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On the Behaviour of the Surfaces of Equilibrium
in the Capillary Tubes when Gravity Goes to Zero.

MIcHELE EMMER (*) (**)

Introduction.

In a previous work I have studied by a variational method the
problem of the surfaces of equilibrium of a fluid in a capillary tube
congidering also the gravity force [1].

The functional of the energy is the following:

(0.1) F() = [VIF D+ ;¥ [rao—sfam...
Q ke 00

where 2 is an open and bounded set in R, and

(0.2) =2

o
is the capillary constant, with ¢ = density difference across the free
surface, g = gravitational acceleration, ¢ = surface tension; » is also
a constant depending only on physical conditions. The first integral
in (0.1) 1epresents the surface tension, the second the gravity and
the third the force of adhesion to the wall of the tube.

(*) Indirizzo dell’A.: Istituto Matematico « G. Castelnuovo », Cittd Uni-
versitaria, Piazzale delle Scienze 5, 00185 Roma.

(**) During the preparation of this paper the author was at the Université

de Paris Sud, Bat. Mat. 425, Orsay, partially supported by a grant CNR-NATO.
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Moreover f(x) is the free surface of the fluid in the tube whose
section is Q.

In [1] I have proved a theorem of existence and unicity for the
minimum of the functional F(f) in the class of BV ({2) functions with
the following hypotheses:

i) 00 lipschitz;
i) |p|<1V14 L*

where L is the lipschitz constant of 00.

I have also proved a regularity theorem for the solution of the
problem.

I recall these results in the following chapter.

In this work I will consider the behaviour of the surfaces of equili-
brium in a capillary tube when the gravity goes to zero.

For each ¢ > 0 let f. minimize the functional

(0.3) Flf) =[VIF DI —»[taH, .+ o[t do.
2 oR 2
REMARK 0.1. Obviously we have
(0.4) lim F.(f) = Fulf)
where
05) Folf) = [V + DI —»[f(@) aH, .
o2 02

It easily follows
(0.6) inf {Fo(f); feBV(2)}=—oc0.

Hence it has no meaning to look for a function minimizing the
functional F,(f) without any other condition. Many authors have
studied by different methods this problem for the functional F(f)
with a volume constraint, that is with the condition

(0.7) ﬁWM=V.
o2

(See [2], [3], [4], [5], [6], [7], [8], [9], [10], [11].)
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In this work instead of considering a volume constraint I shall
examine the behaviour of the free surface when the gravity goes to
Zero.

The intuitive fact that the surfaces f. rise in the tube as the
gravity decreases, is first confirmed by the following remark:

(0.8) ffe(w) dw = % vH,_1(00).
o

So it obviously follows that

(0.9) lim |fo(a)de = + oo
e—>0+
Q

that is the volume of the fluid continues to increase.

The proof of the previous well known remark is recalled in the
following chapter.

To prove the monotonicity of the family f. I will use a strong
maximum principle for the minimal surfaces operator, analogous to
the results of P. Concus and R. Finn [12], and a comparison theorem
between the solutions of the minimum problem for the functional
Fe(f) with two different gravities.

Finally I can prove that

(0.10) lim fo(z) = + oo Veel.

e—>0+

that is the liquid rises at every point of £2; in other words I can say
that when the gravity goes to zero we do not obtain a limit surface.

To prove (0.10) I use a technique introduced by E. Gonzalez,
U. Massari and I. Tamanini [13] in the study of sets minimizing peri-
meter and containing an assigned volume.

In my problem I do not consider a volume constraint but a mean
curvature term so the technique is simplified.

I prove the result in various steps; first I suppose that (0.11) is
not satisfied, that is it exists a number L € R such that

(0.11) inf fe(x)< L, Ve>0.

%€
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Then I prove Lemma 3.1 which states

(0.12) lim v, =0
=0t
where
(0.13) ve=H, 1(FeN (—oo, L + 1))
and
(0.14) Fe={(2, fo(®), 2 € 2,2 > fo(w))} .

Then by defining
(0.15) a=1L-+3, o =1L-+41

it follows that for a sufficiently small ¢ > 0 there exists a point * €
€ [ay, by] such that (Proposition 3.2)

(0.16) f or dH, = 0.

T=1*

To prove Proposition 3.2 I first prove a technical Lemma.

I shall study in a following paper the problem of the behaviour
of the surfaces of equilibrium in a capillary tube when the gravity
goes to zero together with a volume constraint.

