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Extension of CR-Forms and Related Problenss.

ALESSANDRO PEROTTI (*)

Introduction.

Let D be a bounded domain of C?, n>3, whose boundary contains
a real hypersurface S of class (!, connected, with boundary o8, and
such that 4 = 0D\ S is a non empty piecewise C! real hypersurface.
Assume that there exists a family {V;};oy of (n — 3)-complete open
sets such that V,,,cV;, (ﬂ V,-) NnD=A4.

jeEN

In particular these conditions are satisfied when A is contained
in the zero-set of a pluriharmonic function, a situation which is con-
gidered in [11].

We show (Theorem 1) that every locally Lipschitz CR-form of
type (p, 0) on S extends, in a unique way, by a (p, 0)-form holomorphic
on D and continuous on DU §.

This result is obtained employing the techniques used in [11], and
is based on the existence of primitives of Martinelli-Bochner-Kop-
pelman integral kernel adapted to the sets V.

The result shown here sharpens what obtained in [11], [13], [14],
where the extension problem is posed only for CR-functions, and on
more particular domains.

Furthermore, we consider CR-forms of type (p, ) on 8, with ¢ > 0.
In this case extendibility depends on the Levi convexity of 8, as shown
by Andreotti and Hill [4] and Kohn and Rossi [8] when § is the bound-
ary of a compact region. However, under the following assumptions
we can obtain a jump theorem.

(*) Indirizzo dell’A.: Scuola Normale Superiore, 56100 Pisa.
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Let D be a bounded domain of C*, n>2, of the type considered
above, with 4 of class C'. Let 2<s<n — 2 be a fixed integer. Assume
that there exists a family {V&EN of (n —s—2)-complete open sets

such that V., c ¥, (N V,-) NnD=A4.
jEN
Then we can show (Theorem 2) that if 0<p<n, 1<q<s—1, every
regular OR-form of type (p, q) on S is the jump across S between two

o0-closed forms defined on D and on C"\(EU N 17,-).
jeN

Finally, we give some applications of the jump theorem under
pseudoconvexity assumptions on S.

We obtain some results about the 0,-problem and the Cauchy
problem for J-operator. In particular, extension theorems for CR-
forms of type (p,q) are obtained (Theorems 3,4). We prove these
results for forms of class Cm, m < + co. In the case of C® forms, these
problems have been considered by Andreotti and Hill in [4], under
weaker conditions for S.

We wish to acknowledge the help and stimulation received from
G. Tomassini.

1. Preliminaries.

1) We recall the Martinelli-Bochner-Koppelman formula (see [6]
Ch. 1 and [1] Ch. 1).

Let A be the diagonal of C* xC*. For (2, {) € C* xC\ 4, we consider
the differential form

Z— ¢

lz___é‘lms
A wee A (Ao —dC,) A 2y A ... A dzy .

(n—1)! i (11

Qmi)» = (d2y—dLy) A ... A\ (d2;— dE; A

Uz, {) =

Uz, ) e O, ,_H(€C* xC\4), and we have the decomposition

(n,n—1)

n—1

Ule, ) = §0U 5 0)

q

in forms U, (2, () of type (n,n —q—1) with respect to z and type
(0, ) with respect to (.
Let u.(2, ) be the form such that U, , = pu,Ad%4A ... Adz,. For
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0<p<n and 0<g<n—1, we consider the forms

Us,o(2, £) = (— 1) Dpo(z, C)/\ME_:’ o(I) do[ I]N\dLy

¥4

where dz[I] =dzl/\.../\ciz\,-l/\.../\d/z\%/\.../\dz,,, o(I) is the sign deter-
mined by dz;Adz[I] = o(I)d2A\...Ad2,, and the sum is taken on
increasing multiindices. U, , is C° on C"xC"\4, of type (»—p,
n—gq—1) in 2 and (p,q) in {. We set U, ,=U,,,.=0.

REMARK. The forms U, , introduced above differ in sign from
the corresponding forms defined in [1]. This is due to the fact that
they are considered as forms on the product manifold C*»xCr, and
not as double forms.

Let D be a bounded domain of C* with piecewise (¢! boundary.
The orientation of D is defined by the form dx,A...Adx, Ady:\...AAYr,
where 25 = %a + s (x = 1, ..., »), and 0D has the orientation induced
from D.

For 0<p, ¢g<mn, let f be a continuous (p, g)-form on D such that of
(defined in the weak sense) is also continuous on D. Then the Mar-
tinelli-Bockner-Koppelman formula holds:

f HE)A U, al £)— f SHANUyalzy O+ 6 f HEAA Upasl, £) =
D D

oD

(—1)f(¢) it leD,
0 if t¢D.
The form U(z, {) is 0-closed on C»xXC"\ A (see [6] 1.7) Since the

component of 0U of type (n, n —q) in z and (0, q) in £ is 0,U,,, + 0¢ Uo,¢-1,
the condition 0U = 0 is equivalent to the property

0. Upq=—0:Us oy for 0<g<n

(indices #, { mean differentiation with respect to z and { respectively).
This property obviously holds for u,, and so for U, ,:

(1) 0, Upq=—0:U, -y for 0<p,q<n.

