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Propagation, Reflection and Refraction
of Singularities for a Hyperbolic Trasmission Problem
in Two Adjacent Angular Regions.

LoRENZA DIOMEDA - BENEDETTA LISENA (¥*)

0. Imtroduction.

The main purpose of this paper is to study propagation and re-
flection of singularities of the solution to a transmission problem for
the wave equation with different sound speeds in two adjacent angular
regions.

The reflection of singularities for transmission problems with smooth
separation surface has been studied by M.E. Taylor [10] [11].

For manifolds with conical singularities M. Kalka-A. Menikoff [7],
J. Cheeger-M. E. Taylor [2] have propagation of singularities results
for the wave equation by constructing the Kernel of the fundamental
solution for such operator.

On the same type of manifolds M. Rouleux [8], studies the analytic
regularity of the Kernel of the fundamental solution of the wave equa-
tion, calculated by the methods of functional analysis of Cheeger and
Taylor.

J. P. Varenne [12], obtains propagation, reflection and diffraction
of singularities results for a mixed Cauchy problem with zero Dirichlet
data relative to the wave equation in R, X £, where (2 is a corner
of R? or a wedge of R:3.

Varenne gives an explicit representation of the solution and de-
terminies its wave front set by the use of the well known Hormander
Kernel theorem (see [5]).

(*) Indirizzo degli AA.: Dipartimento di Matematica, Universitd di Bari-
Ttaly.
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In this paper we use the classic method of images (see I. Stak-
gold [9]) and the theory of pseudodifferential operators to find an
explicit potential representation of solution of the following transmis-
sione problem:

Ov,=0 in R, X,

%y, =0 in R, X8,

110, 24, 2,) = 0 % (0,2, 2,) = ¢ in £,
@ v,(0, 2y, 2,) = 0 % (0,23, ) =9 in £,

nlrRoxr, = f1 Y|, x, = fo

(m— V) [Roxr =G (%—%) e

where
Q, = {(x,, ) R 0, >0, 2,> 0}, Q,= {(2,, x,) eR: 2, <0, z,> 0},
I'y={(z,, x;) eR*: 2,> 0,2, = 0}, [,={(»,, ) ER%: 2, <0, z,= 0},

I' is the common boundary of £, and 2, and the data ¢, v, f,, f., 01, 9.
are opportune distribution with compact support.
Moreover [ is the wave operator 02/0t2 — A, (17 is the «modified »

wave operator
1 0? 02 0?
—_— e — 2 ———
& o (axi + cos?a am:)’

N denotes the normal unit vector to /" interior to 2, and A is the unit
vector of components (cos«,sin«). Then we show that the sin-
gularities of such solution travel:

1°) along bicharacteristic lines coming out from points of the
wave front set of f,, f,, g, and ¢,, if possible after either a reflection
on the other face or a refraction on. the separating surface R, xI'
according to the geometric optics;
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20) along bicharacteristic lines which have the initial point
in the wave front set of the data ¢ and v, if possible after either at
the most two reflections on the faces or a refraction on the common
face R, xI" otherwise a reflection on the edge.

In our case diffraction phenomena don’t occur because £, and £,
have amplitude z/2, analogously to what happens in [12].

Using the method shown in this work our results can be extended
to Q, and Q, right angle wedges of R® by only technical difficulties.
The results of this paper are explained as follows: in section 1 we pre-
cise the notations and the problems studied; in section 2 we study
the singularities of two mixed problems for the wave equation in £,
and 0, respectively recalling some results of J. P. Varenne [12]; in
section 3 we give a potential representation of the solution of (I) when
the initial data @ and g are zero using the theory of pseudodifferential
operators; in section 4 we give a complete description of wave front
set of the solution of the problem (I) by the study of wave front set
of the solution obtained in section 3 and the results of the section 1.
We wish to thank Proff. J. Lewis and C. Parenti for useful conversa-
tions about this work.

1. Preliminaries.

First we precise some notations.
We define 2,, 2,, I, I', as in the introduction. Let

I' = {(#,, ) e R?: 2, = 0, 2,> 0} .

Moreover we denote the space of extendible distributions by
D' (R XQ,), i =1,2, the space of distributions with compact sup-
port in Q; by &'(2,), ¢ = 1,2, and the space of distributions on R,
with values in H*(I') by D'(R,; H*I')) (see[6]). In the problem (I)
we assume that

peb(2), peb()
fre D'(Ry; HYIY)) N &R xTY), f.€ D'(Ry; HY(IY)) N &Ry x )

g€ D'(Ry; BYD)) N R, xT), gD (R,; H()) N &R xT).
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Finally we consider the operators [] and [I7 as in the introduction
where ¢€]0, 1[ and « € ]—z/2, m/2[. We seek a solution v = (v, »,) €
€ D'(R.XQ2,) X D'(R, XQ,) of the problem (I) in the following way

(1.1) Y=+ w

where w = (u,, %,) and u,, u, are solutions of the following independent

problems

Uuy, =0 in R, X,
(1.2) uy(0, 2y, @) =0, %%1 (0, 2y, x,) = ¢ in O

Uy, xr, =0, Uy|R, xr =0

O%u,= 0 in R, X £,
(1.3) Ue(0, 24, 2,) = 0, % (0,4, ) = 9w in Q,

Us|R, x1, =0, Us|R, x =0 .