I want to thank M. Miranda and E. Gonzalez for the useful talks
on the subject.

1. Let

i) Q be an open and bounded set in R» (n > 2) and 982 be his
boundary ;

ii) 02 be locally lipschitz, i.e. for every « € 02 there exists a
sphere By(x) such that 02 N By(x) is the graph of a function w: B>
DA — R where A is an open set and « a lipschitz function.

iii) L be the maximum of the lipschitz constants for the func-
tions w.

The functional will be considered in the natural space for varia-
tional problems of this kind:
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BV () i.e. the space of functions fe L'({) whose derivatives
D.f, ..., D,f in the sense of distributions are finite Radon meas-
ures on £. For functions fe BV(L2) it is possible by a result of
M. Miranda [14] to define the trace on 0f2 and f|;, is a function
in LY(£Q).
The symbol f V1 -+ |Df|? will indicate the total variation of the
2

vector measures whose components are the Lebesgue measure and the
measures D,f, ..., D,f, i.e.

(1) f VI |Dff* = sup { | (1) 3 D90+ o))
Q

R®

g€ Cy(Q); lgl<1}.

Let us suppose the tube be made of an omogeneous material; this
fact implies that » is a constant. Physically » represents the cosine
of the angle between the exterior normal to the walls of the capillary
tube and the normal to the free surface of the liquid [15].

Then it is clear that ve[—1,1].

Let us consider the case v > 0 and therefore f(#) > 0. For ¢ € R,
& > 0 let us consider the new functional

(1.2) Fuf) = [VIF D —v[fdH, o+ o[ 1o
0

a2 Q2

where the last integral represents the gravitational potential energy.
In [1] the author has demonstrated, using the following estimate,

(1.3) fm dH,_,<V1+ L2lefl + () flfl da
on o2 Q2

where ¢(2) is a constant depending on the geometry of (2, the following
result:

THEOREM [1]. i) If 0<»<1/V1-+ L* then

(1.4) inf Fe(f) > — oo .
BV(Q)
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i) o<y < l/\/ 1 + L2, then every minimizing sequence is com-
pact. Moreover the functional F(f) is lower semicontinuous.

Hence for every ¢ > 0 there exists a solution for the problem

(1.5) inf \Te(f) = ‘?_a(fe) .
BV ()

In the same work [1] it was also demonstrated the uniqueness and
regularity of the solution using the regularity methods of U. Mas-
sari [16]. L. Pepe [17] has then proved that the solution is analytic
in Q in every dimension (see also [18]).

For other conditions on the domain for the existence of solutions
see also I. Tamanini [19], R. Finn-C. Gerhardt [20].

For a discussion of the physical meaning see P. Concus - R. Finn [12].
For an history of capillarity phenomena see [15], [21].

2. Let us now examine the properties of the family {fs}.
First of all, as T have already said in the Introduction, I notice
that

(2.1) lim |fe(x)de = + .

e—>0+
In fact from the Euler equation of f. we obtain
2.2) [porao = L1, 00)
Q2

and (2.1) follows.

REMARK 2.1. The integral (2.2) represents the volume of the
liquid which rises in the capillary tube.

I will now prove a strong maximum principle for the minimal
surfaces operator; I will use this principle to demonstrate the mono-
tonicity of the sequence {fe}.

Prop. 2.1. Let M Dbe the minimal surfaces operator. If we have

(2.3) Mf> Mg in 02,
v Df v Dg

= in 0Q
Vi+[Dff Vi+ [Dglt

(2.4)
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then we necessarily obtain either

(2.5) f@)=g(x) + ¢ ¢>0in Q2
or
(2.6) f@)<g(@) in Q.

Proor. From (2.3) and (2.4) we have, for every function ¢>0,
¢ € 03(Q)

Df Dy o< Dg Dy

2.9) Jvitxonr" T ) vitpa”
and then

Df . Dg Dud
28) Qf (e mm vt 2 <o

Let us choose now ¢ = (f —g)V0. We consider the case f(x) >
>> g(x); then we have

Df Dy
_ Dl d .
(2.9) J(\/l +DiIE VI+ |D9|“) (f—g)de<0

and, by the convexity of the area functional, we obtain

(2.10) Df = Dg
and then
(2.11) f(@) = g(@) + ¢, >0

the connected components of 2. Moreover
(2.12) fl®)=g(x) + ¢ ¢>0in Q

as the set where (2.11) is valid must be simultaneously closed and
open.

