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Some Properties of Positive Line Bundles
on 1-Convex Complex Analytic Spaces.

ALESSANDRO SILVA (*)

If X is a complex analytic 1-convex manifold with exceptional
set B, and L = {L, X, n} is an holomorphic line bundle such that
L|z> 0, then the following «precise» vanishing theorem is proved:

H{(X,LQK)=0, for i>1,

where K is the canonical bundle of X. Some facts about positive
line bundles on complex spaces are proved and a proper embedding
of a 1-convex space into C¥ xP, exhibited.

Introduction.

It is well-known that from the point of view of the existence of
holomorphic functions on a complex space there are two extreme
cases: Stein and compact. These two cases are extreme also for the
property of an holomorphic line bundle of being positive: every holo-
morphic line bundle on a Stein space is positive, but if the base space
is compact, it carries a positive line bundle if and only if it is pro-
jective algebraic (Grauert’s generalization of Kodaira’s theorem, [4]).
Far less is known in the intermediate case between Stein and compact
considered by Andreotti-Grauert: the strongly (p, q)-convex concave
case.

(*) Indirizzo dell’A.: Dip. di Matematica - Libera Universita di Trento,
38050 Povo, Trento.
Lavoro eseguito nell’ambito del G.N.S.A.G.A. del C.N.R.
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We will prove here that a strongly 1-convex space carrying a line
bundle whose restriction to the exceptional compact is positive admits
a proper embedding in C¥ xP,,. This theorem for a smooth base space
and for a line bundle positive on the all of it, has been stated in [3].

For what concerns vanishing theorems, for generic (p, ¢)-convexity
concavity, Andreotti-Grauert finiteness theorems are, as firstly noticed
in [2], under favorable instances, actually vanishing results.

We will show here that a deeper study of the strongly 1-convex
case leads to a refined version of the above vanishing theorems, which
is actually «precise » in the smooth case, under the assumption that
the exceptional compact is projective algebraic, which is what one
could expect as a favourable case.

0. — Preliminaries and notation.

Throughout this paper all the complex analytic spaces considered
are reduced and with countable topology.

(0.1) Let G be an open subset of C* (with coordinates (2, ..., 2,)).
A real valued (2 function y on @ is said strongly g-convex, if the her-
mitian matrix (0%p/(d2; 0Z;)) has, at least, » — ¢ + 1 positive eigen-
values at every point of G. Let X be a complex analytic space. A
funection ¢ on X is said strongly g¢-convex, if for every x € X there
is an analytic isomorphism 7 of an open neighborhood V of « in an
analytic subset of an open set G of C», and a strongly g-convex funec-
tion p on @ such that ¢ = yo7.

(0.2) Let @ be a real valued function on X. Suppose a and b are
in the image of ¢. The sets {re X: < b}, {reX:9p< a}, {reX:
a < ¢ < b} will be denoted respectively, by B,, B* and B;. The prop-
erty for an analytic sheaf & to be coherent on X will be denoted by
F € Coh (X). An holomorphic map f: X — 8, will be also called a
morphism of analytic spaces.

(0.3) An holomorphic map f: X — 8 is called strongly (p, q)-
convex concave if there is a C? real valued function ¢ on X and there
are ay, by in Im (¢) with a,<< b,, such that:

(i) f|By is proper for a, b on Im (p), a<b,

(i) {xe X: pw)<c} = B, for ¢> by; {z € X: p(x)>d} = B? for
d < a,,
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(iii) @ is strongly p-convex on B, and strongly g-convex on B®.
¢ is called exhaustion function and (a,, b,) exceptional
constants.

(0.4) If B, =0, f is called strongly p-convex; if B, =0 f is
called strongly g-concave.

If S reduces to a point and f is strongly (p, q)-convex concave,
X is called strongly (p, q)-convexr concave; if f is strongly p-convex
(resp. strongly g-concave), X is called strongly p-convex (resp. strongly
g-concave). 1f X is strongly p-convex and the exceptional compact
B,,o is empty, X is called p-complete, so that X is Stein if and only
if it is 1-complete. The following basic results hold:

(0.5) (Andreotti-Grauert, [1]). If X is strongly (p, ¢)-convex con-
cave and F e Coh (X) then the complex vector spaces H"(X,F) have
finite dimension for p <r<profy § —gq—1.

(0.6) (Grauert [4]). X is strongly 1-convex if and only if there
is a Stein space S, a finite set of points of 8§, {si, ..., s;}, and a proper
surjective holomorphic map f: X — § such that E = f-({sy, ..., 8})
is a maximal compact analytic subset of X, and f: X —F — S —
— {81, ..., 8} is an analytic isomorphism. E is called the exceptional
set of X.