In particular, 0,U,,, = 0: U, .y = 0.
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2) In order to apply the integral representation formula which
we have just mentioned, we need some primitives of the kernel U(z, {).

‘We recall that an open set D of C" is called g-complete if there exists
an exhaustion funection for D which is strongly g¢-plurisubharmonie
(i.e. its Levi form has at least m — ¢ positive eigenvalues at every
point of D). Such an open set is g-cohomologically complete, i.e.
H?(D, 5) = 0 for every p > q and every- coherent analytic sheaf F
on D ([3]).

PROPOSITION 1. For fized 0<s<n—2, let VCC* n>1, be a
(n — 8 — 2)-complete open set. Then we can find forms 1, 42, §) (0<p<n,
0<qg<s), of class C° on V x(C™\V), of type (n —p, n —q—2) in 2
and (p, q) in {, such that

Up,o(zy é‘) = gz"?v,o(z7 9]

Ua),q(z7 C) = 8-z7]p,a(z7 C) + 54'7]1),0—1(27 C) fOf‘ 1<g<s.

ProOF. Set U,(z, () 2 U,z C) € CF, ,_,)(C* xC™\4). From (1)

we have that U, is o0- closed on C xC\A. Let {Ba}se; be a locally
finite family of Stein open subsets of C*\ ¥V which covers C*\ V. For
fixed xed, VXBx is (n—s—2)-complete, therefore (n—s—2)-
cohomologically complete. Then we can find for any 0<p<n a form
75 € % _o(V X Ba) such that o} = U, on V XBa.

Let {@,}ses be a C® partition of unity subordinate to the covering
{Bzx}aEJ' —

et 1u(e, 0) 1= 3 gal0)73(6: £) € (VX (ENT).

Then we have 97, = U, + D 9:pa A7
13
n—2
Let 7, = 1,,, be the decomposition of #, in forms 7, , of type
a=0

(n—p, n—q—2) in # and (p,q) in {. By comparison of types,
we obtain in particular 9,n,, = U,, and the proposition is proved
for s = 0.

Now take s>1. We have d(5> —#%) = 0 on V x(BxN Bg), and
then we can find 3% € 03,5, (V X (Bx N Bp)) such that 9y3f = 75 —nf.
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Set y,(#, §):= ﬁngi‘PW(C)/\‘Pﬂ(C)V:ﬂ(za f)e Gﬁ,n—z)(V X (C"\V)) Then

0y + 75) = Uy, + 3 0:pa A1y — ;fc%/\g:%/\yiﬁ —

aed

— Y OcpaNpa(n; —nl) = U, — X 0:pa\O: s\ 7y .

x,BeJ «,Bet

n—2

If v, =7 ¥, is the decomposition in forms y,, of type (n— p,
a=1

n—q—2) in z and (p,q) in {, by comparison of types we obtain

5:;7]1:,0 = Uspo 5z(77p,1 + Vo) + gg"h,o = Upa

and the proposition is proved for s = 1. ~
If s > 1, it is sufficient to solve the equation 0137 = y;f + 950 1 o2
on VX (BsN BsgN B;) and then consider the form

(% 0) = Y 0c@all) ATeqa(E) Aps(C) T2P(2, C) -

«,B,6eJ

Then we have

0y + 75 + 1) = Uy + zﬂ fc%/\a‘cqoﬂ/\éup.s/\r:ﬂ" )

and therefore

5z7]12,0 == Up.o 3 a—z(nw,l + yp,l) + gcﬁp,o - Up,l ;
5:(771:,2 + Vo2 1+ Toa) + 5;(7711,1 4 Y51) = U,z .

By induction we can prove the proposition for any 0 <s<n—2. =

REMARK. Given a sequence {V;};oy of open sets satisfying the
hypothesis of Proposition 1, with V,,,c V,, the forms 75, defined
on V,x(C™\\V,) can be constructed in such a way that 5} (2 ) =
= nitiz, 0) it € V,,, and dist (£, V;) > 1/j. In fact, we can construct
the covering W+t of C*\V,,, recursively by taking a locally finite
covering U+t of T’_j\V,-H with balls of radius less than 1/4(j + 1),
and then setting U/ *1:= UV Witl, where U’ is the covering of
C"\ V7, already constructed. Then on the set {¢ € C: dist ({, V;) > 1/j}
the coverings U’ and W+ coincide, and if Be9Us is such that
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BN {{eCr: dist (£, V,) > 1/j} # 0, then we have BN B, = @ for every
B, e Wi+t1. Therefore, the partition of unity subordinate to U/*?
can be taken equal to that subordinate to U’ on the set

{CeCr:dist (g, V)) > 1/j} .

