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Infinite Boundary Value Problems
for Surfaces of Prescribed Mean Curvature.

ERMANNA TOMAINI (¥*)

The Dirichlet problem for surfaces of prescribed mean curvature
consists in determining a function u e C*£2) satisfying the equation
L(u) = (14 |Du|r)du — 3 DuD,uD ;u— nH(x)(14 |Dul*)t =0

i,i=1
in a bounded domain £ and taking a given boundary value ¢ on c£.
‘We consider Dirichlet problem where infinite boundary values are
admitted on subsets of the boundary. Jenkins and Serrin developed
an existence and uniqueness theory for this problem in the case H = 0
and n = 2 [9], while Spruck extended Jenkins-Serrin’s results to the
case H = constant and » = 2 [10].

In [1] Massari proved an existence and uniqueness theorem in the
case H not constant, arbitrary n and the boundary value ¢ is finite
in I, 4+ oo in I}, — oo in I}, where I, Iy, I, are open, disjoint
subsets of 002 and I}, 5= 0. In this work we complete Massari’s results
studying the case I, = 0.

In the first section we recall some basic results of U. Massari [1], [2]
Giusti [3], Miranda [5], Emmer [4] which we shall use. In the second
section we prove an existence and uniqueness theorem for the following
Dirichlet problem

L(u) = 0 in
lim u(y) = + oo Ve el
Yy—>x
lim u(y) = — oo Veel,
y—>

(*) Indirizzo dell’A.: Istituto di Matematica, Via Machiavelli, 44100 Fer-
rara, Italy.
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where Iy and I, are open, not empty and disjoint subsets of 0£.
I wish to thank Professor U. Massari for his help and encouragement
during the preparation of this paper.

1. 4) Let Q be a bounded domain (i.e. open and connected) in
R» with Lipschitz continuous boundary ¢£ and

Q=ryuvlhul,UN

where Iy, I, I'; are open, not empty, disjoint C* sets and N is a closed
set such that H, ,(N) = 0.

B) Let A,, 4,, A, open disjoint sets with Lipschitz continuous
boundary such that

H, (02 nod)=0 i=0,1,2.

0) Let H a bounded Lipschitz continuous function in £ such
that for every Caccioppoli set Bc 2 meas B~ 0, meas B 5= meas £
we have

’an(w) dw! < f]D(pB[
B R"

where f |Dgg| is the perimeter of Bj; ¢.c. the total variation of the
R®
vector valued measure Dey:
[100u] = sup { [gs divgda: g  [CyR) lg] <1}
RYI

D) Let 2,= QU 4, be a connected set and

A(x) >%L£I_@1H Veel, I'y= A4,N 082
Alz) — %fgfl) Voel, I— 4,000
A@) :—%E_'(? Voel, Iy— 4,030

where A(x) is the mean curvature of ¢Q at «.
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Under these hypotheses there exist minima for the functionals

(1.1) I(v, ¢) :f\/i + | Dol 4 n| H(z)v(x) do —{—f[v— @|dH,,
Q Q R

(1.2) I'(v, ) :fx/1 + | Dv|z— n| H(z)v(z) do +f|v—- @|dH,
Q Q2 o2

for every ¢ € L'(c£2). Such minima belong to 0>»*(2) n BV(Q).
If ¢ is a bounded function then the minimum is bounded; if
@€ C(Iy) then the minimum takes the boundary value ¢ in I5.

(see [61, [7]).

Let {£:}4en be a sequence of smooth sets with

Qcc Qcc s U 2= Qi Hoy(30) = im H,,(32,) .
h=1

h—>o0

We need to recall the following results:

THEOREM 1.1 [1]. Let u € C%(£) be a solution of equation L(u) = 0
such that

limu(y) = + 00 Vaxel].

vz

Then for every open set A with Lipschits continuous boundary such
that

H, (A NeQ)=0

we have

lim |TwdH, ,— H, () Ii—AnN R
h»maﬂnnA

where Tu — Du/V1+ |Dul* and » is the exterior normal to 2£.
THEOREM 1.2 [1]. Let u e C*(Q) be a solution of L(u) = 0 such
that

limu(y) = —oco0 Vaxell,.