(0.7) Let L = {L, X, n} be an holomorphic line bundle.

DEFINITION. L s positive if a real valued positive differentiable
function @ is given on L*, such that ¢ is strongly 1-convex outside the
zero-section of L*.

Let k be an integer. We will denote by L* the holomorphic line
line bundle k-th symmetric power of L. The sheaf of germs 'of its
holomorphic sections will be denoted by O(k). If F, FeCoh (X),
F (k) will denote the tensor product F ®o, O(k). One has (see [1] f.i.)
a natural injection:

(4) @H’(x, F(k)) — H'(L*, 7* F) .
k=0

As a direct consequence one obtains:

(0.8) THEOREM, [2]. Suppose L positive. Then if X is strongly
p-convex (resp. strongly gq-concave) L* is strongly p-comvex (resp. L is
strongly (q 4 1)-concave) so that in view of (A) and (0.5), for every F,
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F € Coh (X), there is a positive integer k,, ko = ko(L, 5), (resp. a nega-
tive integer k.), such that:

H (X, F(k)) =0

for E>Fk, (resp. k<k,), and p<r (resp. r<profy F —q—2).

1. — An embedding theorem.

(1.1) Let X and S be analytic spaces and f: X — 8 be a proper
holomorphic map. Consider a holomorphic line bundle L: {L, X, n}.
L is said to be positive relative to S if for every s € § there exist an
open neighborhood U of s and an open neighborhood D of OLs,f_
such that fon|,: D — U is a strongly 1-convex map.

(1.2) Let f be as above, and £, £ € Coh (X), be locally free of
rank 1. Set § = f,(£) and suppose that the morphism f*(§) — £ be
an epimorphism. From the definition of projective bundle on § de-
fined by & ([6], exp. 15) we obtain a (canonical) S-morfism i¢: X —
—P(E). £ is called very ample relatively to S if i¢ is a (closed) em-
bedding. £ is called ample for f if for every s € § there exist an open
neighborhood U of s and a positive integer k, such that L& ., is
very ample relatively to U. The map f is called projective if an
invertible Oy-module £ which is ample for f is given.

0)

(1.3) TEOREM (Knorr-Schneider,[7]). Let f: X — 8 be proper,
L ={L, X,n} be an holomorphic line bundle positive relative to S.
f is then projective.

(1.4) Let X be a complex analytic space of bounded complex
dimension N which is strongly 1-convex with exhaustion ¢ and excep-
tional compact E, and L = {L, X, n} be a holomorphic line bundle.
‘We can now prove the following:

THEOREM. If L|z is positive then there is a proper embedding of X
into CN+H1x P, ...

Proor. («) It follows from a theorem of Lieberman-Rossi, [8]
that the total space L* is strongly 1-convex; L is then positive, accor-
dingly to def. (0.7). Let f: X — S the Remmert reduction of X to
a Stein space S. f is a proper modification accordingly to (0.6). We
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claim that L is positive relative to 8. Indeed, suppose L is given on
the covering {U,} by the transitions functions {g,;} and let {,} an
hermitian metric along the fibers of L* so that h, = |g;|[™*h; on
U.N U, and — 00k, > 0 at every point of U, (this is equivalent
to L being positive in view of [4]). Let ¢, the fiber coordinate of L*
over U,; then t,t;* =g, in U,N U,;. The function y(z,?) equal to
h;|t;|2 on z~2(U,) is then well defined on L* an it is strongly 1-convex
on L*—0p. (apply the same argument as in [4], Satz 1). The map
fon|, < is proper, because s0 is 7|y, <., 50 the claim is proved

(B) It follows from (1.3) that O(1) is ample for f and that, for
every open set Uc S there is a positive integer k, and an S-embedding
of f~Y(U) —P(n4:O(ko)), and, if U is such that m,(O(k,)) is a quotient
of O3™'|,, there is proper embedding j of f*(U) —P,xU, since
P(OF*) = P, X8, such that pryoj = fl,y). But 8 being Stein
74(0 (ko)) is a global quotient of O™ hence we have a proper embed-
ding J: X - P, x8. Let F: 8 — C?¥+1 be the proper embedding of S.
The map Fod is then the required embedding.

Conversely one can show:

(1.5) PrOPOSITION. Let X be a closed analytic subvariety in CxP,.
X then carries a positive holomorphic line bundle.