2. Extension of CR-forms of type (p, 0).

1) Let D be a bounded domain of C», n>3, with the following
properties:

I) oD contains a real hypersurface 8 of class (', connected
with boundary 0S;

II) A:= 0D S5 0 is a piecewise (! real hypersurface;

III) there exists a family {V,-heN of (n — 3)-complete open sets
Such that Vj+1 CVj, (n V,) N .D == A..
ieN

Among the open sets of this type there are those considered in [11]
where A is contained in the zero-set of a pluriharmonic funection.

REMARK. It can be shown (the proof is not trivial) that the com-
plement of a (n — 2)-complete open set cannot have compact com-
ponents. This implies that if D verifies properties I), II), III), and
j is so large that S\ V; is connected, then the component of C*\ (DU V)
whose boundary contains S\ V; is unbounded.

In order to obtain an extension theorem for CR-forms of type
(p, 0) (the weak solutions of the tangential Cauchy-Riemann equation),
we shall need the following result, that in the case of functions is proved
in [11].

PROPOSITION 2. Let X be an oriented C' real hypersurface of C».
Let f be a locally Lipschitz CR-form of type (p,0) on X. For any C!
(n 4 r)-chain C,,, of X' and any (n — p, r — 1)-form 0, of class C* on
a neighbourhood of C..., the following formula holds:

[inds = —vyffno.

Cnsr Cnasr
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PrROOF. We can repeat the proof given in [11], using the kernel
U,, in place of the Martinelli-Bochner kernel U,,. m

2) Now we are able to prove the extension theorem for CR-
forms of type (p, 0).

THEOREM 1. Let DCC* n>3, be a bounded domain that verifies
conditions oI), IT), III), and 0 <p<m. Then every locally Lipschitz CR-

form f on S of type (p, 0) extends, in a unique way, by a (p, 0)-form F,
holomorphic on D and continuous on DU 8.

Proor. Let jeN be a fixed integer.

Let D' be an open set with €' boundary such that D\V,;c D'c D
and D'NA=¢. We set 8':=8ND and A":= 0D\ S".

Suppose we have found the extension F. Then the Martinelli-
Bochner-Koppelman formula applied on D' gives

F(Q) = [{@A Vsl 1) + [F@A Ul O) it LD
s’ A’

For ze DNV, and e C\V,, we have
FR)NT,,(2, ) = (—1)? d(F(2) Ay, 0(2, 0)) 5

where 7/, is the C® form on V;x(C™\V;) given by Proposition 1.
Therefore

(%) F(Q) = [f@)AUsoler ) — (=12 [f@)Amoler ) it L DNT;
s’ a8’

Since (%) holds for every je€ N, the uniqueness of the extension
follows.

Now we prove existence. Let F({) be the C*(p, 0)-form defined on
C\(8UT,) by (%). First we show that F is holomorphic on C:\(SUT,):

BF(E) = (— 1) [{ONG: Usoley £) —[ 1) ABer o2y §) =
8’ as’

= (—1*[ 1@ NG Uty ) —[ [Tt ol ) -
8’ a8’
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REMARK. By definition of integration with respect to 2z (see [6]
Ch. 1), if f(2) and «(2, ) are differential forms and C is a chain of di-
mension dim C = deg f + deg «(-, {), we have

[10AG:ate, ¢) .

)
c

o (ff(z)/\a(z, C)) = (—1)deat,t
C

We go back to our proof.
From Proposition 2 and Proposition 1 we obtain

BF () = [fB)ALUpaey £) — Berpale, O] =
o8’

=1 AM (e £) = (— 12 [f@) Aol ©) = 0.
a8’

3(68")
‘We set

Fi(0)i=[f@)\Upale, 0)  for {eCAS,
F
Fy) i= (12 [f@) At §)  for O\,
8’

and denote by F], F; (i =1,2) their restrictions to D\ V, and
C\(DU V,) respectively. Since f is locally Lipschitz, F¥ extend
continuously to S\V,c &', and we have F; —F; =f on S\ 7,.

Moreover, F} = F, on 8\ V; and therefore F extends continuously
to (D\NV;)U (8\V;) and F = f + F; — F; on S\V,.

