polygon method (e.g., [12; p. 105]). (One simply finds the values of «
which have the following properties: When v = cz* is inserted into the
individual terms in G, at least two such terms have the same ¢&,, and
this value of 4, is at least as large as the other terms produce. The con-
stant c is then determined by requiring that the terms with the largest
dy cancel.) The crititical monomials of G give the first terms of the
asymptotic expansions of the roots of G. This is shown by the following
fact:

LEMMA 2.4. Let G(z,v) = 2 f;v’ be a polynomial in v of degree
i=0

J
n =1, whose coefficients f;, ..., f, are elements of a logarithmic differ-
ential field of rank zero over F(a, b). Then

(@) There exists an extension logarithmic differential field of
rank zero over F(a,b), in which G(z, v) factors completely.

(b) If M is a simple critical monomial of G(z, v), then there exists a
unique admissible function k(z) in F(a,b) having the following two
properties: (i) h~M in F(a, b), and (ii) G(z, K(z)) = 0. In addition, the
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function %(z) belongs to a logarithmic differential field of rank zero over
F(a, b).

PRrOOF. Part (a) is proved in [18; Theorem II, p. 244]. Part (b) fol-
lows easily from [18; §§ 24, 26] and from Part (a).

When f;# 0 in G(z, v), the polynomial G(z,v) possesses one or more
special critical monomials, M =cz* called principal monomials
(see[16; § 67]) which arise as follows: When v = cz* is inserted into the
individual terms of G(z, v), the power &, (f,) is at least as large as the 4,
produced by the other terms. The principal monomials are the critical
monomials which are of minimal rate of growth in F(—=,7)
(see[16; § 67]). We will require the following facts which are proved in
[5; 883, 81(c)]:

LEMMA 2.5. Let M be a simple critical monomial of a polynomial
G(z,v) whose coefficients belong to a logarithmic differential field of
rank zero over F(a,b), and assume G(z, M(2))#0. Let G,(z,w)=
= G(2, M(2) + w). Then G, (z,w) possesses a unique principal monomial
M,. In addition, M, is simple, and M; <K M in F(—=,r).

3. Preliminaries.
Given an equation (1.2) where the R;(z) are functions which belong
to a logarithmic differential field of rank zero over F(a,b), we first

rewrite the equation in terms of the operator 6 which is defined by 6w =
=2w’. (It is easy to prove by induction that for each m =1,2, ...,

j=1

8.1 w™ = z‘m( 2 b, Bfw)

where ¢/ is the j-th iterate of the operator 6, and where the b, are inte-
gers with b,,,, = 1. In fact, as polynomials in x,

(3.2) Zhpxi=w@—1)...(x—(n—-1).)
=1
When written in terms of 6, let (1.2) have the form
3.3) 2 B;(2)6'w=0.
j=0

(Of course, the B;(2) belong to the same field as the R;(z).) By d1v1d1ng
equatlon 3.3) through by 2% where d is the maximum of &, (B;) for j =
=0, ..., », we may assume that for each j, we have either B; «< 1 orB;~1
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in F(a, b), and there exists an integer p = 0 such that B; < 1 for j > p,
while B, is ~ to a nonzero constant (denoted B,(«)). The integer p is
called the critical degree of the equation (1.2). The equation,

3.4) F*@ =3 B;(x)ai=0,
j=0

is called the critical equation of (1.2). Clearly, F* () is a polynomial in
«, of degree p, having constant coefficients. Let the distinct roots of
F*(a) be «, ..., a,, With «; having multiplicity ;. (Thus, > m; =p.)
Let My, ...,M, be the p distinct functions of the form 2*(Log z)’ for
0<ks<r and integers j satisfying 0 <j<m,—1. We call the set
{M,,...,M,}, the logarithmic set for (1.2).

When (1.2) is written in the form (3.3), we form the algebraic poly-
nomial in v,

(3.5) H(z,v) = s 2/B;(2)v7,
j=0

which we will call the full factorization polyomial for (1.2). Clearly,
the coefficients of H(z,v) belong to the same logarithmic differential
field as do the coefficients of (1.2). If p is the critical degree of (1.2), it is
shown in [14; Lemma 6.1], that H(z, v) possesses precisely n — p critical
monomials Ny, ..., N, _,, (counting multiplicity) satisfying & (N;) > —1.
We will call the set {Ny, ..., N,_,}, the exponential set for (1.1). If T; is
the set of zeros on (a, b) of the function IF(N;, ¢) (see (2.1)), then the
union of the sets T} for j =1, ...,n — p, will be called the transition set
for (1.2) on (a,b).

4. A result from([7].

THEOREM 2. Let n=1, and let Ry, R,, ..., B,_; belong to a loga-
rithmic differential field of rank zero over F(a, b). Let A(w) be the n-th
order linear differential operator,

4.1) Aw)=w™+R, @w" P+ ... +Ry@)w.

