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Continuous Dependence and Stability
For Non Linear Dispersive and Dissipative Waves.

SALVATORE RIONERO (*)

Introduction.

In this paper we give some continuous dependence and stability
theorems for nonlinear dispersive and dissipative waves according to
the Korteweg-de Vries-Burgers (K.d.V.B.) equation [1]. Our goal is
to obtain the afore said theorems only by assumptions on the data
and withouth assuming, a priori, on perturbations any kind of con-
vergence at large spatial distance. To this end we use the weight
function method [2], [3], [4] by which it is possible to remove from
perturbation to the weight function the convergence conditions.

The paper is divided into four sections. In the first one—devoted
to preliminaries—we obtain a weighted energy equality for the K.d.V.B.
equation (lemma 1) and recall a pointwise estimates for functions with
bounded first derivatives (lemma 2).

In section 2 we prove a L2 energy inequality for solution u to the
perturbed equation which, a priori, may grow polinomially at large
spatial distance. As a conseguence of the afore said L? energy ine-
quality in sections 3, 4 we give two continuous dependence theorems
(sec. 3) and two stability theorem both in the L2 and in the point-
wise norm.

(*) Indirizzo dell’A.: Istituto di Matematica « R. Caccioppoli », Universita,
via Mezzocannone 8, 80134 Napoli, Italy.
Work performed under the auspices of G.N.F.M. (C.N.R.).
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1. Preliminaries.

The initial value problem (I.V.P.) associated to the K.d.V.B.
equation, as is well known, is:

Vst V0 + Uspe = %V +F  (2,1) e RXR*
(1)

v(, 0) = vy(x) reR

where u € R is the constant of dispersion and » = const > 0 is a coef-
ficient of viscosity. The therm F wich appear in the right hand side
may represent some kind of forcing action on the physical sistem and
may also be considered as a controll therm wich represent—in some
sense—the net error entailed in equation (1) with F = 0 as an ap-
proximate model. In the sequel we shall consider F' ascribed and
depending by « and {. Denoting by v and v + # two classical solu-
tions of the I.V.P. (1) and by {v,, v, + o}, {F, F + f} the initial data
and the forces (the controlls), the perturbation u satisfies the follow-
ing I.V.P.:

Up = —(V + U) Uy — UV — UUy0e + XUy | |
(2)

u(w, 0) = uy(x) .

Let g(z,?) >0 be a generally differentiable « weight function » and
denote by &t the weighted L*(R) norm defined by

(3) & = |vgu|® = f qut de .

DEFINITION 1. We shall say that a solution w fo problem (2) is in
the class I, iff

(4) AM, 1> 0: o], |va], [w]y [Ua]y [Waaly [y |f| < M|a|E

(>0, ||>1).
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LeMmMA 1. If wel, then u verifies the weighted energy equality

2
® =/ {[y o 0o(0 -+ 5) e+ i) — 02 e+
R

— (xg + guyx) Uy + 291‘%} do

where
(6) g = exp[— a(l + &x)(t + %)’]
with
«>0; t,>0
(7) . — { 1 x>0
—1 xr<0.

Proor. Multiplying (2,) by ¢g-» and integrating, we easily get (5) ().
In the sequel we shall use the following lemma:

LeEMMA 2. Let N be a fixed positive constant and let I, be the class
of functions:

p: ER—>E, ¢ecOYR), |[p'|<N.

Then Vz,e R and Yhe Rt
&o+h ®o+h

LAt
(8) peiy= pleg|<K| [prart( [oarf]
() Take into account that:
W_l( 2)_1 2 _1( 2)__1_ 2
g t“2gu t 295’"«, guuac_zgu x 29x’w
= 1vu2—|—1 ud —1 v—l——2-u u? 1 2
(v + u)guu, = | 5 vg 39%) —39% 3 — 5 9uu

2
2

u? w
JUUgy = | GUUg — G E A + Guw "2— — gu,

uw? 2 w: 3
© 2
JUU gy = (guua:x— JoUUy— g ? + Gox ?)z— Izze E + 5 Uz .



272 Salvatore Rionero

where K is a positive constant independent of x, (?).

2. L energy inequality.
Let T be a positive constant. We have (3):
THEOREM 1. Let uwe I}, with

(9) Ioly [ul < (1 + [al), [0 <DL .

Then

{ u, € L3(R) ueIl?*R) Vi>0
(10) =
-

fe L*(Rx[0,T u, € LR X[0, T7)

and moreover u obeys the L® energy inequality Vi<T, i.e.