Now take the integer j as in the remark in section 2.1. Let W
be a bounded Stein neighbourhood of D and e C\(V,U W) fixed.
On W we can find a primitive y of U, (-, (). Then from Proposition 2

we have

[1@ATsata, 0 = (10 o)A p(e)
8’ as’

and therefore

F() = (— 1 [{&) Alp(e) — 7,002, )]
a8’
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Since 3.[y — (", )] = 0 on V; N W, there exists y' such that
";U _77;,0('7 C) == 5z"p,7 and then

ffA[«p Mhols ¢ ]—jma«p~<—1>vfw—

6(08")

Therefore F =0 on C\(V;U W) and the remark in 2.1 implies that
F;, —F, =0 on "\V,, and F =f on S\V,.

Thus we have found an extension F; of f on D\ V;, for any je N
sufficiently large. If j'>j, the (p, 0)-form F; —F,. has components
which are holomorphic on D\V; and vanish on S\ V;. Therefore
F,, —F; = 0 on D\V,. In fact, if g is such a component, the function
obtained extending g by zero on a connected neighbourhood of a point
of S\V, is holomorphic in the weak sense, and therefore zero by
uniqueness of analytic continuation.

By the same reasoning we can obtain again the uniqueness of the
extension. H

3. Applications of the extension theorem.

1) Let ¢,,..., ¢, be pluriharmonic ¢* functions on Cr. Let D
be a domain verifying I) and II) and such that Ac U {p.= 0} and
Dc ﬂ {@.> 0}. This situation was considered in [11] for m = 1and [13]

for m_2 m
Set y;:= []@:—1/j and V,;:= {z€C": ¢,;(2) <0}. For 2z,€V,,
i=1

the holomorp};ic tangent space to oV; at 2, is

2., 07,) = {we : op ) = 3 piea(w) [T oae) = 0]

h#i

and the Levi form of g, is given by

m S

Lys 00 2 E 09:(20) (w) 0x(20)(w) H @n(%o) -
h#i,k

Consider the sets

Vipii= {z eCr: giz) < ‘Pi(zo)} (t=1,..,m).
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The subspace of T, (0V;)

B, :={weC:0p, %) (w) =0 for i =1,...,m} = T,,0V,,.)
i=1

has dimension not less than » —m, and £, , E, = 0. Therefore the
Levi form of y; restricted to T, (0V;) has at most n —1 — (n —m) =
= m — 1 negative eigenvalues at each point of 0V,;. The set V; is
then (weakly) (m — 1)-pseudoconvex, and so it is (m — 1)-complete
(see [16]).

If m<n—2 the family {V,}; satisfies condition III) of the ex-
tengion theorem, which can then be applied on D.

2) Theorem 1 can also be applied to deduce the well known
theorem on global extension of CR-forms of type (p, 0) defined on the
boundary of a bounded domain of C* (see [7] Th. 2.3.2" and [1] Th. 3.2).

COROLLARY 1. Let U be a bounded domain of C*, n>3, with 0U of
class C' and connected. Then every locally Lipschitz CR-form of type
(p, 0) on oU extends, in a unique way, by a (p, 0)-form holomorphic on
U and continuous on U.

ProoF. Let 2,€0U and 7, > 0 such that D := U\B(z,, r,) # 0 and
8:=0U\B(2,7,) is connected. We set A:= 0B(z,7)N U and
V;:= B(2, "o + 1/j), j€N. Since the set D verifies conditions I),
IT), ITT) of Theorem 1, we obtain the extension on D.

Since 2, and 7, are arbitrary, we have the extension on the
whole U. =

REMARK. Corollary 1 holds also for n = 2 and for CR-forms of
type (p, 0) only continuous on oU (see [1]). -

3. The extension theorem can also be applied to the following
situation, that generalizes the result contained in [14] Th. 1.

Let D be a domain of C*, n>3, verifying I) and II). Suppose A
relatively open in a hypersurface M defined by a C® function ¢ on a
Stein open set U of C*. Suppose also that there exists > 0 such that
o is strongly (n — 3)-plurisubharmonic on the set {z€ U: 0 < g(2) <r}.

Then the extension theorem holds on D. In fact, the open sets
V;:={ze U: o(2) <1[j} (j > 1/r) verify condition III) of Theorem 1.
To see this, consider the functions ¢; := ¢ —¢; log (— ¢ + 1/j), where
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@ is a strongly plurisubharmonic exhaustion function for U. If ¢; > 0
is small enough, we obtain, after restricting U if necessary, that g,
is a strongly (n— 3)-plurisubharmonie exhaustion funection for V;.

4. « Jump « theorem for CR-forms of type (p, q).

1) Now we consider CR-forms of type (p, q), with ¢ > 0. As we
shall see later, in this case it it not possible to obtain an extension
theorem as for (p, 0)-forms without imposing a pseudoconvexity con-
dition on S.

However, we can prove a «jump » theorem, i.e. a CR-form can be
written as the difference between two O-closed forms, defined on the
two sides of the hypersurface (additive Riemann-Hilbert problem).