Instead w = (w,, w,) is solution of the following transmission

problem:
Ow, =0 in R, X8,
O%w, =0 in R, X8,
ow .
wy(0, 1y, 2y) =0, a—t‘ 0,2y, 1) =0 in Q,
ow .
(14) ) 00,0, 2y, 25) = 0, 0o a) =0 in @,
Wy |R, xr, = f1 w2IR+xF,= 12
(We— Wy)R, 1 = dw, _ dw, I G
VTR =00 G T AN Jrxr P\ T an )roxr

We will describe the wave front set of the solution v, i.e. WF(»)
by WF(u) and WF(w), where for a vector valued distributed

v = (vy,,) wWe put

(1.5) WE() = WF(y,) U WE(»,) .
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In the section 2 we give a complete description of WF(u,),
1 =1, 2, recalling the results of J. P. Varenne [12].

Moreover we determine the wave front set of (dw,/dA)g, «r and
(dus/dN)R, xr-

Indeed in the section 3 we give a potential representation of the
solution w of the problem (1.4), which we use to obtain the wave front
set of w knowing the wave front sets of the boundary data.

Later on we denote the cotangent bundle of R, x 2, by T*(R, X £2,),
t=1,2, and the covariant variables of {, se R, & = (2,,%), ¥y =
= (41, %) € 2 by 7,6€R, &= (&, &), n = (71, ) €R® respectively.

2. — By the classical method of images the solutions %, and u,
of the problems (1.2) and (1.3) can be written as follows:

+ oo

+ o
(2.1) Uy () T1y T5) :f fGl(t’ X1y Loy Y1y Y2) Q(Y1y Ye) AY1dY,
0

0

(2.2) Us(Ty T4, x,) =

+o00 +oo

1 Zy Y.
— 008 & f fGl (Ct’x”coszx’yl’ COS(Z) ’P(?/l,y2)dyldy2
0 1]

where Gy(t, %, ®,, Y1, ¥:) is the Green function of the problem (1.2).
Precisely

(2.3) Gy(by @1y @2y Y1,y Yo) =
_1H (—V(@m—y)+ (@—19))
2% VR — (21— 91)? + (7,— Y5)?)
CHE—V@m—9)+ @+ 3)) | HE—Vn+ 3+ @+ 9))
Vi — ((wl_ Y1)+ (2 ?/2)2) Vir— (w14 92)? + (22 + ¥2)?)
_Ht— V(a4 5) 4 (28— 19,)?)
\/tz_ ((371+ Y1)? + (X— ?/2)2)

where H(s) is the Heaviside function.

In order to describe propagation and reflection of singularities
of 4 = (u,, u,) we give the following two theorems without proof
because we refer to J. P. Varenne [12] for details.
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THEOREM 2.1. If (¢, z; 7,&) € WF(u,) then there exists (y;n)e
€ WF(p) such that (¢, x,y; 7,& —n) belongs to normal bundle of
one of the following surfaces:

(2.4) @ty 2y, Byy Yo, Yo) = t— V(@1 £ Y1)® + (@, £ 9)° =0,

(2.5) Dty ar, @0, 95, 90) =t — V(21 £ 92+ (@ F 9)°=0.

If (¢, x; 7, &) € WF(u,) then there exists (y; ) € WF(y) such that
(t, z; y; 7, &, —mn) belongs to normal bundle of one the following
surfaces:

1 T, + Y, \2
(2.6) Dty @1y Toy Y1, Yo) =t — EV(wl + %)+ ( ZOSO::/Z) =0,
4 1 2. :F 2
(2.7) Dty X1y oy Y1y Yo) =t — p V(xl -+ %)+ (—:}OS 32) =0.

Before enunciating the second theorem we will give some notations.

If (0, Y1y ¥s; 074, ms) € T*R . X £2y), 57 + 75 > 0, we denote the null
bicharacteristic issuing from (0, y,, ¥.; 0,71, 7.), associated to 7 =
= L+ +/7; + 3 by bs:

Moreover we denote the null bicharacteristic issuing from
(0, — ¥y, —Yz3 0, — 0y, —,) associated to v = ++/7% + 72 by fz.

If (0, Y15 Ya; 0y 71, ) € THR. X ), 17 + cos a® 55> 0, fy, and B
are the null bicharacteristic issuing from (0, y,,v.; 0,7:,7,) and
0, — ¥, — ¥»; 0, — my, —m,), respectively, associated to

T = 4 ev/n: + cosatnt.