Let us now prove that when the gravity decreases the free surfaces
of the fluid rise inside the tube, that is that the family of functions
{fe} is monotone.
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ProposITION 2.2. Let f, be the solution of the problem inf &, (f)
and f, be the solution of the problem inf &, (f). Let &, e, € R be
such that

(2.8) e1>6>0
then
(2.9) fi(@) < fal@) in Q.

Dm. We know from Proposition 2.1 that we can have

(2.10)

f@)=hi@)+¢, ©>0in Q,
{ Djy(w)=Dfy(w)  in Q.

Now, because f,(¢) minimizes the functional 5. (f), we obtain
(2.11) f\/l T Dhi[fdz + elfﬁ dx—vff dH, <
Q Q o2

<[VIF DL do+ o[ fido—[fdHos.
2 2 0

In the same way we have
(2.12) f\/1+1Df2]2dx+eszzdw—vffdﬂn_1<
2 2 o082

<f\/l + | Dfu|? dw + 3sz1 dw—‘"’fﬁ dH,_, .
2 2

02

From (2.10), (2.11) we obtain

213)  af(h+ordo—v[(a+ o) dlo<a [fido—2 [fy aH, .
2 o

Q 02

and from (2.10), (2.12) it follows

@14)  &ffdo—v[fdH, <t 02 do—v((fut o) Ao
2 @.

02 Q Q2
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Then by (2.13) we obtain

(2.15) 26,0 f f ds 4 £,02 mis Q —vCH,_,(32)< 0
2

and by (2.14)
(2.16) 2¢, O f fo dw + £,0? mis @ —vCH,_,(32)>0.
Q2

Then, as ¢ > 0, & > ¢, > 0 we have a contradiction. So the only
possibility is the following:

(2.17) fa(@) > fi(x) in Q.
So we have demonstrated that

(2.18) fe(x) is increasing as & — 0%

together with

(2.19) f (@) dw —+ 0o as & —>0".
o

3. I can now prove that not only the volume of the liquid rises
but also that the free surface of the liquid rises at every point of Q.

As T have already said in the Introduction, in the proof I will
use a technique introduced by E. Gonzalez, U. Massari and I. Tama-
nini [13].

The main result is the following:

THEOREM 3.1. In the previous hypothesis we obtain the following
behaviour for the free surface

(3.1) lim fe(@) = 4 oo, Voeel.

e—>0t

We shall prove the theorem by several steps.
Let us suppose that there exists a number L € R such that

(3.2) inf fe(r) <L, Ve>0.

z€2
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Let us define

(3.3) { Fe={(w, fo(@), 2> fo(z), v € B},

E.= {(x’ fe(®), 2 <fe(®), meg} .

The first step is to prove a Lemma which gives an estimate about
the overgraph of f. when ¢ goes to zero. More precisely

LEmmA 3.1. Let

(3.4) ve=H, ,(FeN (—oo, L 4+ 1))
then
(3.5) limo,=0.
80t
Dim.

OBs. 3.1. It is obvious by the hypothesis (3.2) that

(3.6) ve>0.
Let us define
) fo() if fo(@)>L+1,
(3.7) fo(@) = { L41 if fo@)<L +1.

As fs(#) minimizes the functional F.(f) we obtain

L+1 L+1
@) [ |Dgz)|—» [ f<pE,dH,,< [r.am,—
Q2 0 R o t=L+1 41
_v(|aQI(L+1))+sf f%,(m,t)tdmdt
2 0

where |0Q2| = H,_,(082), p4(x) is the characteristic function of a set A4,

f|D<pE| is the perimeter of the set F in the open set 4, P(H, A) [22].
A
Now as
L+1 L+1

(3.9) v(1021T + 1) = [ps,alt) =5 (s,

a2 0 2 0
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and also

L+1
(3.10) f f(p,,,(w, 1)t dw dt< (L 4 1) vs

2 0
we have
L+1 L+1

(3.11) ffu)% | +vj f¢FSdH,,<f¢F,dH + e(L 4 1) v

2 0 t=L+1

Let now B(R, ¢) be a sphere whose radius is £ and the center is
0, ..., ¢), ¢>0 and such that

H (B[R, o) {t=L+1})= f e (@) dH,
(3.12) t=L+1
H, (BR,c)N{t<L+41})=ws.