In the case when the CR-forms are defined on the boundary of a
compact set, this result is proved in [1] Th. 2.10-2.11.

In the following we deal with bounded domains of C», n>2, sat-
isfying conditions I) and II) of 2.1, where A is of class C* and has the.
following property:

IIT') for a fixed 2<s<m—2, there exists a family {V;};an of

(n — s — 2)-complete open sets such that V,,,c V;, (Qz V,-) NnD=A.
JE
THEOREM 2. Let DCC n>2, be a bounded domain satisfying
properties I), IT), IIT'). Let 0<p<n, 1<q<s—1 or ¢ =n—1. Con-
sider a (p, q)-form f of class C' on a neighbourhood of 8, and suppose
fis CR on 8 for ¢ = n— 1. Then there exist two C* forms of type (p, q)
F+ on D and F- on C"\((T) V) ( 1 17,»)), continuous up to 8, with OF+=
JEN

=0F-=0 and F* —F-=f on 8.

ProOF. Let jeN be a fixed integer. _
Let f be a (' extension of f on a neighbourhood of D. From
Martinelli-Bochner-Koppelman formula we get

1) f HEVA Ul ©) + f FA Uy alz, &) — f 5(@)A\ Uy aley ) +
S A D

(—1)ef() if LeD

5f~ U,.e (7, = =
+ 2 Ut {0 it eD
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and by Proposition 1, for ¢ ¢ V; we have
@) [IANTna= PNt ot ] =
A A
= — 07— (17 (8N + [FAT e -
as A A
Then, if 1<g<s—1 we set
e im (— 1[N U= (= 12 [fA]0 + (=105 [IABes 0y +
as A

N

+ (_ 1)q 5§ f/\ Up,a—l

D

on D\V; and on C\(DUV,) respectively.
Therefore we have

8F= = (— 17 [fAB: Uy — (— 1)o[ fABer],, =
s as
= (—1*[fA8. Upaa— (= 1| {ABe,, =
S o8

— U fALT o — em ] = (— L[ fAt 012 = 0,
as a8

since f is CR.
If ¢ =n—1, we consider the forms

Pt im (10 [ (AT + 1 [FAT s + (118 [IA Ty,
S A D

whieh are 0-closed since 0¢ U, ,— = 0.
From (1) and (2) we now obtain

-F+ = f+ (_1)pfngAni,q + (*1)quzf/\ Up,q
A D
F-— (= 1) [8F At + (— 1) [ 8.0 T,.0
A D

(the first integral is missing for ¢ = n —1).
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Since the integral f 0.fAU,,, is absolutely convergent for every
{eCr, F+ and F- extend continuously up to S\V;, and we have

F+iS\i’/— F_|S\V;j = fIS\ij - ;flS\i’: .

By the remark following Proposition 1, F* define, as je N varies,

two C“ forms, d-closed on D and on C/‘\(Du N 17,) respectively,
jeN
continuous up to ;§ and such that F+—F-=1f on 8. =

ReMARK. If Se 0° and fe (f ,(8) (m>2), then F+ extend up to
§ as forms of class O, with 1€ (0,1) (i.e. the coefficients of F* are
O™ and their derlvatlves of order m are A-Holder).

This follows from Proposition 0.10 of [2] applied to the integral
f 0,f\U, ., where {D.},., is an increasing family of open sets with

C°° boundary such that |J D, =D and |J (8N D,) = 8.

£>0 £>0

5. Applications.

1) A first application of Theorem 2 allows to obtain an extension
theorem for CR-forms of type (p,q).

Let D be a domain which satisfies I) and II), with § contained in
a smooth and strictly pseudoconvex hypersurface 2 and 4 of class C.
Assume that A has a fundamental system of Stein neighbourhoods
{V;}iexn With boundaries 9V, transversal to 2.

THEOREM 3. Let 0<p<n and 1<q<n—3. Let f be a (p, q)-form
of class O™ on 8 (2<m< + o) and W a neighbourhood of A. If f is
CR on 8, then there exists a (p, q)-form F of class Cm2 on DU §, d-closed
on D, and such that Flg y = fow-

In the proof of this theorem we need the following approximation
lemma (for a proof see [15] p. 244 or [4] p. 785):

LeEMMA. Let VCC* be an open set and G:= {z€ V:g(z) <0 and
h(z) < 0} where g, h are C° on V and dg(z) + 0 if g(#) = 0, dh(z) # 0
if hiz) = 0, dgAdh(z) # 0 if g(2) = h(z) = 0. We suppose that G is a
compact connected region of C*. Let W be a neighbourhood of the set
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{#2€V:g(2) = h(z) = 0}. Then there exists a domain G'c G defined on
V by a C* function F such that 0G'"\0G cW and

='glv',z'>(x(z) gﬂ,z + ﬂ(Z) gh,z
for every z€0G', where oy >0, « + f =1 and
suppa NG’ c WU {g =0}, suppfNoG'cWu {h=0}.

