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REND. SEM. MaT. UN1Vv. PADOVA, Vol. 53 (1975)

A Common Fixed Point Theorem.

Ki1vosHI ISEKTI (*)

In this note, we shall prove a fixed point theorem which is a gene-
ralization of M. G. Maia’s theorem [1].

THEOREM. Let X be a metric space with two metrics d and 6. If X
satisfies the following conditions:

1) d(z, y)<0(z,y) for every w, y in X,
2) X is complete with respect to d,

3) two mappings f,9: X —X are continuous with respect to the
metric d, and

8(f(x), g(y)) <ad(x, y) + B[S(z, () + (¥, 9(y))]
+ y[0(, 9(»)) + (v, f(=))]

for every x, y in X, where «, f, y are non-negative and o+ 28 4 2y <1,
then f, g have a unique common fixed point.

Proor. Le x, be a point in X, put

wl:j(wo)y xz:g(xl)’ sery w2n:g(w2n—1); x2n+1=f(w2n)y

Then

6(50", wnﬂ) < (——W

(*) Indirizzo dell’A.: Kobe University, Rokko Nada Kobe, Giappone.
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(see I. Rus [2], p. 20). Therefore, by d<9,

oc+ﬁ+?)“

1—f—y S(@o, ) -

ALy Tpyy) < (

This shows that the sequence {,} is a Cauchy sequence with respect
to d. Since X is complete with respect to d, {x,} has a limit point ¥,
in X, i.e. 2, 2>y,: Hence, by the continuity of f with respect to
the metric d,

Yo= 1M @yn, = 1M f(w50) = f(lim w2) = f(30) -

Similary we have g, = g(y,). Therefore y, is a common fixed point
of f and g¢.
Let 2, be a common fixed point of f, g, then

0o, 20) = 5(f(?/o), g(zo))
< 0(Yoy 20) + 270(Yo, 20) »
which implies %, = 2,. Hence f, ¢ have a unique common fixed point

in X, which completes the proof.

REMARK. In Theorem, let f(x)=g(x), # =y =0, then we have a
theorem by M. G. Maia [1].
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