Let p be the critical degree of A(w) = 0, and let {M,, ..., M, } be the log-
arithmic set for this equation. Let 7, < 7, < ...r; be the transition set for
A(w) =0, and set vy = a and 7r,,; = b. (If the transition set is empty, set
t = 0.) Then, in each of F(ry,r,), F(ry,7,), ..., F(r, r,4,) separately, the
following conclusion holds: For each j, with 1 <j <p, there exists an
admissible solution ¢;(2) of A(w) =0, satisfying ¢;~M;.
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REMARK. In view of Theorem 2, we made the following definition
in[71:

DEFINITION 4.1. Under the hypothesis and notation of Theorem 2, if
{¢1, ..., ¢p} is a set of admissible functions in some F'(c, d), such that ¢; is
a solution of A(w) = 0 and satisfies ¢;~M; in F(c,d) for j=1, ..., p, then
we will call {¢s, ...,y } a complete logarithmic set of solutions of A(w) =
=0 in F(c, d). (Thus Theorem 2 asserts the existence of complete loga-
rithmic sets of solutions in each of F(ry,r,),...,F(r;,7,,) separate-
ly.)

5. Concepts and notation from [14] and [7].

Let,
(5.1) Qw) = 5) B;(2) 6w,
j=0

be an n-th order linear differential operator whose coefficients
By, ..., B, belong to a logarithmic differential field X of rank zero over
F(a, b) and assume B,#0. (As in §3, 6w =z2w'.) Let W belong to an
extension logarithmic differential field X, of rank zero over F(a, b), and
assume W > z71in F(a, b). Set h = exp[W, and let A(v) be the operator
defined by A(v) = Q(hv)/h. Then A(v) has coefficients belonging to X,
and we denote,

5.2 AW) = iij W1¢7v.
i<

Let H(u) and K(u) denote respectively, the full factorization polynomi-
als for Q(w) and A(v), so that,

(5.3) H(w) = 'io #Bju’ and K@u)= 'io 2 B;[Wlu’.
j= j=

In [14; §10], the following concept is introduced: W is said to have
transform type (m, q) with respect to H (briefly, trt (W, H) = (m, q)) if A
has critical degree m, and if g is the minimum multiplicity of all eritical
monomials M of K(u) which satisfy 2! << M «< W in F(a, b). (If there
are no such M, then we set ¢ = 0.) The following results are proved in
[14; §10]:

LEMMA 5.1. With the above notation, assume W~N in F(a, b)
where N is a critical monomial of H(u) of multiplicity d, satisfying
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N>2z7! and assume that trt (W, H) = (m, q). Then:

(a) K(w) has precisely d—m critical monomials L satisfying
2 1« L < W, counting multiplicity.

(b)) We have m + g <d.
(¢) If ¢ =0, then m =d.
(d) If (m,q) =(0,d), and we set,
(5.4) Gu)= X
=d-1

k

df . B, (2) 254D (W 4 y)t=@D

then G(u) possesses a unique principal monomial V. In addition, V has
the following properties: (i) V is a simple critical monomial of G; (ii)
V « W, (iii) There is a unique function g satisfying g ~V in F(a, b) and
G(g)=0; (iv) If U=W+g, then U~W in F(a,b), and trt(U,H) =
= (m,, q;) where ¢, <d.

(REMARK. Conclusions (a)-(c) are proved in [14; Lemma 10.3]. The
conclusion (d) follows from [14; Lemmas 10.5, 8.5] and from Lemma 2.4
above.)

In view of Parts (b) and (d) of Lemma 5.1, we introduced the follow-
ing notations in[7]:

DEFINITION 5.2. With the above notation, let N be a critical mono-
mial of H(u) of multiplicity d, satisfying N > z7!, and let trt (N, H) =
= (m, q). By Part (b), we have g <d. If ¢ < d, set N* = N. If ¢ = d, then
by Part (b), we have m = 0. We set N* = U, where U is the function in
Lemma 5.1, Part (d) which is constructed by taking W equal to N.
Hence, in all cases, we have,

(5.5) N*~N and trt(N*,H)=(m;,q;) where ¢,<d.

(REMARK. The *-operation to form N * depends upon the polynomi-
al H(w), and we will indicate this, where necessary, by saying that it is
relative to H(u).)

DEFINITION 5.3. Let Q(w) and H(u) be as in (5.1) and (5.3), and let
N> z7! be a critical monomial of H(u) of multiplicity d. A finite se-
quence (V,,Vy, ..., V,), where r is a nonnegative integer, and where the
V; are elements of an extension logarithmic differential field of X, of
rank zero over F(a, b), will be called an N-sequence for Q if and only if
the following conditions are satisfied: (i) Vo=N*; (ii) If r=1, then
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there is a critical monomial M; of

n

(5.6) Kiw=2 Zij Volu?,

j=0

satisfying 271 < M; < V,, such that V; = M (where the *-operation is
relative to K;), and in general, for 1 < k < 7, there is a critical monomial
M k of

6.7 K,w) =Y B [Vo+Vy+... + Vi 1
3=0

satisfying,

(5.8) 2 1&KM,<KV,.;, and V=M,

where the *-operation in (5.8) is relative to K;. The set of all N-se-
quences for Q will be denoted ®(N, Q). If V*= (V,,...,V,) is an N-se-
quence for Q, let Ay=Q, Kg=H, and for 1<sk<r+1, set

5.9) Ay (v) = iBj[V0+V1+...+Vk_1]0"v.
§=0

The equation, A,.;(v) =0, will be called the terminal equation for V¥,
and its critical degree will be called the terminal index for V #, and will
be denoted #(V #). We will say that V # is active if t(V¥) > 0, and we de-
note the set of all active N-sequences for Q by @, (N, Q).