ProOOF oF THEOREM 3. Let X = {p = 0}, where p is a strongly
plurisubharmonic function on a neighbourhood U of D. Let o': U — R
be a C® function such that o'<p on U, p'=p =0 on S\ W and
o' <o =0 on 08, and with the same convexity properties as g.

Take V,CW. We may suppose that V; is defined by a strongly
plurisubharmonic function y on a neighbourhood of V;.

Let 9’ be a C* function on C" such that y'= y on a small neigh-
bourhood V of (0VAD)N {o’> 0} and y'<0 on the component of
{o'<O}\V which contains D.

The open set D':= {o'< 0} N {’< 0} contains D\ 8, and 9D'> S\ W.
Applying the lemma to D’ we can obtain a C* domain D" c D', strictly
pseudoconvex, such that D’ 5> D\& and D" 5> S\ W.

Since condition IIT') of 4.1 is verified for s = n — 2, we can apply
Theorem 2 on D and obtain two 0-closed forms F+ on D and F- on
Cc\D, of class € up to § (0 < A < 1), such that F+ — F~ = f on 8.

The form F-|c.\ 3 is O™ up to the boundary 0D". Let F-veaCn
extension to C", and let f:= dF- € (gL, (C"). Then we have 98 = 0
and supp BC D”. According to Theorem 4.3 of [1] (see also [9]), we
can find a we C72(C") with supp »C D” and ou = f.

(9,0)

Let F:=F+—F-+ue02(DuU §). Then 0F = —0F-+ 0u =0,

(p,q)

and we have Flaw = (F* —F)|gw = flow- N

REMARKS. (1) In particular, Theorem 3 can be applied when 8§
is strictly pseudoconvex and A is contained in the zero-set of a pluri-
harmonic function.

(2) If 8 is g-pseudoconvex, a theorem analogous to Theorem 4.3
of [1] holds for forms of certain types depending on ¢ (see [12]). This
can be applied as before to obtain the extension.

(3) If OR-forms are O, Theorem 3 is a particular case of a more
general theorem which can be deduced from results of Andreotti and
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Hill [4] and which holds under weaker convexity assumptions on S.
These results are based on a difficult cohomology vanishing theorem,
while in the preceding theorem only integral representation formulas
are used.

Let D be a domain verifying conditions I) and II) of 2.1, with
ScX:={2€U:p(2) = 0}, U open set of C'. Suppose that &, , has
at least r + 1 positive eigenvalues for z in a neighbourhood W of S.

Let y: U — R be strongly (» — r — 1)-plurisubharmonic on a neigh-
bourhood of the set {y = 0}, such that dy +# 0 on {y = 0}, y <0 on
D and {y =0} NEcW. Let D := {p <0} N {y <0} be such that
D'cc U and doAdy# 0 on 2N {yp = 0}.

From the results of [4] we can obtain the following theorem.

THEOREM. If 0<p<n and 0<g<r—1, every CR-form of type
(p, q) of class O on S extends on DU 8 by a 0-closed C form.

ProoF. We can apply the lemma to D’ and obtain a domain D"=
= {F = 0} contained in D' such that D">D\S#, 0D" > S and Ly 1. op"
has at least r positive eigenvalues at each point £€ 0D". In fact, %, ,
is positive definite on a r-dimensional subspace of T,(0D"), for every
2€0D"NW. The same holds for £, ,, for z in a neighbourhood of
{y =0}

Let V c U be an open neighbourhood of D" such that DU 8 cv,
oD"\§ c 0V. Now the theorem follows from Theorem 6 of [4] part I
and Theorem 6 of [4] part II, since § = {#€ V: F(z) = 0} and we
have D" = V-:= {#e€ V: F(z) <0}>D. =

Now suppose that S is a C® real hypersurface defined by ¢ = 0 and
let ®, be a point of strict pseudoconvexity. Then there exixts an open
neighbourhood U of @, such that U N {p<0} is biholomorphic to the
intersection of a strictly convex set with a halfspace, and so it verifies
the conditions considered in Remark (1).

Thus we obtain alocal extension theorem for CR-forms, which gene-
ralizes the local extension theorem for CR-functions of H. Lewy [10]:

CoROLLARY 2. There exists a meighbourhood 8’ of x,, relative to S,
such that every CR (p, q)-form of class C™ (2<m< + o) on a neigh-
bourhood of 8" in 8 (0<p<n, 0<g<n —3), extends by a 0-closed form
on an open set D contained in the convex side, such that oD>S8'. m

REMARK. For C~ forms, also this result is a particular case of a
theorem of Andreottiand Hill (see Theorem 6 of [4] part I and Theorem 2
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of [4] part II), which assures local extendibility of ¢® CR-forms of
type (p, ) near a point x, € § where the Levi form has at least r 4 1
positive eigenvalues, for 0 <q<r —1.