>
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Then for every open set A with Lipschitz continuous boundary such
that

H, ,(cA Nnc2)=0

we have

lim |TuvdH,,— —H, () T,—AnNQ
h—> o0

02rn4d

THEOREM 1.3 [1]. If I, =0, I, 0, ¢: I,— R is a bounded con-
tinuous function in I, then the set P = {w € Q: u(x) = + oo} mini-
mizes the functional

(1.3)  F.(B) = f |Dgs| 4 n f H () pa(w) dw - f pa— pr.|dH,_; .
2 Q2 o

REMARK 1.1. If I} = @, an analogous result is valid for the set
N={reQ:u(x) =— oo}. In particular N minimizes the functional

(14)  FoB) = [|1Dgs| — n[H@)gsl@) dw + [Ips — pr,| AH._,
Q Q o2

THEOREM 1.4 [1]. Let ¢ be continuous in «,€ I, ¥ minimizes the
functional I(v, ) and ¢t > ¢(x,). Let R > 0 be such that

plry<t— R VaeBilr,) NoL

By(2e) N 2 = {(&', x,) € (B'XR) N Ba(,): @, > p(a')}

where B’'c R*! is an open set and y: B'— R is a Lipschitz continuous
function. Then the set

E={(z,y) € 2XR:y < u(z)}

minimizes the functional

[1Dgel + n[@re, y) @) dady
A P



Infinite boundary value problems etc. 63
where A = By(x,, t) c R**! and H is the following function

H(z'y z,) if @,>y(x)

ﬁ(ﬁ’, ./L',,) = { H({L'/, w(m/)) lf xn< y)(x/) .

THEOREM 1.5 [1]. If I, = 0, I, # 0, ¢: I',— R is a below bounded
continuous function and § is the unique minimum of F,(B), then there
exists u e 0%(£) such that

Lu) =0 in Q
w=¢ in [,

limu(y) = + o0 Vaxel)

Y=

THEOREM 1.6 [1]. If I} = 0, I, # 0, ¢: I',— R is an upper bounded
continuous function and if @ is the unique minimum of ¥,(B), then
there exists u € C%(Q) such that

Lu)=0 in Q
wu=¢ in [,

limu(y) = —oco Vaell,.

Y=

THEOREM 1.7 [1]. Let ¢: I,— R be a continuous function, I+ 0.
Necessary and sufficient condition for the existence of a solution
u € C*(2) to Dirichlet problem

Luw)=0 in 2
u=¢ in [,

limu(y) = + 00 Vawel)

y—=>

limu(y) = —oco0 Veel,

vV—>z

is that the unique minimum of the functionals F,(B) and F,(B) is
the empty set.
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THEOREM 1.8 [1]. Let u,, u, € C*(£2) be two solutions of the problem

Lu)y=0 in Q

u=1¢ in I,
limu(y) = +oc0 Vzel)
V>
limu(y) = —oco Vzel,.
y=>x

Then
i) if Iy~ 0 then u, = u, in 0;
ii) if I'y= 0 then u, = u, |+ constant in Q.
THEOREM 1.9 [2]. Let F a set minimizing the functional
[1D0s] + [@s(e) A @) da
K r.q
in an open set 2 c R" with n>2 and |4(x)|<A. If x € 0F and B,() C 2,
o> 0, then we have
(1.5) o+ f IDgs| + (0 — 1) Aw,0> wa_y

Bo(x)

THEOREM 1.10 [4]. If the set F is a local minimum for the functiona
L(B) = [ps(a) H(z) dz + [|Dg|

in the open set £ c R* with obstacle L and if oL N 2 is of class C?,
then there exists an open set £2,c Q with oL N Qc 2, such that
0B N 2, is of class C.