THEOREM 2.2. If (4, »; 7,&) WF(u,) then there is (y,7n) e WF(y)
such that 72= ¢*(n} + cos 2x7;) and one of two following cases is true:

i) B, hits the corner in ¢ = ((cos?«)/¢)(y,T/n.) = Y,7/cn, When
BE hits also the corner and come into R, X8, so (t,; 7, &) belongs
to By, or fo:

ii) 8% does not hit the corner and (¢, ; 7, &) joins with (y; )
by B after at most two transversal reflections on the faces @, = 0
or x,= 0.
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We choice the sign 4 or — according to v is positive or negative.

The same results is true for WF(u,) with Q,, v, fs, fs replaced
by Q,, BZ, Bz respectively and ¢ = cos a« = 1.

Now we will study (du,/dA — du,[dN)|r, «r to determinate its wave
front set.

After differentiating %, and 4, we use the integration by parts to
obtain the following expression for the traces of du,/dA and du,/dN
on R, xI"

du, Uy .
(2.8) i R+><F(t y La) = COS QL <— s R+><P(t y Lp) =
+o00 +oo ————————
:“—f f H(t—‘/% W —9)?) H(t—\/% (@2 + 92)°)
Vir— (yi+ (wz Y2)?) Vir— (yi+ (22 + 92)?)
0
a—(y’i (Y1, ¥2) dyr dy,
duz _ au2 —
(2.9) aN R+><I'( y &) = '8?1 R+x1"(t’ %,) =
f f — 1/0)\/?/1 (%“%)/cos‘xﬁ)_
7C? COS \/tz—(llcz ?/1 ((mz—yz)/cosac)z)

(t—— 1/o) VY + (@ + ya)eosa)) dy
Ve 1oy + (@t yfeosa))

(Y15 ¥2) Ay1 Ay, .

Remark that (du,/dA)|g,xr and (du.,/dN)|g,«r have null traces on
x,= 0 and are odd extendible distributions on R X I

So we can define (du,/dA)|g,xr and (du,/dN)|g,«r When x, < 0:

Pl ey =2 4,—a)
dA |[Roxr 2 T dA [Roxr :
Vi>0, Vo,< 0.
du, du,
ket =% t, —x
dNR+xI’(t, 2,) N R+><I'( y — )

By (2.8) and (2.9) we have that (du,/dA)[g, xr and (d%,/dN)|g, «r
are linear continuous transformation from C7(2;) to D'(R, xR),
¢t = 1,2, with densities 0p/dy, and 0y/dy, respectively.
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So we can write

du,

dax o <H5"H§’ @E>

N

d
R+><I': < s, 3J1> d—qll\i R

where H,— H, and H; — H; are the Kernels which are in (2.8) and
(2.9) respectively.

Moreover these transformations are extendible to &'(R2;) ¢ =1, 2,
respectively.

These extensions are unique and continuous by applying a known
theorem of L. Hormander [5]. Hormander’s theorem also says that

du, Op

C WF'(H,— &
WF( o R+XF)_WF H, Hz)oWF(ayl),
wr (@ CWF/ (H:— H)oWF (@—)
AN |R,«r P oy.)

From the last remark we obtain the following

THEOREM 2.3. Let (i, x,; 7, &) € T*(R, XR).

If (2, #y; 7, &) € WF((du,/dN)|g, xr) then there exists (y, n) € WF(y)
such that 7%= ¢*(n} + cos?ani), v#0 and

. _1 2 Ty— Ya \? .
1) t—'c'l/?/1+(c08a), &2 = 113

_ (=) _
=T e costad = oy
or
.. 1 T+ Yo \?
i) tzz‘/?/i‘l‘( 200832) ’ &= —1s,
__ (@t g7 _ %
(E e coszat ' P TI

The same result is true for WF((du,[dA)|R, xr) With ¢=cos a =1
and y replaced by ¢.
The details of the proof are omitted because they are similar to

the methods used by Varenne in [12].

REMARK 2.1. By theorem 2.3 we have that if (¢, ,; 7, &) belongs
to WP (du,/dA)|r,xr) then its mirror image (¢, —w,; 7,—§&) is also
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in WF((du,/dA)|R, xr). Moreover WF((du,/dA)|r,xr) N T*R, X I") con-
sists of intersection points of bicharacteristics f; or their reflected
bicharacteristic lines, with the face x,= 0. Analogous remarks are
true for the wave front set of (du,/dN)g,.r-

REMARK 2.2. Later on we denote the Laplace transform of a di-
stribution ge D’'(R.x[I") with respect to teR,, by g(k, z,).

Here we show that (du,/dA)g, r and (du,/dN)g, «r belong to H}(R).
Consider the odd extension of (0¢/0y,)(¥:, ¥.) to R, XR, with respect
to ¥,. So we can write

cos o —\/?/1-1— (»Tz 12)?) 0@
t — Ay, dy, .
R+><F( y Xy) = f f Vi yz)z) o (Y1, ¥:) AY1 Ay,

duy
al

Now we calculate the Fourier transform of (du,/dA)|g, r and we
obtain

i
al

-+ oo

A 1
) (k3 &) = cosa
Rtx1TI

«/52 T

*exp [_ yl\/k2 + 52] ( (Y1, * )) (&) dy, .
We will show

(G L) @+ e rm

Consider

+ 00

COs? f(l + 152]2)*(J‘ VEer e e

— oo

exp[ yl\/kz + 52] ( (%1, )) (fz)dy1)2 ag, =

= Co§? f(l + &2 §2+ o

+ oo

(fexp [—' yl\/kz + E:] ( (Yay - )) (&) dyl)2 ag, .