2) Now ws consider the problem of extension of CR-forms
outside D.
Suppose that § is strictly pseudoconvex and A is contained in the
zero-set of a pluriharmonic function ¢.

THEOREM 4. For 0<p<n, 1<qg<n—3, let f be a CR-form of type
(p, q) of class C™ on 8 (2<m< + o). Then

(@) if m < + oo and W is an open neighbourhood of A, there
exists a_(p, q)-form F of class Cm* on (C\D)U 8 which is d-closed
on C\D and such that F|g 3 = fls\w;

(b) if m = + oo, there exists a (p, q)-form F, C° on (€C~\D)uv ASO',
such that 0F = 0 on C\D and F|g = f|g.

ProOF. Since condition IIT’) is verified for s = n —2, we can
apply Theorem 2 on D and obtain two 0-closed forms F+ on D and
F- on C™\D, of class C™ up to §, such that F+* —F-=f on §.

Let m < + co. Let 41>0 so small that the set D' := {#z€ D:
— @(2) + AJ#|* > 0} contains D\W. Applying the lemma to D’ we get
a strictly pseudoconvex domain D” with C* boundary which contains
DN\W.

Let we C, ,,(D") be such that du = F* (see [15] Th. 3). Let &
be a O extension of w to C». Set F:= 0@ —F-. Then Fe Cf -
(C~\Dyv ‘§) and 0F = 0, Flgw = (F* —F)|gw = flsw-

Now take m = 4 oo. According to Theorem 2 of [13], we can
find we €5, (DU §) such that du — F+. Let @ be a C° extension
of u to Cn.

Then F := 0éi — F- is the desired extension of f. m

3) Under othe same assumptions, we consider the inhomogeneus
0,-problem on §:

) Opu = f
where f is a (p, ¢ + 1)-form on 8 and u is a (p, q)-form on 8.

COROLLARY 3. Let 0<q<n—4, and let f be a CR-form of type
(p, ¢ + 1) of class C™ on 8 (3<m< + o0). Then
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(a) if >0 and m = 4 oo, there exists a solution ue CF, q)(o)
of (1);

() ifg=10o0rm < + oo and W is an open neighbourhood of 4,
there exists a (p, q)-form we Cf, J(S\W) such that dyu = fls -

(p,a)

Proo¥. For jeN sufficiently large, consider the set D, := {z€ D:
@(2) > 1/j}. Let 8;:= 8N D,.

According to Theorem 3, we can find a form f; € 07 2,(D, U 8,) such
that df; = 0 on D, and ;f,wj_1 fls,,-

As in the proof of Theorem 4, we can construct a smooth strictly
pseudoconvex domain D, such that D;,,c D;c D;U 8,. Let w;e

€ 05 5(Dj) be such that du; = f; on D;. Then 0y(u;8,,) = fl3,_,-

Since 9(u; — ;41p) = 0, if ¢ >0 and m — + oo we can find a
v; € O o(Dj) such that u, — ol = ov;. Let ¥, be a C* extension
of v; to C». Replace s bY %45 := %;4; + 08;,. Then u,,, € Cf) ,(Diy,)
and «] i+1|p) = Wiy 0, (u, i+113,) = i3,, and therefore we can glue the forms
together and obtain the desired form wu.

Now take ¢ = 0 or m << 4 co. For j sufficiently large, we have

S] -1 D S\W Then ujls\W € 0(1, @(S\W) a;nd 3‘1,(%,'3\_"7) — fls\ﬁ: .

REMARK. Results similar to this have been obtained by Boggess [5]
using an explicit integral formula for the solutions.

4) Finally, under the same hypotheses we consider the general
Cauchy problem for 9:

(2) ou = I ug=49g

where f is a (p, ¢ + 1)-form on DU ;§’, g is a (p, ¢)-form on § and u
is a (p, q)-form on DU §.

COROLLARY 4. Let 0<q<n—3, f€ O, ;41(DV 8) and ge 0{’;,0,(§)
(2<m< + oo) such that 0f =0 on D and 0,b = fig- Then

Y if q=0 or ¢q>1 and m = + oo, there exists a soluticn
ue 0:':, .,)(Du 8) of (2);

(®) if g=1o0r ¢>0 and m < + oo, and W is an open neigh-
bourhood of A, there exists a form ue C2((DU S)\W) such that ou = f

(p,0)
on D\W, wg\i = 9)sni7-

For q = 0 the solution is unique.
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Proor. Let m = + co. According to Theorem 2 of [13], we can
find we 0, (DU 8) such that dw = f on D. Then J,(g — wg) = 0.