We recall the definition of generalized solution, introduced by
M. Miranda (see [5]).

DEFINITION 1.1. A function u: 2 — R is called a generalized solution
of equation

div Tv = nH(z)
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if the set B = {(», y) € 2XR: y < u(x)} minimizes the functional

(1.6) [1Dgs) + 0 [H@)ga(z, y) axay

in 2XR.
That means that for every set ¥V c 2 X R, coinciding with E outside
some compact set K c 2XR we have

1D + n[H@)ps(a, y) dzdy < [IDy:] + n[H@)py(@,y) dwdy .
K K K X
‘We note that the function u(x) can take the values 4 oco.

It follows from [8] theorem 2.3 that every classical solution of
div Tu = nH(x) is a generalized solution and reciprocally, every local
bounded generalized solution is a classical solution of div Tu = nH(x).
‘We introduced the sets:

P={reQ:u@x) =+ oo}; N={re:u@) = — co};

G—=0— (PUN)—3PNaN.

We have the following results

(1.7) the function u(x) is regular in G and is a classical solution of
div Tu = nH(x).

(1.8) Let {u,} be a sequence of generalized solution of div T'u = nH(x)
in Q and let E, be the corresponding domains (1.6). Then a
subsequence of K, will converge in L} (2XR) to a set F =
= {(x,y) € 2XR:y < u(xz)} and u(x) is a generalized solution
of divTu = nH(xz). We say in this case that a subsequence

of {u,} converges locally to u(x).

THEOREM 1.11 [3]. Let %,v be two C*-functions in £ such that
div Tu <div Tv in Q. Suppose that 02 = Iy U I, with I open set
in 092 and that u,ve C(2 U I}), u(x)>v(x) in I, and

lim |(1—Zuv)dH,,=0
>0+
8Q,— 4



66 Ermanna Tomaini

for every open set A >I;. Then
a) if I'y5~ 0 then u>v in Q;

b) if I'; = 0 then u = v -} constant in Q.

2. THEOREM 2.1. We suppose that [y =0, [1#0, [,+0. If 0
and Q2 are the unique minima for the functionals

Fu(B) = [1Dgal + n [H@)pa(w) dz + [Ipa— pr,|dH.,_,
Q e

Q

FuB) =[1Dgs| — n[H@)ps(@) dw + [lps — gr,|dH,
Q Q o

then there exists a solution to the Dirichlet problem

divIy = nH(x) in Q
limu(y) = +oc0 Vzwel)

Y=

limu(y) = —oo0 Vaell,.

vz
REMARK 2.1. It follows from the hypothesis on the functionals
F1(B) and F.(B) that

(2.1) n[H@)do + H,_(I}) = H, (1Y)
o ,

REMARK 2.2. It follows from theorem 1.8 that the solution of the
problem is unique up to an additive constant. :
We prove theorem 2.1 in two steps.

1st step. Let u, be the solution of the problem
div Tu, = nH(x) in 0
uy(x) = h Jin I3

Up(x) = 0 inrl,.
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For every he s we can find a constant ¢, with 0 << ¢, <k such that

12|

meas ({z € Q: u(2)>06,}) > e
(2.2)
12|

meas ({x € 2: w,(x) <o) >

We setv, = u, — ¢, then v, is a generalized solution of
div Tv, = nH(x) in Q,
v, = h — ¢, in I,
Vp = — € in I,.

It follows from (1.8) that a subsequence of {v,} will converge locally
to a generalized solution v(x) of

(2.3) divTv = nH(x) .

‘We prove that the sets P, and N, are empty and hence the set G is Q.
Then v is a locally bounded function in £ and it is a classical solution
of (2.3). First we prove that

a) lime,= + oo

h—> oo

b) lim (b — ¢,) = -+ oo.

h—>o00
a) If ;}im ¢,= ¢, with ¢, e R, then passing possibly to a sub-

sequence we can suppose that v,— u, solution of the problem

divTu = nH(x) in Q

U= —¢ in I, .