6. Further results from[7].

LEMMA 6.1. Let Q(w)= 2 B;¢’w where the B; belong to a
=0

logarithmic differential field of rank zero over F(a,b), and assume
B,#0. Let N> 2! be a critical monomial of multiplicity d of the full
factorization polynomial for Q. Then,

6.1) 2{HV*: V*¥e ®(N,Q)} =d,
and
6.2) 2{tV*H: V¥ e >, (N,Q)} =d.

THEOREM 3. Given the equation (1.2) where n = 1 and where the func-
tions Ry(2), ..., R,_; (2) belong to a logarithmic differential field of rank ze-
ro over F(a,b). When written in terms of the operator 6 (where
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6w = zw') let (1.2) have the form Q(w) = 0, where Q(w) = _}%Bj(z) tw.
=

Let p be the critical degree of (1.2), and let Ny,...,N, be the
distinct elements (if any) of the exponential set (see §3) for (1.2). Let
E, denote the transition set for (1.2) on (a, b). For each k=1, ..., s, and
each active Ny-sequence, V*, for Q, let E(V*) denote the transition set
for the terminal equation for V* (see §5) on (a, b). Let E = {ry, ..., 7.},
where 7, <7, < ... <7,, denote the union of E, and all the sets E(V #) as
V # ranges over the sets @, (N,,Q) fork =1, ..., 5. Let (c, d) denote any
of the intervals (a,ry), (ry,72),...,(rg—1,7y), (ry,b), (where we take
(c,d) = (a,b) if E is empty). Then the following hold:

(A) The equation (1.2) possesses a complete logarithmic set of so-
lutions {¢y, ..., 9,} in F(c,d).

B) If ke{l,...,8}, and V¥=(V,,...,,V,) is an element of
@, (N;,Q), then the equation (1.2) possesses ({(V*) admissible solu-
tions, hy, ..., byy#, in F(c,d) of the form

(6.3) h;(2) = ¢; ) (expf(Vo+ ... + V,),

where {¢y, ..., $yv#} is a complete logarithmic set of solutions of the ter-
minal equation for V# in F(c, d).

(C) The total number of solutions represented in Parts (A) and
(B) is precisely n, and these n solutions form a fundamental set of solu-
tions for (1.2) in some element of F(c, d).

In view of Theorem 3, we make the following definitions:

DEFINITION 6.2. Assume the hypothesis and notation of Theorem 3.
Let {M,,...,M,} be the logarithmic set for (1.2). If k € {1, ...,s} and
V#=(V,,...,V,) is an element of @, (N, Q), let {Py, ..., Pyy+} be the
logarithmic set for the terminal equation for V . The set of # functions
consisting of M, ..., M, and the functions,

(6.4) P;)(exp[(Vo+...4+V})), for 1<jst(V*),

as k ranges over {1, ..., s} and V* ranges over @, (N, ), will be called
the asymptotic set for (1.2). (We note that the functions M; and P; are
all functions of the form 2*(Logz)’? so that the asymptotic
set {H,, ..., H,} consists of functions which are admissible in F(a, b). Of
course, they need not be solutions of (1.2).) If (¢, d) is a subset of (a, b),
and if {fi, ..., f,.} is a fundamental set of solutions of (1.2), each admis-
sible in F(c,d) and satisfying f;/H;— 1 in F(c,d) for 1<j<n (where
{H,,...,H,} is the asymptotic set for (1.2)), then we will call {f1, ..., f,.}
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a basic fundamental set for (1.2) in F(c, d). Thus, Theorem 3 asserts the
existence of a basic fundamental set for (1.2) in each of the neighbour-
hood systems F(a,r), F(ry,72), ..., F(r,, b), separately.

DEFINITION 6.3. Assume the hypothesis and notation of Theorem 3.
For each ¢ =1, ..., s, and any V* = (V,, ..., V,) belonging to @; (N, Q),
where r=1, let K, (u) be given by (56.7) for 1<k =<r. For each k=
=1,..., 7, let ,(V*) denote the set of critical monomials M of K, (u) satis-
fying 271 <« M < V,._;. We define &,(V*) to be the union of the sets of
zeros on (a, b) of all the functions, IF(M, ) for M € F,(V*), and IF(M —
— M, ¢) for distinct elements M and M, in F, (V #). Finally, we let A de-
note the union of the sets of zeros on (a, b) of all the functions IF(N; —
— N, o) where 1 <k <j<s. With the set E as defined in the statement
of Theorem 3, we now define the oscillation set on (a, b) of equation
(1.2) to be the union of the sets E, A, and all the sets § (V¥ as V*#=
= (Vy, ..., V,)ranges over @, (N,, Q) forallg = 1, ..., s, and k ranges over
{1, ...,7}. (The oscillation set is clearly finite.)

THEOREM 4. Given the equation (1.2), where n = 1, and where the
functions R (2), ..., B,_; (2) belong to a logarithmic differential field of
rank zero over F(a, b). Let Ny, ..., N, be the distinct elements (if any) of
the exponential set for (1.2), and let (1.2) have the form Q(w) =0,

where Qw) = 2, B,-o"w, when (1.2) is written in terms of 6w = zw'.
Then: =0

(A) Assume that (1.2) satisfies at least one of the following two
conditions: (i) The critical equation for (1.1) possesses two distinct
roots having the same real part; (ii) For some k,1 <k <s, there is an
element V* in @, (N, Q) such that the terminal equation for V* has the
property that its critical equation possesses two distinct roots having
the same real part. Then (1.2) has the following property: For any ¢ in
(@, b) and any ¢ > 0, there exist positive constants ¢ and K, and a solu-
tion f#0 of (1.2) such that,

(6.5) é<min{p—a,b—oq,c},

and such that f is analytic and has infinitely many zeros 2, 25, ..., with
lim |z,,| = +, on the region defined by,

m—> o

(6.6) |Argz—9|<é and |2|>K.