0
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It is finite because exp [— y;v/K2 - &2]((09/0y,)(yy, *)) (&) is ra-
pidly decreasing to 0, as |&| — -+ oo.
Analogously we can shown (du,/dN)|g, . r€ H}(R).

3. — In this section we propose to study the singularities of (w,, w,)
solution in D'(R, X Q,) X D'(R, X Q,) to the problem (1.4). This can
be converted into a boundary value problem by reflecting £, on £,
and setting

Wyt @y, @) = W,(8y — @y, ) >0, >0
and

fz(ty @) = folty—@>), 2>0.

We are led to a second order system with zero initial data of

the form
] 0\ (w .
B (- wnea
1 —1 Wy 01
(31) i i a1=\ on R, xTI
. dN 2
1 0\ [w, . fl
G ) e

where [(%, z,) denote the distribution

du, duz) (t, )
2] .

9a(ty @) — (ﬁ— aN lRuxr

From now on, to make the notation simpler, we will use w, and f,
instead of @, and f,, respectively.

We will write explicitly a solution of (3.1) in integral form with
Kernel K. From the knowledge of WIF(K) we will deduce informa-
tion about the wave front set of (w,, w,).

As first stage we will find an explicit representation for w, and w,,
Laplace transform of w, and w, respectively. To do this we first split
(3.1) into two distinet problems introducing two auxiliary distribu-
tions h, and h, and we find w, and w, solutions of the two mixed pro-
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blems with zero initial data

Ow,=0 in R, x&, Oew,=0 in R, X,
d
(3.2) WiR,xI = My d—%wmmw:ﬁz
W1R, x Iy = h WoR, xI'y, = fo-

Then we determine h, and h, in such a way that (w,,w,) results
solution of (3.1), too.

Moreover, for the present, we suppose that cosa =1.

Applying the Laplace transform to (3.2) we obtain the two auxiliary
problems:

(k*— M —0 in O, (p— A)@—=0 in 2,
_ - a _ -

(3.3) Wyr= kl d—x; Weir = hz
Wyr,= h Wour, = f

where f,, f,, k., h, are the Laplace transform of f,, f,, by, h, respectively.
By the method of images write the Green functions of (3.3) in the
form

Gi(ky @1y T3y Y1y Ys) = Bk, @1, To5 Y1y Ys) — B(ky @y, @5y Y1, — Y2) +
+ E(k, @1, @3y — Y1y — Yo) — B(ky @1y T35 — Y15 Ya)

éz(k/cy Ty Bay Y13 Yo) = E(k/c, @1y Tay Y, Yo) — B(k[Cy X1y Xyy Y1y — Yo) —
—E(k/c7 Xyy Boy — Yo, — Ya) + B(kfe, 01, By — Y1, ¥a)
where

1
Bk, 21, T3y Y1,y Yo) = ﬁKo(kl(xly Z3) — (Y1, yz)’)
and K, is the Mac Donald function (see [13]).

Using this Green function we can find w, and w, solution of (3.3)
in the form

+ oo
_ 0 -
(3.4) wy(ky 1, ;) :f'— _33/ Gi(ky @y, T3, 0, Ys) hy(Ky o) Ay, +
1
0

+ o0
0 -
‘l‘f—‘ a_yz Gy(ky @1, 25, Y1, 0) fa(ky y1) Ay,
0
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+ oo
(35)  Wylkfe, 1, ;) — f Gy(fe, 2, s, 0, Y2) ol 92) e+
0

+ oo
Fy R
+|— @“ Gy(kfey a1y 25, Y1,y 0) folky 1) dys .
2

0

Now we have to determine (h,,k,) in such a way that (w,,w,)
verify the boundary condition initially assigned on I, that is

— ~ a _ a _ 5
6o @—mr=g,  (pEtgm) =l

Note that we are supposing cos « = 1 so d/dA = d/dwx,.
The trace of w, on I'is given by

+ oo

1 _

p f[KO(k/clwz_ Y| ) - Ko(klcl“'z + ¥l )] hy(k, y2) dy, +
0

+ oo

1 2 0 T2\ }
+ - f T‘% s Ko(lfoVy+ a3) ulk, 91) Ay
0 ! 2

where 7 denotes Vy? - 2.
Calculating the trace of (d/dx,)w; on I' we have

+ o0
1 0 0 -
(3.7) - ;‘J‘ I:ﬁ Ko(klwz— f'lzl) + oy Ko(klxz + ?/2[)] h;(ky Y2) Ay, +