If ¢ = 0, from Theorem 1 we can obtain an holomorphic extension
he 0, o)(Du S’) of g — w3 (see Proposition 0.10 of [2] and the remark
following Theorem 2).

We set u:=w -+ h. Then we have du = ow = f on D and wg =
=wg +hi=g. .

If ¢ > 1, from Corollary 3 we get a form ve 0’(, «(8) such that
0, = g —wg. Let &bea C extension of von DU 8, and u:= w + 5.
Then ou = ow = f and w§ = g.

Now take m < + oo or ¢ = 1. For jeN, let D,, §; and D] be as
in the proof of Corollary 3.

If ¢ > 0, take j such that D, > D\ W, and let D’ be a smooth strictly
pseudoconvex domain such that D;c D'c D. Let We Cf,, (D) be
such that 0w = fi.. Then J(g)§, —w)3,) = 0. According to Theorem 3,
we can find a J-closed extension v € Cf,,((DU SN\W) of (g — w37

Then u:=w +ve CE2((DUA\W), and du=7F on D\W,
U7 = 9ls\7 - _

Now suppose q = 0. For any j, let w; e 0{:,0,(D§) be such that
ow; = f on Dj.

Then 0, ((g w;)|g,.,) = 0, and from Theorem 1 we get an holo-
morphic extension h; € CF, o) (D;—, U S i-1) of (g—w;)|3,_,-

Let u;:= w; + h; € O (DU 8,-,). Then ou; = f on D,, and

|35, = 918,
We have 0(u; — Ujs1ps,) = 0 and  (u; —u;44)8,_, = 0. Then
Wi 11|Ds- 08y, = i, and setting wp g, , 1= u; we obtain the solution
ue G(z: 0)('DU A§)

If wu,u,e Ch gDV S) are two solutions of (2), then w, =u,,

since 0(u; —u,) = 0 and (u; —u,);§=0. M

REMARK. For C” forms, these results are contained in those of
Andreotti and Hill (Proposition 4.1 of [4] part I).

REFERENCES

[1] L. A. AiIzENBERG - SH. A. Davurov, Differential forms orthogonal to holo-
morphic functions of forms, and their properties, Providence, A.M.S.
1983.



2]
3]
[4]

(5]
(6]
(7]
(8]
(9]

{10]

{11]
{12]
[13]

[14]
{15]

{16]

Extension of OR-forms and related problems 55

L. A. A1zZENBERG - A. P. YuzHAKOV, Integral representations and residues
in multidimensional complex analysis, Procidence, A.M.S., 1983.

A. ANDREOTTI - H. GRAUERT, Théorémes de finitude pour la cohomologie
des espaces complexes, Bull. Soc. Math. France, 90 (1962), pp. 193-255.
A. AxpreoTTI - C. D. HirL, K. E. Levi convexity and the H. Lewy problem,
Part I: Ann, SNS, 26 (1972), pp. 325-363. Part II: Ann. SN, 26 (1972),
747-806.

A. BogaGEss, Kernels for the tangential Cauchy-Riemann equations, Trans.
of Amer. Math. Soc., Vol. 262, No. 1 (1980), pp. 1-49.

G. M. HENKIN - J. LEITERER, Theory of functions on complex manifolds,
Birkhduser, 1984.

L. HORMANDER, An introduction to complex analysis in several variables,
Princeton, N.J., Van Nostrand, 1966.

J.J. Koux - H. Rossi, On the extension o holomorphic junctions from
the boundary of a complex manifold, Ann. of Math., (2) 81 (1965), 451-472.
M. Lanpucct, Solutions with precise compact support of ow = f, Bull.
des Sc. Math. (2) 104 (1970), No. 3, pp. 273-299.

H. LEwY, On the local character of the solution of an atypical linear -dif-
ferential equation in three variables and a related theorem for regular func-
tions of two variables, Ann. of Math., 64 (1956), pp. 514-522.

G. LuracciorUu - G. ToMassiNi, Un teorema di estensione per le CR-fun-
ztoni, Ann. di Mat. Pura e Appl. (IV), 87 (1984), pp. 257-263.

M. NaciNovicH - G. Varii, Tangential Cauchy-Riemann complexes on
distributions, to appear in Ann. di Mat. Pura e Appl.

G. TomassiNi, Extension d’objects CR, to appear on Lecture Notes in
Mathematics.

G. ToMmassiNi, Extension of OR-functions, to appear.

G. TomassiNI, Sur les algébres A%D) ot A>(D) d’un domaine pseudo-
convexe non borné, Ann. SNS serie IV, 10, No. 2 (1983), pp. 243-256.
G. ViGNA SURIA, g¢-pseudoconver and q-complete domains, Comp. Math.,
53 (1984), pp. 105-111.

Manoscritto pervenuto in redazione il 15 ottobre 1985.