(B) Assume that (1.2) satisfies neither of the conditions (i) and (ii)
in Part (A). Let the oscillation set for (1.2) on (a, b) consist of the points
11 <r;<...<7, and set ro=a and 7., = b. (If the oscillation set is



On oscillation, continuation, and asymptotic expansions etc. 13

empty, then set ¢ = 0.) Then, for each j, 0 <j < q, the following three
conclusions hold:

(a) If {H,,...,H,} is the asymptotic set for (1.2), then there is a
permutation {q;, ...,q,} of {1,...,n} (depending on j) such that

6.7 Hy>H,>»>..>H, in F(r,r,,).
(b) A basic fundamental set for (1.2) exists in F(r;, 7j,1).

(¢) If f#0 is a solution of (1.2) which is admissible in F(a, b), then
there is an element of F(r;,7,,,) on which f has no zeros.

REMARK. Part (A) and Section (c¢) of Part (B) constitute the original
Theorem 4 proved in[7]. However, the other two parts are established
in the proof of Theorem 4. In view of Theorem 4, we make the following
definition:

DEFINITION 6.4. Assume the hypothesis and notation of Part (B) of
Theorem 4, and let {q,, ..., ¢,} be as in (6.7). Then we will call the n-tu-
ple (H,,H,,,....,H,), the ordered asymptotic system for (1.2) in
F(r,rjv1)

REMARK. In the case considered in Theorem 1 of § 1, namely where
the coefficients E;(2) of (1.2) are rational functions, then in Theorem 4,
we can take @ = —r and b = #. It is shown in[7], that the set {oy, ..., 0,}
in Part (B) of Theorem 1, can be taken to be {r,...,7,}, where
71 <7y < ... <7, are the points of the oscillation set for (1.2) on (— =, =),
and where 7,,; = n. The next section is devoted to determining which
(if any) of these points is extraneous in the sense described in §1.

7. Statement of main results of present paper.

THEOREM A (Continuation). Assume the hypothesis and notation of
Part (B) of Theorem 4. Then for any j with 1 <j < ¢, there exists a ba-
sic fundamental set for (1.2) in F(r;_y, 7;,9).

THEOREM B (Oscillation). Assume the hypothesis and notation of
Part (B) of Theorem 4. Let je{l,...,q}, and let (H,,...,H,) and
(H,, ..., H,) be respectively, the ordered asymptotic systems for (1.2)
in F(r;, 7, and in F(r;_,,7;). Then:

(o) If (H,,...,H,)=(H,,...,H,), then there exists ¢>0 with
the property that for any solution f# 0 of (1.2) which is admissible in
F(a, b), there is a constant R = R(f) > 0 such that f has no zeros on the
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set,
7.1 |Argz—r;| <8, |2|>R.

b IfH,,...,H,)*H,, ..., H,), then there exists a solution f#0
of (1.2) such that for any ¢>0, f possesses infinitely many zeros
21,%,... satisfying |z,|— 4+~ as m— o, and lying in |Argz-—
-1 <é.

The proofs of these results will be given in §§9, 10.

8. Preliminary results for Theorem A and B.

We will require two preliminary results. The first is a combination
of several Phragmen-Lindelof principles whose proofs can be found in
[19; pp. 176-180].

LEMMA 8.1. Let f(z) be analytic and of finite order of growth in a
closed sectorial region of the form « <argz<p, |z| = K. Then, there
exists ¢ > 0 such that for any real numbers ¢ and d, witha<c<d=<§p
and d — ¢ <4, for which the limits,

8.1 L;= lim fire®) and L,= lim flre®),

r>+® r—>+
exist and are finite, the following conclusions hold: L, =L,, and
fle)> L, as z— » in c<argz <d.

LEMMA 8.2. Given the equation (1.2) where the coefficients R;(2)
belong to a logarithmic differential field of rank zero over F(a, b), and
let f#0 be a solution of (1.2) which is admissible in F(a, b). Then, for
any real numbers ¢ and d, with a < ¢ < d < b, there exists K> 0 such
that f is analytic and of finite order in the closed sectorial region de-
fined by, c<argz<d, |z|= K.

Proor oF 8.2. The proof of the lemma parallels very closely the
proof of the corresponding result for analytic solutions of first-order al-
gebraic differential equations in sectors, which was given in[2]. For
this reason, we will simply sketch the proof. As in[2], the first step is
to prove a local version of the result, namely:

LEMMA 8.3. Assume the hypothesis and notation of Lemma 8.2.
Then for any 2 € (a, b), there exist positive real numbers &(1) and K(1)
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such that f is analytic and of finite order on the set,
8.2) A—dQ)<argz<i+d1) [2/=K0).