Let {€,} be a sequence of smooth open sets with

Qcc Qycc .y Q=R Hoy(0Q) = lim H,_,(00,) .
h=1

h—>o0
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If we integrate (2.4) in 2, we get

(2.5) J.H ) das ——fTu vaH,_, +fTu vaH,_, .

0 A, 0Q2nn A,

This is possible because u is solution of problem (2.4) and from theorem
1.3 the set P, minimizes the functional &,(B), hence P, = 0 or P, = Q
But from (2.2)

meas ({x € Q: v,(x)>0}) >|"Q—I

12
4

meas ({z € Q2: v,(z) <0}) >

s0 we get P, Q that is P, = 0.
Moreover N, — § because in problem (2.4) I', = ¢. We have

limu(y) = +o00 Vzel

>z

0QNA=T,; H, . (02N34)=0

and from theorem 1.1 we get

lim |Tw-vdH, ,= H, (I})
h—> o0

nn A,

On the other hand

minlim |Tu-vdH, ,>—H, ,(I}).
h—> o0

0QpnAd,
In faet if

minlim fTu-vdan: —H,(I}) .
ho>oo 0nn A,

it follows from theorem 1.11 that every solution w of equation

divTfw = —nH(x) in Q
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with
w<—u  in 0N,
must be
w<—u in Q.

This is a contradiction because for every boundary value ¢ € C([}) a
minimum of I'(v, @) takes it. Passing to the limit as h— co we have

'an(w)dw>lim Tu-vdH,_, + minlim Tu-vdH,_,>
3 h—>co otna, h—>co 054,

> Hn»—l(lwl) - Hn—x(rz) i
This contradicts (2.1).

b) We prove that ’}im (h—e) = 4 o0
If ’l‘im (h — ¢)) = y, with y,€R, then passing possibly to a sub-
sequence we can suppose that v,— u, solution of the problem
divTu = nH(z) in Q

(2.7) U= "% in Fl
limu(y) = —oco Vzel,.

Yy—=>z

Arguing the same way of (a) we get

" j H(z)dw < Ho_(I)) — Ho_y(I))
2

contradicting (2.1).
It follows that a subsequence of {v,} will converge locally to a
generalized solution v of problem

divTv=nH(x) in
limo(y) = + o0 Vael)

y—>

Imo(y) = —c0 Vzel,.
y—>z
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From theorem 1.3 the set P = {we Q2:v(x) = + oo} minimizes the
functional F,(B) nad the set N = {w € Q: v(x) = — oo} the functional
Fo(B). Therefore P and N are @ or £, but

meas ({z € 2: v,(z)>0}) > l%

meas ({x € 2: v,(x) <0}) >*I%

and hence P = N = §.
We get G = Q and v is a classical solution of the equation

divTv =nH(x) in Q.
2nd step. We prove that the function v takes on the required

boundary value, more precisely we prove

i) imo(y) = + oo Vo el

>

i) limv(y) = — oo Vae I,

V>

i) Let € I'y and let {x,} be a sequence of points in £ such that
Ty5==>%,. We suppose that v(x,) =—=>teR. The function v, =

h—> o0 h—> 00

= u; — ¢, minimizes I(v, ¢,) where

h—e, ifxel}
Pr@) = — e if xel,.

Then — v, minimizes the functional I'(v, — ¢,). Let r > 0 such that
h—ey>t+r.
It follows from theorem 1.4 that the set
B, = {(z,9) € 2XR: y < — v,(0)}

minimizes the functional

(2.8) [1Dgel = n[ps@, y) Hix) dwdy
4 A
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in A= B,(#,—1t) in the class {FcR“:Fc QxR FAE,cc A}
The same minimal property is true for limit set

E = {(x,y) € 2XR: y < — v(x)}.