0

+o0
k2 —
] (LR R AT XS AL
’ 1 + oo Qx a
+ 7_tf Vit ator Eo(kVyi+ a3)filky y1) dy, -
0

To obtain (3.7) we have kept into account that the Maec Donald
function K, verifies the Helmotz equation (k*— A4)u = 0 and have
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supposed that & (k,0) = 0. Extending %, k., §i, ! as odd functions,
80 that their derivatives result even functicns, we can write

wz/P: Rzi—bz‘}‘ Tz]-cz

where

— 1 —_
R2h2(7"/07 &,) = 7; J‘Ko(k/clxz_ yzl)hz(ky Y2) Ay,

€
Sy

- 1 0 -
T, falkfe, a0) = ~ = Ho(kfeVyi + a3)hu(k, 32) dys

Vyi+agor
d

- Wyr= (— AR A + k2 R) by + T, .
1

where A is the pseudodifferential operator in OPS] (R) with symbol
— o]

Rihy(k, o) = J.K(,(k]m2 JZI)klgk, Y2) AYs

- 00

+ oo

1 oy 0
Tlf{k -Tz)z 2

\/y Y o ("\/yl‘f‘a )fl ky y1) dyy .

Since §i,1,f.,f. are known, the boundary conditions (3.6) turn
into the following integral system:

(3.8) A (%) = (_ Ale_;_ kR, I )(hl) (9;11‘1?12)

So far we have supposed cos « = 1 and then sin o = 0.
‘When cos « is any real number between 0 and 1 it can easily seen
that (3.8) becomes

Zl _ I —-—R; 7&‘1
69 4 (7&2) N (Oos a(— AR, A + k*Ry) + sinaed 1 )(52) -

%+Mﬂ)

l—cosaT,f,
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where

+ oo
_ 1 _
RS hy(kfe, ,) = J‘Ko(k/c COS at|&y— Ys| ) oKy Ys) Ay

T COS

and
T5Fo(kfe, @) = Tafa(k/e, @fcos @)
the operators R, and R are in the class of pseudodifferential oper-

ators OPSy; then they take H*(R) to H**(R), A take H*R) to H*"'(R)
therefore

A, : HYR) x H¥(R) — HYR) x H}(R) .

Since the Fourier transform of Ky(%|x|) is given by

1 1
= Ky(k|z)" =
the integral operator 4, has for symbol
1 — (cosZaw? 4 k2[c2)?
(3.10) _ ( + o)
cosaVw? 4 k* — i sine|o| 1

so A, is elliptic.
Before going on, we need to show that

(3.11) T.f,e HYR), T;f,e H(R).

To this aim we remark that 7T,f, and T%f, are odd distributions
and therefore it is enough to verify that the operator T defined by

+ oo
1 r 0 ——
Tf(m)—:y—tf WEKO(IC\/?/ + @2)f(y) dy
0

maps H¥(R,) in H}R,) and HYR,) in H}R,).
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First observe that the operator

+ oo

X
Sf(a )——j )y

with Hardy Kernel x/(y? 4 %) takes L*R), to L*R,) (see [3]).
Moreover, if f belongs to C7(R,)

-+ co

1 y2 2
g8t =% [ B2 fay =

1 a_v ) dy —
(dyyurxz fiy) dy =

';ll»—l

0

co

As y/(y?+ «?) is also a Hardy Kernel we obtain

(3.12) ” d% 8f(x)

<e|f|z
Li

80

8: H\(R,) - H'(R,) .

Using the operator S we can prove
i) T: HYR,) - H(R,)
ii) 7: HY(R,) — H'(R,)
iii) 7: HR,) — H*(R,)

too
ITf3< 2 f 1 f T V) i)
Since
‘—a—Ko(kr) = 0(r1) r—0
or
and

8: I*(R,) - L*R,)

15

+
_1 Yy o4
—1[ Larwa.
0
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we obtain
1T1]| 2 < e[ fllz= -

To prove ii), first note that
+ oo
Tj(e) = — [ (L K6V F o) ) fiwydy .
7k de ™’
0

Using that K,(kr) verify the Helmotz equation and then integrating
by parts we have

+ o0
% Tf(x) = ;ifKo(k\/y“r @ )f (y) dy +
0

f Vets + Eo(kVy + o) (y

The first addendum is a continuous operator from L*(R,) to HY(R,)
and using (3.12)

”j.m\/yz?ir 20 5 KV £ fcz)f(y)dy“ < olf' |z

iii) can be proved in a similar way.
Applying known interpolation results and i), ii), iii) we obtain (3.11).
From the ellipticity of 4, it follows that we can find one and
only one

(s, ho) € HYR) x H¥(R)

satisfying the integral system (3.9).

Moreover &, and f, are odd functions and %,(k, 0) = 0.

Finally we may observe that the Fourier transform of h,(k, x,)
and h,(k, 2,) is given by

(a(k, w)) (02 + (kJe cos 0)?) + (w2 4 K2)t— i tg aeo]) -2

(cos a(w? + k2)¥— i sin a|w|) (a(k, w))? (alk, w))

. G+ T5h)" )_ A ( @+ T3 1) " (%, ®)
= PP\ (= cosal, 1) Ak, w)

(I — cosaT, F)"

where a(k, w) is the determinant of the matrix (3.10).