Once we establish Lemma 8.3, the original result Lemma 8.2 easily
follows by a compactness argument for the interval [c,d]. To prove
Lemma 8.3, we use Lemma 2.1, the definition of a logarithmic differen-
tial field of rank zero, and a little geometry, to assert that if X € (a, b),
there is a set of the form (8.2) (where (1) is of the form =/(4m) for some
integer m = 2), which is contained in a sector,

&.3) A —280) < arg (z — Re™) <1 +260),

for some R > 0, and such that on (8.3), the solution f and all coefficients
R;(2) of (1.2) are analytic, and we have |R;(2)| < |2|° for some 8> 0 and
eachj=0,1,...,n — 1. We now follow [2], and map the sector (8.3) con-
formally onto the unit disk |t| <1 by the sequence of mappings,

(8.4) u=e *(z—Re?), (=um, t=@C-1I¢+1).

The original solution f(z) becomes an analytic function g(t) on |t| <1,
and a routine calculation shows that g(f) satisfies a linear differential
equation,

n—1
(8.5) 9P+ 2 E;t)g? ) =0,
j=0

where the coefficients E;(f) are analytic on the unit disk and all satisfy
an estimate of the form |E;(t)| < K;(1 — [t)~* for constants K; > 0 and
a>0. As in [2; p. 149], we invoke the Valiron-Wiman theory [20; Theo-
rem II, p. 299] (where instead of requiring the Valiron-Wiman condi-
tion for just the first derivative as in[2; Formula (24)], we require the
full strength, namely

(8.6) 9P @) = (1 + ) n(r)/t)g(t),

forj=0,1,...,n— 1), and we show as in[2] that g(t) must be of finite or-
der of growth in |¢| < 1. We now retransform back to f{z) using [2; Lem-
mas D-H], and we show as in[2] that f(2) is of finite order on the sector
(8.3). This establishes Lemma 8.3 and thus also Lemma 8.2.

9. Proof of Theorem A.

Let (H,,,...,H,) be the ordered asymptotic system for (1.2) in
F(r;,7j41) so that (6.7) holds, and let (H, , ..., H;) be the ordered asymp-
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totic system for (1.2) in F(rj_;,7) so that,
9.1 H,>H,>»>..>»H, in F(;_,r).

By Theorem 4, a basic fundamental set {f,, ..., f,} for (1.2) exists in
F(r;_y,7;), and a basic fundamental set{g,,...,g,} for (1.2) exists in
F(r;,7;1). Thus, for each k, we have

©.2) fi/H,—1in Fry,m), and  go/Hy—1 in F(ry,75.).

We begin with g, which is a solution of (1.2) admissible in F(r;, ;).
By basic existence theory (e.g. [21; Th. 2.2, p. 3]), the solution g, has an
extension G, which is admissible in F'(a, b), and thus for some constants
C1, ..., Cy, We have

9.3) Gy=cify+..+c,fy, in Flri,,mr).

In view of (9.1) and (9.2) we see that G, /H, — ¢, in F(r;_;, r;), while in
F(rj, 7;41) we have Gy, /H 4 — 1 by (9.2) since G, = g,,. In view of Lemma
8.2, clearly G, (and thus also G,/H,) is analytic and of finite order in
some sector |argz — r;| < ¢ for sufficiently large |2|, and thus by Lemma
8.1, we have ¢; =1, and

9.4) G,/H,—»1 as z—>o inl|argz—r|<e,
for some sufficiently small ¢ > 0. It follows from[16; § 97] that,
9.5) G,/H,—~1 in F(rj_y,7j41)-

In view of (9.1) and (9.5), it is clear that the set {G, , f,, ..., f;,} is a fun-
damental set for (1.2) in F(r;_,, 7).

We now proceed by induction to construct for each k € {1, ..., n}, so-
lutions Gy, ...,G;, of (1.2) in F(r;_y,7;;) with the following proper-
ties:

(9.6) G/H,~1 in Fryy,r,,), foris<k,

and {Gy, ..., Gy, fy,.,» ---, [;,} is a fundamental set for (1.2) in F(r;_,, 7).
We have established this fact for k = 1, and we now assume it for some
k <m. We consider the solution g, which, as before, has an extension
D;,,, which is admissible in F(a, b). Thus, there are constants ¢, ..., ¢,
such that in F(r_,,7),

k n
(9.7) Dtkﬂ = ctz Gt‘ + z Ctm ftm .
i=1 m=k+1

1

In view of the total ordering (6.7) of the set {H1, ..., H,} in F(r;7j.1),
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we let I denote the subset of {t,,...,%;} consisting of those ¢; for which
H, < H,in F(r;,7j.), and let A be the set {t,, ..., %} —I'. For ease of
notation, we denote the elements of I' by ¢,,1, ..., where we assume
that a <g<.... We now rewrite (9.7) in F(r;,_;, ) as,