(11) lu(®) ]2 < o) 2— f ds f (Vou2 + 20ui— 2fu) da .
ProOF. Since "
) { 9. = —af(L+ [2)(t+1)87g, g = —ae(t+t)Pg
Joe = 02(t 1 1,)*fg , Joze= — a®e(t +1,)*fg
we have

(13) Hoa + UGoea <aP(T + )22 4 |u|a(T -+ %)]1g

(2) For the sake of completeness we shall sketch here the proof. We
have:

xo+h zo+h i
P2(w) = @*(w) —f g—th dt <@*x) + N, h*( f¢2 dt)
Zo Lo
Integrating over (w,, ¥, + k) we obtain
Lo+h ®o+h
hp?(w,y) < f 2(t) dt 4 2NRE ( f«p2 dt);f
Xo Lo

(3) We denote by ||+ || the L?(R) norm, as we already made in relation (3).
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and, for 8> 3 M(T + %)
2 5 B
14) g+ (v + gu)gz<ocg(1+ la«’l)(ttho)ﬂ(g M— m)<0 -

Moreover, letting

(15) Z=1un—3pulo(T 4 )8

for

(16) O<a<——2K
Blul(T + )8

and for the assumption made on v, we have
@an %g + 3ug.>%9>0.

Therefore, taking into account (13)-(17) and the Cauchy inequality
2fu<f? + u?, from (5) we obtain

(18) Boas f g(f*—272) do
R
with
(19) A = T+t + plo(T + )] +1 + M.

Integrating (18) from 0 to t<T we thus obtain (%)
¢ T
(20) 27 f f gu? dwds -+ §(t) <exp (AT) [8(0) + f ds f af? d:c] .
OR 0 R

Therefore, since by assumptions (10) the right hand side of (20) con-

(4) Take into account the following generalization of the Gronwall’s
lemma [6]:
¢
y(t) <K(t) + |x(s)y(s)ds, t >0 =

0
i

t i 8
= y(t) < K(0) exp |x(s) ds + exp |x(s) ds- jK'(s) exp [~ J.y(f)dé] °ds.
[ 0

o o
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verges to & finite quantity as « — 0, by the monotone convergence
theorem we deduce

t
2 .
(1) ofdstumdw +1{u2dm<oo, Vi< T

Let us come back now to identity (5). Taking into account (14) we
obtain

t
(22) 8(t) < 8 - j ds f gl(02 A, — v,) Ut — 257u? 4 2fu]de
0 R
with
(23) Ay = (T + 1) + |p|a(T + t)] -

Letting « — 0 in (22), we obtain the inequality (11).

3. Continuous dependence theorems.

The inequality (20) allows to obtain immediately a continuous
dependence theorem upon the data u, and f for solutions wich may
grow spatially according (4)-4(9).

THEOREM 2. Let we I, and let (9) holds. Then

T

T
@4) ool +[1f]* ds < 8 = [us]*ds + Ju]2<4*8, Vie[o,T]
0 0

where A¥(> 0) is a constant indipendent of 6.
Proor. From (20), taking into account (19) and letting o« — 0,
we obtain
T T
(28)  2h[Ju,]* ds + Julr<exp (1 + I)T1— [Juol* + [If] as]
0 0
Vit e [0, 1]

wich proves the theorem.
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Starting from the theorem 2, wich in particular assures continuous
dependence in the norm of L2, it is possible to obtain continuous
dependence in the pointwise norm.

THEOREM 3. Let the assumptions of theorem 2 be satisfied with

(26) |us] <N (N = const > 0).

Then
T

@) Juwlt+ [Iflrds <8 = sup ul<4is  (p>0)
0 R x[0,T]

with A} constant indipendent of 9.

From theorem 2 follows
|u|2<A*d, Vtelo,T]

with A* constant indipendent of §. The theorem 3 follows easily
then from the lemma 2.

REMARK (Uniqueness). Let the assumptions of theorem 2 be sai-
isfied with f = 0. Then

(28) =0 =>u=0, V(o1 ecRxR".

4. Stability.

Starting from the L? energy inequality (11) and taking into ac-
count the lemma 2 it is possible to obtain a stability theorem in the
L? norm and a stability theorem in the pointwise norm. ([5], n. 5).

Let

—[v,w?dw

1 z
29 ®*= = su sup
(29) 2 te[o,I:c) weg Iw: dx
R

where X' is the set of one time differentiable functions in R. The fol-
lowing theorem holds:
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THEOREM 4. Let the hypotheses of theorem 2 be satisfied with f = 0
and VT > 0. Then, if

(30) W< x
the umperturbed solution v is stable in the L*® norm.

Proor. From (29) and from (11), we obtain Vi> 0

t

(1) [l < lwo]* + 20— ) [ds o do .
0 R

Therefore from (30)4(31) we deduce

(32) luole< 8 = Ju]*<d, Vi>0.

THEOREM 5. Let the hypotheses of theorem 4 be satisfied. Then,
if u, is uniformly bounded in R X R* the solution v is pointwise stable.

Proor. Starting from inequality (8) in lemma 2 and taking into
account (32) we thus obtain

(33) |u(z, t)| <K (6 + 6H)F, Vi>0
from wich we deduce

(34) %2 <6 = sup |u|<Kd (p>0)
RxR*

wich proves the theorem.

REMARK 2. Since lemma 2 holds even in C(R) N L,(R), theorems 3
and 5 continue to hold substituting the hypothesis #, bounded with
U, € Ly(R).
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