).

)
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Applying the Paley-Wiener-Schwartz theorem (see [5]) it follows
that A(k, w) is the Laplace-Fourier transform of a distribution with
compact support. Then the inverse Laplace-Fourier transform of
hy(k, w) and h,(k, w), which we will denote by h,(t,2,) and h,(¢, 2,)
is obtained by convolutions of distributions in &'(R,_XR) with ele-
ments of D'(R,XR).

Therefore

hy, hye D' (R, XR) .

To this point, we are able to calculate w, and w, as inverse Laplace
transform of w, and w,, defined by (3.4) and (3.5) respectively.

Let Q,(t, @, %, Y1, ¥2), ¢ =1, 2, the inverse Laplace transform of G,
t =1,2. They can be calculated explicitly by the following equality

if 0<i<|z—y|,

0
(3.13) ﬁ—l(Ko(k|x—y|)t)):{(tz_(x_y)z)_é it 1> o —y|.

The first addendum of Gy(t, x,, x5, ¥, ¥,), i8, for instance,

H(t—Viry— )2+ (2,— ,)?)
Vir— ((501— Y1)+ (2 — /i2)2)

and the other three are of the same type.
Therefore we have

+o00 4 o0
(3.14) Wity Xy, Ty) = - fds faly2
. (h1/87 Yo) — hao(t — 7y, yz)) +

4+ 00 +o00

+ - fdbfdyl{ t_.s—“ (ffsyy) — At —r3, 1)) —

(r3)2 )t

t—s—1ry) Ty
(1t —s)2—r3)t

Hit— )z,
—(t(—-s)j : x)g (fu 85— t—13, ?/1))}2

1
= wy.t, &1, Ty) + wi by 1, @,)
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where
(3.15) r=Vai 4 (@—y)?, 15 =V(e— )+ 2k,
r: = V(@1 + 9): + 22

and analogously

+00 +oo
1 H(t —s—1,4)

(3.16) W2(t;$17$2)~n008afd3fdyz ((t— 8)2— (1, )2)§ (8, 92) +

0 -0
1 rm
t—8s—175,) %, _
—l-mfd fd?h{( S —(ri)) 5 (Fa(8y 41) — fat — 750y 1)) +
0 [

H(t—s— rw Ly

T ==ty

(fz y Y1) — fo(t — r;,ay Y1) )} =

== w;(t, Ly, xg) + wg(t7 .7/'1, wZ)
where

N VO i AN -1 l/ — )2 zy \?
(3.17) 71,0 = P le + ( COB & ) ’ 72,0 = P (1 —y1)2+ cosa) ’
1 T, \2

T;,az EV(T%'F Y1)+ (coszoc)

We can summarize the results till now found in the following

THEOREM 3.1. The distribution w = (w,, w,) € (D'(R X 2,))? de-
fined by (3.14) and (3.16) is solution to the problem (3.1) with bound-
ary data (fi, f,) on R, XTI’ in the space (D'(Ry; HYIY)) N8R, X TY))?,
(91, 9:) on R, XTI in the space (ﬂ) (Ry; HD)) N 8'(R, X T)) X (D'(R,;
H*(l"’)) N 8’(R xP)) provided (h,, h,) is the inverse Laplace transform
of (hy, ;) solution in H}R)xH}(R) of the integral system (3.9)

4. We are now interested in describing C®-singularities of the solu-
tion w = (w,, w,) of problem (3.1).

We are going to give a complete description of WF(w,).

The results for WF(w,) shall be analogous.

w, is sum of the two distributions w} and w}.

w; is of the type

(4.1) wi(t, Ty, @) = (K (b @1, Bs5 8, Ya); ha(8y 92))
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that it is a distribution with Kernel

Ht—s—r)x
K(t, @y, @5 8y Yo) = —_—

(t—s—nr,)t
where 7, is defined by (3.15).
Let
(4.2) X=R, x£2,, Y=R/XR
then
KeD(XXY).

19

Our purpose is to determine WF(w;}) from the knowledge of WF'(K)

and WE(h,).

THEOREM 4.1. Let D(¢, x;, 253 8, 9,) =t —s — \/wf + (r,— y,)2. If
the point (¢, 2, 8, ¥,; 7, &, 0,7,) € T*(X x ¥) belongs to WF(K), then
(t,x; 8,y.) belongs to the surface D, z;s,9,) =0 in XXY and

(7, & 0,1,) = 7 grad d(t, 2, s, ), ©%0.