n

(9.8) Dtk+1 - tl}:A ctLGtL = Cta Gl, + CtﬁGtﬂ +...+ Z Ctm ﬁm .
€

m=k+1

Let G denote the left side of (9.8), and consider G/Ht In view of
(9.1), (9.2), and (9.6), we see from (9.8) that G/H, — ¢, in F(r;_;, 7). On
the other hand, in F(rj, r;,,), we have D, =g, sothat D, /H . — 0 by
(9.2) and the definition of the set I'. In addition, if {; € A then Ht <H,,,
in F(r;, rj,1) by definition of A, so that by (9.6) we have G, /H, — 0 since
t, € I. Thus, by definition of G, we have G/H; — 0 in F(r;, 7;,;). We can
conclude that ¢, = 0 by lemma 8.1. We now repeat the above argument
using H, instead of H,, and we conclude that ¢, = 0. Similarly, we con-
clude that all ¢, = 0 for ¢; € I'. Thus, again from (9.1), (9.2), and (9.8), we
see that G/H,, — c,,, in F(r;_;,7;), but now by the definition of G and
A, we also have G/Htk —1i 1n F(rj,7j4+1). Thus from Lemma 8.1, we can
conclude that c,, = 1 and that G/H, — 1 as z— « in some sector
largz —7;| <. Tt follows from[16; §97] ‘that G/H,,,, — 1in F(r_y, 1jyy).
The form of G shows that G is a solution of (1.2) and so if we denote G
by G,,,,, then (9.6) holds for ¢ =k + 1 also. In view of (9.6) and (9.1), it
easily follows that {Gy,...,G;,, f,.,,--- fi,} is a fundamental set for
(1.2) in F(rj_y,7;). Thus, we have established our desired statement
(9.6) by induction, and so for k = n, the solutions G, , ..., G;, form a ba-
sic fundamental set for (1.2) in F(rj_y,7,,). This proves Theorem
A.

10. Proof of Theorem B.

We are given that (6.7) and (9.1) hold. Under the assumption of Part
(a), we thus have that (6.7) holds on both F(r;, 7;,,) and F(r;_;,1;). We
examine each ratio H,, /H, for k=1,...,n—1. It is easy to see (e.g.
see the proof of [7; Theorem 3]) that thls ratio is either a function of the
form z* (Logz)? (where « is complex, 8 is an integer, and where either
the real part of « is not zero or « = 0 while 8 # 0), or the ratio is a func-
tion of the form,

(10.1) 2*(Logz)fexp[V

where V ~cz™1*% in F(a, b), for some ¢+# 0 and d >0, and some con-

stants « and B. In the first case, Lemma 2.3 shows that since
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H, /H o < 1in F(r;, 754, the same relation holds in F(a, b). In the sec-
ond case (i.e. where the ratio has the form (10.1)), we see from Lemma
2.2 that the indicial function (see (2.1)) of V must remain negative on
(rj-1,7j+1) in order that H,, /H, <1 on both F(r;_y,7;) and F(r;, ).
Thus by Lemmas 2.2 and 2.3, we have H,, | << H,, on F(r;_{,7;,), and
thus we see that under the assumption of Part (a), the asymptotic rela-
tion (6.7) is valid on all of F'(r;_,, 7;4,). Let {G,, ..., G,} be the basic fun-
damental set for (1.2) in F(r;_,, 7j:,), Whose existence is guaranteed by
Theorem A. If f#0 is any solution of (1.2) which is admissible in
F(a, b), then there are constants ¢, ..., ¢, such that

(10.2) f=c¢,Gy+...+¢c, G, in  Fry_;,7).

Since Gy/Hy— 1 in F(rj_y,7,;) for each k, and since (6.7) holds on
F(r;_1,7i+1), we see that on some element of F(r;_;,7;,1), we have f=
= ¢, H, (1+E), where E — 0in F(r;_,, 7j,,) and where k is the smallest
index ¢ for which ¢, # 0. In view of the form of H,, we see that on some
element of F(r;_;, 7j.1), the solution f can have no zeros. The conclusion
of Part (a), now follows immediately from Lemma 2.1.

Under the hypothesis of Part (b), clearly by (6.7) and (9.1), there
must be two elements H; and H,, of the asymptotic set for which

(10.8) H;«<H, in Frj_y,7), and H;» H, in F(r;, 7).

By the discussion in Part (a) concerning the possible forms of the ratio
H;/H,, clearly the ratio H;/H, must have the form (10.1) in order for
the asymptotic behavior to change, and in addition, the indicial func-
tion of V must have a zero at 7; or else the behavior would not change by
Lemma 2.2. As in Part (a), we let {G4, ..., G,,} be the basic fundamental
set for (1.2) in F(rj_,,7j4+1), so that we have for the indices ¢ and k in
(10.3),

(10.4) Gi/Hi—»1 and Gu/H,—1 in F(ry_y, 7).

Let G = ¢;G; + ¢, G, for any non-zero constants ¢; and ¢,. Then G is an
admissible solution of (1.2) in F(r;_;, 7j:1), and we assert that G satis-
fies the conclusion of Part (b).

To prove this, we observe first that since H;/H, has the form (10.1),
it follows from (10.4) that the equation G(2) =0 is of the form,

(10.5) 2*(Log2)’ (1 + Epexp [V = s,

where E; — 0in F(r;_;, 7;41) and where s, = —¢; /c;. It is easy to see that
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(10.5) can be written in the form,
(10.6) exp ((c/d) 2% + E, (2)) = sy,

where E;/2%?— 0 in F(r;_1,7j4+1), and since the indicial function for V
must have a zero at 7;, we have

(10.7) cos (dr; +argc) = 0.

The equation (10.6) is precisely the same equation as Equation (122)
in[4], where Formulas (158) and (159) of[4] hold. In addition, (10.7) is
precisely the same condition as Condition (160) in[4], and so exactly as
in[4; pp. 94-95], we show using Rouché’s theorem that for any ¢>0,
the solution G(z) possesses the required sequence of zeros. This proves
Part (b) of Theorem B and concludes the proof.