For r small enough (62X R) N A4 is of class ', it follows from theorem
1.10 that E has boundary of class C'in a neighborhood of (¢2XR) N 4
and 0F and (6Q2XR) have the same normal in the contact points.
Making smaller the open set we can suppose

(@XR) N A = {(@,,) € (B'XR) N A: 2, > p(a')}
EnA = {(@', @) € (B'XR) N A: 2, > g(«')}

where B'c R* in an open set, &' = (&y, ..., £.4), ¢, ¥ € C(B’). In cvery
point of I'; mean curvature is

(2:9) Ay = "2

The weak form of (2.9) is that for every xe Cy(B’')

Dy-Dy

(2.10) ey
J V1t |Dyp

dr' + n|H(x', p(a)) x(@') do’ = 0
>

On the other hand we have for every ye€ Cy(B'), x>0

(2.11) [fx/1+|1) + ty) |2dm—nfd:0fH(w m,.)dx] >0.
B’ g+t =
Hence
Dg-Dy
2.12 da’ H(x da' >0 .
(2.12) f\/1+|Dg]2 +Z (@', g(@") 2(=') dac

Subtracting (2.12) and (2.10) we get

D
f Dx( 9 Dv )dw +n f @) [H (!, ga)) —
B >

V1 +|Dglr V14 Dy

—H((z', y(@ a'))] da' >0
for every ye€ Oy(B’), x>0.
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Therefore g — ¢ is a supersolution of an elliptic equation and
g— >0 in B'; g —y = 0 in the contact points.

It follows from maximum principle that g —y =0 in B’ and
0B = 0QXR: a contradiction because

(wn, — v(2s)) €OE N (2XR).

We suppose now that v(x;) o> — 0.
Let r > 0 be such that

(@) < (k—ox)—r

from theorem 1.4 the set B, = {(x, y) € 2 XR:y < — v,(»)} minimizes
the funectional

(2.13) [1Dge|— n[H@)ps(o, y) dway
A A
in A = B,(z,, — v(x3)).
Set
By = {(w,9) € QXR: y < — v,(2) + v(as)}
we get

1Dy, — an (@) ¢z (@ y) dy dw = f 1 D@z, —m f H(@)@s, (@) y) dedy

Br(zo,—v(zn))  Br(wo,—v(zn)) Br(x,,0) Be(xo,0)
and E,; minimizes (2.15) in B,(x,, 0).

Passing to the limit as k— + oo, the set H, = {(v,y) e 2XR:
y < —v(x) + v(2s)} minimizes (2.15) in B,(x,, 0).

Because xp ——>x,, choose o€ (0, r/2) there exists h,> 0 such
that for every h>h,

[y — 2| < @

and for these h we get

meas (B, (x5, 0) N E,) <meas (B,(2y, 0) N E,) .
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On the other hand from the theorem 1.9 we have for every 0 <t <r

(2.14) e [1Dgs,| + ni|Elz=(a,(0n,00> @n -

Be(xn,0)

From the minimal property of E, with F = E, — B,(x;, 0) we get

f \Dgs,| —n f H(x)@z,(x, y) dzdy <fID<ppl - _[ |Ds,| <J¢pu,. dH,

Be(xn,0) Be(za,0) 0B¢(zn,0) 03B¢(za,0) OB¢(xn,0)

from (2.14)

f‘l’zn dH, > (w.— nt|H “L‘”(Bz(n,o))) t*— 0| H||po(5,(0,00)m28(Bi(, 0))>

8B(xa,0)

= (w,. — o(n, [ H| 1, Bien00) t) .
Integrating between 0 and ¢ we get
meas (B,(2s, 0) N E;) :J.dt f @z, (¢, y)dH, >

0 0B¢(xn,0)

Wy
> (n T o(n, |H| =) o‘)a"“> 0
while it is
Peu(0, y) >0 a.e. (x,y) R,
Hence
(@) 55> + 0.

ii) Let ®,€ I'; and let {x,} be a sequence of points in 2 such

that Tp > o Arguing the same way of (i) we can prove that

lim v(z,) = — o0 .
h—>oc0
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