ProOF. Since
0 Ht—s—ry)

K(t, ;5 8,9,) = a—wl——————(t——s——’rl)*

the wave front set of K is included in the wake front set of

H(it—s—ry)

which results the distribution H(t)/t! = ¢;} concentrated on surface

D =0.
Let & be the following diffeomorphism

é(ty Xy 8y Y) = (b—@— 11,2, 8, Ys)

and @, the pullback of @. From the equality
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follows by a known result

H(t—s—ry)

) = O*(WF(171))

where @* is the induced diffeomorphism between bundles. Since

WEF(t:Y) = {(t, @, 8,9; 7, & 0,n) € THX X Y)|t = 0, v #0,
51252:0‘21]:0}
the statement of the theorem can be deduced from (4.3).

‘We can obtain WF(w;) in terms of wave front set of the boundary
data ¢y, f,, f.. Indeed.

WEy(K) = 0; WEFy(K)=0
and the projection

7y: supp (K) - X

is proper, i.e. the inverse image of each compact set is compact.
Then by a known result (see [1])

(4.4) WEF(w!) C WF' (K)o WF(h,) .

Moreover from (3.9) and ellipticity of A, it follows

hl gl+£_1(Tg?2)
(4.5) WF (hz) =WF (l —cosa ﬁ"l(TJ{))'

In the following theorem 4.2 using (4.4) and theorem 4.1, we give
a description of WF(w;}) in terms of bicharacteristic lines issuing from
points of the following set

Z={®t,x; 7,8 e T*R_XR2): 740, w,= § =0, v>> &}

2 can be considered a subset of T*(R+xR).
Fixed g,= (s, ¥s; 0, 7.) € 2 let oF be it image point (s, — ¥,; &, — 7).
Note that if g, belongs to WF(h,) then oF is also a point of the
wave front set of h, because h, is odd in the space variable.
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Denote by f(;(g,) the bicharacteristic outgoing from p, e 2.
Its projection on R, XxXR? has equation

t =84 ¢
&,
ry=—>=8
(4.6) o §'>0

2
4[’2:—77—8/4“?/2
[

where & = T V. Eé"—”ﬁg according to o is positive or negative.

REMARK 4.1. Suppose g,= (8,%,; 6, 5,) €2, ¢ >0, y,> 0.

Then if 7,<0 the bicharacteristic $,(g,) lies in T*(R, X £,) whereas
Bi(oy) is always out of T*(R,X£2,); if 9,> 0 Bi(0,) is in T*R, X 2;)
until ¢ < s 4 y,0/n, whereas f,(oy) goes into T*(R, X 2,) when ¢ > ¢ -
+ 9,0/n,. Indeed the projections of B,(,) and Bi(oF) intersect on the
face x,= 0 when ¢ —s = s’ = y,0/n,.

THEOREM 4.2. Let (f,x; 7, &) € T*(R, X £,) belonging to the wave
front set of wj, defined by (3.14).

Then 730, &+#0, 2= § 4 & and there is g,= (s, ¥;; 0, 7,) €
€ T*(R, xI') belonging to X' N WEF(h,) such that (¢, z; 7, &) € B1(0,) or
(¢ 25 7, &) eﬁ1(9:)-

ProoF. Using (4.4) we can state that if (¢, x; v, £) € WF(w}) then
(s, 25 0, m2) € WE(hy) 3' (8, @, 8, 45 7, &, — 0, — ) € WH(EK) .
By thoerem 4.1 it implies that

t—s=Valf (x,—y)?, T#0, o=1,

oy

t—s
Three cases may occur
i) (s, ¥s; 0, 7,) € T*R, X T')
ii) (8, —Ya5 0, — ) € T*R X T)
iii) (8, Y25 0, 72) € T*(R. XR), 3, = 0.
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In the first case, by remark 4.1, (¢, z; 7, &) belongs to the bicharacter-
istic B, outgoing from (s, v,; o,7,) and the point g, in the statement
is just (s, %»; 0, 7).

Ifii) happens the point g, is (s, — ¥,; 6, — ) and (¢, @; 7, &) € fa(of)-
When y,= 0 then 7,7 0. Moreover (¢, z; 7, &) lies on the bicharacter-
istic B, outgoing from (s, 0; o, #,) if #,/0 << 0 whereas it belongs to the
bicharacteristic outgoing from (s, 0; ¢, —#,) if 7./o > 0.

REMARK 4.2. Theorem 4.2 gives a complete enough description of
WF(w}) provided that we know the wave font set of the auxiliary
distribution h,.

By (4.5) and theorem 2.3 we need only information about
WE(E-(T; f,)) and WE(E(T,f,))

THEOREM 4.3. Let (¢, 2,; 7, &) € T*(R, XR).