11. Remarks.

(A) In the case where the coefficients of (1.2) are rational func-
tions, it follows from the last Remark in § 6 that Theorem B permits us
to test all the points oy, ..., s, which appear in Part (B) of Theorem 1,
and which belong to (—=, ), for the property of being extraneous in the
sense described in § 1. However, the value o; = = cannot be tested this
way since it does not belong to the oscillation set. However, it is easy to
test = by simply making the change of independent variable { = —z in
(1.2). This converts argz =r to arg{ =0, and one simply tests the
transformed equation to see if the value 0 beongs to the oscillation set,
and, if so, whether or not it is extraneous.

(B) In this section, we give a simple example of an equation (1.2)
having polynomial coefficients (so we take the neighborhood system to
be F(—=,r)) which has the property that its oscillation set on (—r,x)
has extraneous elements. We consider the equation,

(11.1) w'—@2z+Dw' +22+2)w=0.

We rewrite the equation in the form (3.3), and we compute the polyno-
mial (3.5). We find that the critical degree is zero and the exponential
set is {1,2z}. Thus the transition set for (11.1) on (—=, =) consists of
+ 7/4, + /2, and + 8n/4, and thus all of these points belong to the oscil-
lation set of (11.1) on (— x, n). Using the method developed in §§5, 6,
we find that the asymptotic set for (11.1) is {z2¢*", ze*}. Using Lemma
2.2, we find that z2e*’ « ze* in F(r/4, 37/4) and also in F(—37/4, —/4),
while the reverse inequality holds in F(—=, —3x/4), F(—=/4,#/4) and
F(3r/4, z). Thus by Part (a) of Theorem B, both + /2 are extraneous,
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while Part (b) of Theorem B shows that * =/4, & 37/4 are all non-extra-
neous.

(C) If one knows the asymptotic set {H,, ..., H,} for an equation
(1.2) satisfying the hypothesis of Part (B) of Theorem 4, it is a simple
matter to determine the oscillation properties around any given ray
argz = 6, where 6y € (a,b). We use Lemma 2.2 and 2.3 to decide
whether the asumptotic set can be ordered (as in (6.7)) in F(6,— ¢, 6, +
+ ¢) for some ¢ > 0. If the answer is in the affirmative, then we can assert
that there is a ¢ > 0 such that any solution f# 0 has no zeros on a set of
the form, |argz — 6, <é. |2| > R for some R = R(f) > 0. If the answer
is in the negative, then we can assert that there is a solution £ 0 such
that for any ¢> 0, f possesses infinitely many zeros in |argz — 6| <¢
which tend to «. (The affirmative case follows from Part (a) of Theo-
rem B if 6, belongs to the oscillation set, and from the last conclusion of
Theorem 4 if 6, does not belong to the oscillation set. In the negative
case, Section (a) of Part (B) of Theorem 4 shows that 6, would have to be
in the oscillation set, say 6, = 7;, and the proof of Part (a) of Theorem B
shows that the hypothesis of Part (a) of Theorem B cannot be satisfied.
Thus the hypothesis of Part (b) of Theorem B must hold and the conclu-
sion then follows from Part (b).)

12. Preliminaries for Theorem C.

The concept of «principal monomial» discussed in §2 for algebraic
polynomials, also exists for differential polymomials (see[16; § 67]). In
the present paper, we will require this concept for equations of the
form Q(w) = ¢, where Q(w) is a linear differential polynomial of the form
(5.1) whose coefficients belong to a logarithmic differential field X of
rank zero over F(a, b), and where ¢ # 0 is an element of the field gener-
ated by the field X and all functions of the form,

(12.1) N(z) = Kz*(Log 2)* (Log Log 2)* ...(Log, 2)*,

where ¢ is a nonnegative integer, K is a nonzero complex constant, and
where the «; are real numbers. The algorithm in[16; § 67] produces for
any such equation Q(w) = ¢, a unique function M(z) of the form (12.1)
with the following two properties in F(a,b): (i) Q(M)~ ¢, and (i)
Q(f) < ¢ if f << M. The function M(2) is called the principal monomial
of the differential polynomial Q(w) — ¢. We remark that the algorithm
in[16; § 67] was carried out in[3; §3], and an explicit formula for the
principal monomial was developed there.
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DEFINITION 12.1. Given an equation (1.2) whose coefficients belong
to a logarithmic field of rank zero over F(a, b), and let it have the form
(3.3) when written in terms of 6, where the B;(2) satisfy the

conditions in §3. Let Qw)= 2 Bjﬂjw, and let M =2*(Logz)? be an
=0

element of the logarithmic set for (1.2). From the conditions in § 3, each
B; is of the form a;+ h; where a; is a constant and each ;<1 in

F(a,b). It is proved in[7; §6] that Zaj M=0. It is easy to

J=
check by induction that for each j, the functlon %M is of the form
2*Q;(Logz), where Q;(u) is a polynomial in u, with constant coef-
ficients, of degree at most q. It is also easy to check that under the
change of variable w =z%v, the function #’w becomes z*(6+ «)/(v),
where (6 + )’ is the j-th iterate of the operator 6 + «. In view of these
facts, we have,

(12.2) 27°QM + 2% v) = A(v) — o (2),
where A(v) = i B;(6+ a)’(v), and where,
=0
(12.3) 90 (2)=— %hj Q;(Log?).
iz

We observe that the operator A(v) has coefficients in the same logarith-
mic field that contains the B;(z). Thus, from the discussion in the first
part of this section, if ¢, #0 then A(v) — ¢, possesses a unique principal
monomial P;. (The formula in[3; §3] shows that P; <z~ for some
¢>0, so that

(12.4) 2*Py <M in F(a,b).)