REMARK 3.2.

(3.13) ftpp;(w) dH,.<H.(Q) .

i=L+1

By conditions (3.12) on the sphere we have

L+1 L+1
(3.14) f f 1092+ [or. a8, =[1De)> [IDpaa.al
2 0 2x(0,L+1) I<L+1

Moreover it is obvious that

(3.15) f |Dgg| > f s, dH,
2x(0,L+1) t=L+1

then, by (3.12)

(3.16) [1Dgs)> B (BR, )N {t=L+1)).

2x(0,L+1)
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Moreover by (3.11), (3.14) we obtain

L+1 L+1 L+1
@11 o[ [erdHa+ [ [1Dgs)+ @ =9 [IDgs)>
02 0 220 2 0
L+1
>v[1Dgamol + 1= [1Dgs).
t<L+1 20
By (3.15) we also obtain, recalling (3.12),
(3.18)  »[|Dgaanl—Hu(BR, 0 N {t=L+1}) +
i<L+1
+ H,(B(R, o) N {t= L+ 1})<
SH,(B(R,¢) N {t =L+ 1}) + (L + 1)v; .
Then finally
[1 D@0l — Ha(B(R, ¢) N{t = L 4 1})
(3.19) o0<'=ftt <6L+1.

Ve V

In the end we obtain

{1Doz,0| — Ha(B(R, ¢) N{t= L 4 1})
(3.20) lim t<L+1 —0 '

&0+ Vg

By the definition of v, (3.12) we have

(3.21) limve =0 .

e—>0+

So Lemma 3.1 is proved.
We must now prove a technical Lemma. Let us first define

(3.22) ay=L-+1%, w=L-+1.
Let us consider three points %, f,, ¢, s.t.

(3.23) A<t <ty <<t3<< by
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and let us define

V= lFen (ty, ta)l )

(3.24) 0y = |FeN (13, t)| ,
V=", ,,

where

(3 25) { (tu tz) == gx(tly tz) 9
) (AR Qx(tg, 15)

Let
(3.26) m = max f%“ dH, .
©=1,2,8

We now demonstrate the following:

LemMMA 3.2. There exists a constant ¢; such that
(3.27) VAV, < C1(m - byv)¥
where N = (n + 1)/n.

PrOOF. Let

F1=Fen(t17 t2) 9
(3.28)

F2=Fen(t2; i) .
We now consider two spheres B,, B,c R g.t.
(3.29) |B:| = |F| = v;, i=1,2.

By the isoperimetric property of the sphere we obtain

(3.30) fl'D(sz|<fl‘D(pF¢l ’ i1=1,2
Rn+1 Rn+1

i.e.

155

(3.31) (n+ 1)@+ Dynia+n) - f |Dgr |- f n, dH,, + f ordH,, i=1,2.

(biybitq) t=t t=t+1
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By adding the two relationships (3.31) for ¢ =1, 2, we have

(3.32)  [IDgal> (0 + D)o} D(opio D 4 opie+D)
(‘u‘a)

—f%. dH,— f P, AH,—2 f or,dH,, .

t=t, t=1, =1,
REMARK 3.3. The set F. is the complementary set of s, then

by the minimizing property of E. we obtain that F. realizes the
minimum for the following functional:

(3.33) f |Dgz| + v dH,_,—e& f tp dac dt

2 x(0,+ o) R 2 %(0,+ o0)

among all the overgraphs F' such that FA F.cc QX (0, 4 oco).
Then by Remark 3.3 we obtain

(8:34)  [|Dgn|—e[tgr,dwdt +»[pr,dHo< [gr,dH .+ g2, aH,

2% (b,ts) t=t, 02 X (t1,t5) t=t; t=ts

and then

(355 [1Dew) + [0, B [gr,dH+ [gr, A+ & tgr, a0t

2 % (ty,ts) 002 X (ty,ts) t=ty t=tg (t15ts)

Now by the fact that

(3.36) [1Dgn) +v[prat, = [ Dgs|

Q2 x(by,ts) 002 X (t1,t5) ox (t34t5)

we also have

(3.3) [1D@z)< [¢r, a8+ [gr,aB, + ¢ [tgs, do dt.