If (¢, @y; 7, &) € WF(L-(T; f,)) then 7 5= 0, 72/c > cos «2&; and there
exists (s, ¥,; o,m,) € WF(f,) such that

1 T, \2 X, T
t—8 = — 2 oO=7T _= — —_—
chl T (cosa ’ & ccostat—s’

h=

Y T
c2t—s

For WF(LY(T, f{)) an analogous result is valid with ¢ = cos o = 1

Proor.
400 + o0
EA (T3] (8, ;) = ds B4 s ) — fulb— 1, )]
2 [2){ly X ncgcos“ ) 7,2)* 28y, Y1 2 A
where

1 2 Ty \?
"= V?h T (cosoc)

8o it is a distribution of the type

Af = <La(t, s, 8, Y1), [(8, ¥1)D

with Kernel a€ D'((RXR) x (R})).
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Since the operator
A: CP(R}) - D'(R,. XR)
is linear and continuous it can be extended continuously as

A: &R —>D'(R,xR)

Moreover
(4.7) WF(Af) C WF'(a)o WE(f)

Is not difficult to see, using the same tecnique of theorem 4.1,
that in this case

WF'(&)Q{(T/, Tay 83 Y15 Ty &y 0, 11) € T*((R XR) XRE—)'T #0,

Lo T Y 7
t—s=r, o=1, &=—- y M=
c2cosat—s c2t—s

and then from (4.7) the thesis follows.

It is enough to apply again Hormander’s theorem concerning the
distribution with Kernel to prove the following theorem 4.4. First
introduce some notations.

Let go= (8, %1; 0, 7m1) € T*(R_.xI}) 0%0, 0*>ni. We will denote
by y.(e,) the bicharacteristic outgoing from p, whose projection on
R, XR? has equation

t =s-4 ¢
xlz—%s’+y1, 8'>0
%:—é’

o

with &= F V o®*—ni according to o is positive or negative.

THEOREM 4.4. Let (¢, ; 7, &) € T*(R, X £2,) belonging to the wave
front set of w}, defined by (3.14).

Then 7#0 &40 72= & 4 £} and there exists g, = (s, ¥;; 0, 7,) €
€ WF(f,) such that (¢, 2; 7, &) ep(0) or (¢, ;7,&) €yi(oF) where
s = (8, — 15 6, — 7).
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To complete the study of propagation and reflection of singular-
ities of the solution w = (w,, w,) to the problem (3.1) observe that
the results concerning WF(w,) are of the same type of those established
in the previous theorems 4.2 and 4.4 where h, and f, are replaced by h,
and f,, respectively and the bicharacteristics f, and y, are replaced
by py* and y7* whose projections on R, X R* have equations of the type

t =s+¢ t =s- s
& M
2= —c*=¢ ml—_——cz-?—s’—i—yl 8'>0
o o
:102_—_———czcmszoc@s’—[—y2 x2=——czcosza§—23’
g o
respectively.

It easy to verify that if (t,®,; 7, &) € WE(LY(T5 f,)) N T*R, xT)
then it is the intersection point of the bicharacteristic y3%, outgoing
from some g, € WF(f,) with the face x, = 0.

Analogously WF(£-Y(T,f,)) N T*(R,_xI') consists of intersection
points of v,(0,), o€ WF(f,), with the face x; = 0.

Putting together the result of theorems 2.1, 4.2, 4.4, using (1.5)
after reflecting again w,, f, on R, X £,, we obtain a complete descrip-
tion of the wave front set of the solution v to the problem (I).

If we look for a solution to the problem (I) in an opportune distri-
bution space uniqueness results can be used (use[1][6]). In this
case the solution », found by us explicitely, is the unique solution of
the problem (I).

REMARK 4.3. Suppose that p,€ WF(f,) and the bicharacteristic
y1(0o) intersects the face #;,= 0 in g,. Then it reflects on z, =0
giving origin to the bicharacteristic y,(of). On the other hand
do€ WEF(L-1(T,f,)). It may happen that g, WF(h,) so from this point
starts the bicharacteristic ,(g,).

One could ask if the propagation of the singularity g, of the data f;
happens on y,(ps) or fi(g,). It easy verify that in this case, y,(oF)
and B,(g,) coincide. The same happens in other cases analogous to this.

Now examin another eventuality.

Let ¢ = (41, Y2, 71y 12) € WE(9), 1] + m; > 0 and suppose the bichar-
acteristic B, issuing from g hits the corner in g, and reflects along f,.

By remark 2.1 g, belongs also to WF((du,/dA)|r, xr) and then g,
may be in WEF(h,). So this singularity should propagate along f,(g,)
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or f,(o¥), by theorem 4.2. It can be verify that f§, coincides with 8,(o¥)
and along this line the singularity g, propagates.

We conclude this section resuming how the singularities of the data
¢, g, on the face R, X I, common boundary to R, X £, and R, X £,,
propagate.

Let 0o = (8, ¥2; 0, 12) € WE(g:) U WE(gs,).

Itis known that over any g, T*(R, xI') pass either 0, 2 (1 incoming,
1 outgoing) or 4 (2 incoming, 2 outgoing) bicharacteristics according
to ¢ cos an} > o?, 75 > 0% > % coS a’n; or 6% > 7.

If only two bicharacteristics pass over g,, they must be incident
(incoming) and reflected (outgoing) bicharacteristics for the slow speed
region that is £,.

When the bicharacteristics incident in g, do not issue from any
singularity of the data ¢, v, f,, f, then the solution » = (v, »,) is smooth
along these incoming rays but the singularity g, of the data (g,, ¢,)
propagate along the outgoing rays.
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