ProoF. Let (21, ..., 2,) be coordinates in C" and (#,, ..., #,) homo-
geneous coordinates in P,. Consider the divisor C"x E, where F is
an hyperplane in P,. Let U,={neP;:n=0}xC, i=0,..,s.
Let L the line bundle corresponding to C X E. L|, is trivial and
L is defined by the transitions functions #,%;*. Consider coordinates
in U, given by

Tpyy = Moy s ooy By = Muma M s Bppps = Napa Mg g woey B = 1,75 -
and (2, ..., £,) = (R1y ooy 2,). Seb
b= (3 Inels) - Ind-=-exp (3 Jal?)
k=1 =1

then h, = |n,n;*|*h, and — 0ok, > 0. L is then positive in view of [4]
and so it is Ljx.
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2. — Vanishing theorems.

If a line bundle satisfies the assumption in theorem (2.4), it fol-
lows at once from the theorem of Liebermann-Rossi quoted in the
proof of (1.4) and the injection (4) in (0.7) that H"(X, F(k)) =0
for k large enough. The proof of the above mentioned results depends
on the existence of a metric in the whole of L* (which is equivalent
in view of [4], Satz 1, to positivity). We start this section by giving
a proof the vanishing theorem stated above, directly from defini-
tion (0.7).

Throughout this section X will be a strongly 1-convex analytic
space with exceptional compact ¥ and L = {L, X, n} an holomorphic
line bundle.

There is an integer k, such that for every k, k>£k,, the following
holds:

(2.1) THEOREM. Suppose L|z is positive. Then H'(X, F(k)) = 0
for r>1.

Proor. In general, if F is any closed subvariety on an analytic
space S and ¢ is a strongly 1-convex function on F, there is an open
neighborhood U of F and a strongly 1-convex function ¢ on U such
that ¢|, = ¢, see f.i. [8]. And, granted that, there is an open neigh-
borhood N of E such that L/, is positive; moreover, we can take
N =B, ={0<c}, where 0 is the exhaustion function giving the
1-convexity of X, (see [8,9]). Suppose that ¢ is the function that
gives the positivity of L/,; arguing as in [4], Satz 1, the function

P(v) = (27) [ @(etv)dt gives a strongly 1-convex metric along the fibers
0

of 7~Y(N). Therefore N is a strongly 1-convex space with exhaustion
p = (¢ — 0)~1. The total space m~1(N) is strongly 1-convex with ex-
haustion yx 4+ A(¢), where 4, 1: R —R, is positive, increasing, convex,
(see [2], Prop. 1), hence, by (0.8), H"(B,, F(k)) = 0, for r>1 and k
large enough. The conclusion follows at once from a result of An-
dreotti-Grauert, [1], that gives the isomorphisms: H"(X, §) — H"(B,, G)
for r>1.

(2.2) As a consequence of the vanishing theorem it is not difficult
to obtain the following ampleness result:
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THEOREM. Suppose L|; positive; then for every F, Fe Coh (X),
there is ko positive integer, such that the stalk F (k) is generated by global
sections in I'(X, F(k)) for every k>k, and v € X.

Proor. If z€ E, one argues as in the compact case, using The-
orem (2.1) instead of Kodaira’s vanishing theorem. If x € X — E, let
us consider the Remmert reduction f: X — S to the Stein space S.
f is biholomorphic on X — E. Let s = f(x). Since S is Stein, the
stalk (.R“ f+(F (k)))' is generated by global sections; but f is biholo-
morphic on X — E so that (wf*(&'(k))), can be identified with (F(k)),.
A theorem of Grauert-Remmert ([5]) gives the isomorphism

P(X, F(k)) = I'(S, Rofo(F(R))

hence the conclusion.

(2.3) The main result of this section is a «precise vanishing»
when X is smooth, which is a consequence of the following theorem
of Sommese, [11],

let f: X — 8 be a proper morphism of complex spaces and sup-
pose X smooth. Let L = {L, X, n} be a holomorphic line bundle
positive relative to §; then, if Ky is the canonical bundle of X and
FeCoh (8), the direct images sheaves R?f,(O(L® Ky) ® f* F) are
zero per p>1. It follows then:

THEOREM. If X is a smooth strongly 1-convex space, and Ll is
positive, then H'(X,L® K;) =0 for r>1.

Let f: X — S be the Remmert reduction of X. L is then posi-
tive relative to S as in («), Theorem (1.4). Since S is Stein and f
surjective, for every F € Coh (§) and G e Coh (X) Grauert’s direct
images theorem gives the global isomorphisms

'@, 2*(S)®F) ~ H/(X, SR+ F)

for p>0. For p>1 and § = O(K;® L) we have then the conclusion
in view of Sommese’s theorem.

Added in proof. — V. V. Tan in Trans. A.M.S., 256 (1979), pp. 185-198,
has proven independently by different methods, theorems (1.4) and (2.1).
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