(t1sts) t=t, t=ts (t15t3)

From (3.31), (3.37), and also considering that 0 <y <1, we
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obtain

(3.38) [@e,amt,+ [ge,att,+ f topp, dev At >

t=t, t=tg (b35t3)

>p(n+ 1) LB+ D(pp/ (1) | yp/n+1) —qupp. dH,—2v|@p, dH,— f«ppsdHn

t=t, t=t, t=1s

and then

3.39) (1 ~{—v){ f gr, dH, -+ f %dﬂ,,} +

t=t, =t

1 20 (e, dH > v(n 4 1) U0+ D(@nl+D) 4 i1y g f tg g, dwdt.

t=t, (CRA]
Obviously we have
(3.40) (1 -1 1) ol F (/e +1) g+ 1)y > (g 4 1) M@V 2(0, A 0,)H D,

Moreover ¢t << L - 1; then, by considering (3.29), (3.40) and the
definition of v, we obtain

(3.41)  2v(n + 1)o@, Av,)M @D (L 4 1)v + (1 + v)4m

and finally

(3.42) (0 Avg)< e (L + 1) v + m)®+D
where

(3.43) ¢ = ¢i(n, ») .

So we have proved Lemma 3.3.
I can now prove Theorem 3.1; by the regularity of the functions f.
it is sufficient to prove the following:

ProOPOSITION 3.1. Let ¢ > 0 be sufficiently small, then there exists
t* € [aq, by] such that

(3.44) f(pps dH, — 0.

t=t*
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Proor. We shall construct the point t* as the limit of two se-
quences {a;} and {b;}, the first one increasing and the second one
decreasing towards t* and also such that

(3.45) lim |@pdH,=1m |¢ndH,=0.
j—>+ o0 j—>+ o0
t=aj t=>b;s

In order to construct the two sequences {a;} and {b,} we shall use
an iterative method starting with @=L+ %, b= L + 1.

Let us now suppose to have constructed a; and b; with j>0 and
ay< a;<< b;< by; let us define

(3.46)

l; =b;—ay,
v; = |FsM (ay, b))|.

Let now be #;€ (0, 1;/3); we can find three points ¢! (¢ =1, 2, 3) s.t.

tie(a;, a;+ by,

L, kL b
(3.47) t;e(a,+é_§,aj+é+§f),
tie(b—hiy b)),

and moreover

(3.48) f(pp, dH,,<% (1=1,2,3).
1=t
Let us define
(3.49) m; = max f%’ dH, ,
i=1,2,3 J
t=t§
(3.50) vi=|F,N(t], tl.)]| (1=1,2).

Obviously from (3.48) we have

(3.51) m,-<h—j .
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Let
(3'52) V41 = VIAV] .

By Lemma 3.2 we have

N
(3.53) D < O (0m; 4 by 0,7 < O, (-;:—’)

J
a8 h,<<1. Let us now define the points a;,,, b;,,

t, 1 if i<l
(3.54) (@515 bypr) = (t, 2) if vi<go,
(8, ) otherwise .

159

Now we want to estimate the quantities (3.46), (3.49), (3.50). We have

i—1
(3.55) 21;>1,—3 Y 2h, .
i=0

Moreover by (3.53) we obtain

J
1 +1
< 0
(3.56) 01 < 03 7
h)vi+l-—¢
R

=0

then by (3.51), (3.56) we obtain

(3.57) M < 3 o, = | .
I )
L \w
Let us now choose
l
(3.58) hy= 2 ().

It remains now to fix k¥ such that

(3.59) 0<h;<ly3.
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By the estimate (3.55) we have

i—1
lb—3 Y 2k,
i=0

(3.60) 3h; < —
then, remembering (3.58)
2i—1 .
(3.61) k>3 + 6( o —) ) V)
(3.62) k>9.
Let us put ¥ = 9 and then
ly
(3.63) hy= 2 (@)
We have now to prove that
(3.64) limm;=0.
j—>+ o0
Now by (3.57), (3.63) we have
5'00 1 W
(5.6 O
and then
) NI+l
(3.66) m,-+1<(0 lo—:)
where
(3.67) Vo = |FeN (ag, bo)| = |FeN (L + %, L + 1)
then
(3.68) Vy< Ve .

Remembering the Lemma 3.1 we have

(3.69) lim v, = 0

&0+
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and then
(3.70) limm; =0.

(1]
[2]

[3]
[4]
[5]
(6]
(7]
[8]

(91
[10]

[11]
[12]

[13]
[14]
[15]

[16]

j—>+ oo

So Theorem 3.1 is proved.
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