We now define a sequence of functions (P;, P», ...) as follows: If g, = 0,
set Py, P,, ... all identically equal to zero. If ¢y # 0, let P, be as above,
and make the change of dependent variable v = P, + « in the operator
on the right side of (12.2). We obtain the differential polynomial,

(12.5) A(u) —¢1(2) where o =g¢y—A(Py).

If ¢; =0, define Py, P, ... all to be identically zero. If ¢, # 0, let P, de-
note the principal monomial of A(u) — ¢, (2) in (12.5). (It is proved in[16;
§75] that P, < P, in F(a, b).) We now continue, and make the change of
variable w = P, +y in (12.5) which yields the differential polynomi-
al,

(12.6) A(Y) —92(z) where ¢p =9, —A(Ps).
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As before, if g, = 0 we set Pg, Py, ... all equal to zero, while if ¢, # 0, we
let P; denote the principal monomial of A(y) — g,. Continuing this way,
we obtain a sequence of functions (P;,P,,...) with the properties
that

12.7) Pj+1<<Pj ifP]$0, while Pj+lEO iijEO.

For a given positive integer ¢ we will call the sequence (P, ..., P,), the
principal g-tuple for (1.2) relative to M. (We emphasize that for any g,
the principal g-tuple can be easily calculated using[3; §3].)

13. Theorem C.

Given an equation (1.2) where the coefficients belong to a logarith-
mic field of rank zero over F(a, b). Let rq, ..., 7; be the transition set for
(1.2) on (a, b). Set r, = a and 7,,; = b. (If the transition set is empty, set
t = 0.) Let M be an element of the logarithmic set for (1.2). Let g be any
positive integer, and let (Py, ..., P,) be the principal g-tuple for (1.2)
relative to M. Then, in each of F(ry,r), F(ry,1s), ..., F(ry, 14, sepa-
rately, the following conclusion holds: The equation (1.2) possesses an
admissible solution of the form,

(13.1) w=M+2*(Py+Py+ ...+ P, +4,),

where ¢, < P, if P,# 0, while ¢, =0 if P,=0.

14. Proof of Theorem C.

We first consider the case where P, =0, and we let k denote the
minimum positive integer ¢ for which P;=0. If i=1, then ¢,=0 in
(12.2) and P;=0 for j = 1. From (12.2), we see that w = M solves (1.2),
and is a solution of the form (13.1). If ¢ = 2, then ¢; =0 and P; =0 for
j=2. It follows from (12.2) and (12.5) that w = M + 2% P, solves (1.2)
and is the desired solution. In general, if { =2, thenv=P;+ ... + P,
solves A(v) = ¢y, and the desired conclusion follows from (12.2).

We now assume P,# 0. From Definition 12.1, we know that for
each j, 1 <j < g, the function P; is the principal monomial of A(u) — ¢;_i,
where ¢, is given by (12.8), and

(14.1) ‘;Dj—l = ?’j—Z - A(Pj._l).
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Thus P, is the principal monomial of the polynomial,
n .

(14.2) %(aj + k)6 + «)’ () — g1,
=

where, as in Definition 12.1, we have written B; = a; + h; where a; is a
constant, and &,(h;) <0. From[3; Lemma 5, p. 729], it follows that
there exists u* ~ P, in F(a, b) such that,

(14.3) %aj(0+ oY W*)=gq_; .
£

Under the change of dependent variable w = u* + v, the differential
polynomial (14.2) becomes,

(14.4) Aw)+G where G= ihj 0+ a)(u*).
=

Let & (P,) = o. Then 6,(G) < ¢ — ¢ for some ¢ >0. Set ¢; = s —¢/12, and
consider the differential equation,

(14.5) Q)= —2**"H, where H=z2"2g@,

and where Q(y)= X, B;¢’y as in (12.2). Then H <z~ in F(a,b),
i=0

and so the differential equation on the left side of (14.5) is exactly the
type of equation treated in[7; Equation (6.8)], and it is proved in[7; § 6]
that in each F(r,,7,,1) separately, this equation possesses a solution
y* < z**2, But clearly the operator A(v) is simply 2z 7*Q(2*v), and hence
the function v* = z7*y* solves A(v) = —G (in view of the definition of H
in (14.5)). Thus the function uy, = u* +v* is a root of the differential
polynomial in (14.2), namely we have A(u,) = ¢,—;. In view of the recur-
rence relation (14.1), we see that,

(14.6) Ag+ ...+ Py ) =gy in F(ry,7e41),

and thus from (12.2), we see that Q(w) = 0 possesses the solution,
(14.7) w=M+2*(P;+ ...+ Py +u).

Since u* ~ P, while v* <« 2°~@'? (so that v* << P ) we see that u,~ P,

and so uy = P, + ¢, where , < P,. Thus (14.7) is the desired solution
and the proof is complete.
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