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ON A CERTAIN APPROXIMATION PROPERTY FOR
FIRST-ORDER ABSTRACT DIFFERENTIAL EQUATIONS

S. ZAIDMAN *)

Introduction.

This paper is closely related with some previous work of ours
[1], [2]. There we insisted mainly on the so called « global existence
theorems » and a main tool in the proof was a certain density result.
Here we shall concentrate ourselves on density (or approximation)
theorem; what we prove is essentially a generalization of Lemma 6-bis
in [1]. The condition S in [1] is here replaced by condition S" below;
the proofs are essentially those indicated in our Lecture Notes [2]; the
condition S’ is implied by S (Lemma 1 and Lemma 5 in [1]) and this
indicates how our Theorem below is (slightly) more general than Lemma
6-bis in [1].

§ 1. Let H be a hilbert space; ( , ) and | | are the notations for
scalar product and for the norm.

Consider in H a linear closed operator A with domain D, and let
A" be the adjoint of H.

For any open interval a<t<b of the real line, we define a class
of test-functions (vector-valued); precisely

Ki(a, b)={o(t), a<t<b-—>Da ; 9eC¥a, b; H);
A*p€eC(a, b; H); supp ¢ is compact in (a, b)}.

*) Indirizzo dell’A.: Université de Montréal, Case Postale 6128, Montréal,
101 Canada.
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Similarly is defined K+, by taking (a, b)=whole real axis, and
more generally the classes Kz, Ks(a, b), for any linear closed operator
B in H.

Let us give now a function f(t), a<t<b— H, belonging to
L¥a, b; H), i.e. square Bochner integrable in (@, b), and a function
u(t) with the same property.

We say that u(t) is weak solution on a<t<b of the differential
equation

(1.1) u'(t)=Au(t)+£(t)

when the integral identity

b b
(1.2) f (u(®), @' (H+(AeX))dt=— f (R8), o(B))dt

is verified, VoeKa«(a, b).

Let us take now an arbitrary positive number T>0, and denote
by Vr the set of weak solutions in (—T, T) of the homogeneous differ-
ential equation

(1.3) u'(t)=Au(t);

also call V.. the set of weak solutions of (1.3) on the whole real axis!).
We give now some more definitions;

DEerFINITION 1. The abstract differential operator %—A has the

approximation property if for any pair of positive numbers T:<T-,
the set V.. is dense in V7, in the norm of IX—T;; T:; H).

£+A* has the

DErINITION 2. The abstract differential operator i

support property if:

1) Precisely, ueV_ if ueLibc(— oo, o; H) and the relation

ﬂu(t), @’(t) + (A*@)()dt =0 holds, VoeKgs .



On a certain approximation property for first-order, etc. 193

i) ueLl (— o, o; H), supp u-compact
ii) feL{c(— oo, oo; H), supp fc[a, b]
iii) '+ A'u=f on — e <t< e in weak sense, imply
iv) suppucla, b] too.
Let us assume also that the following holds:

ProPERTY (8). For any finite interval a<<t<b there is a constant
Ca,» such that

(1.4) ” v ||L2(a.b;H)SCa.b ” ‘I"+A*‘I’ ||L2(a,b;H) s YYeK +(a, b)

is verified.
Now we finally define condition S’

DerFINITION 3. The linear closed operator A satisfies condition S’
when

(1.5) C%+A* has the support property, and

(1.6) property (&) holds.
Then we have

THEOREM. If A verifies condition S’ then -g—t—A has the approxi-
mation property.

The proof is given below.

§ 2. We have

MAIN LEMMA. If A verifies condition S’, and if we take three
positive numbers Ti<T2<Ts, then Vr, is dense in Vr, in the norm of
IX—Ty, Ty; H).

As well-known, it will be enough to prove that:

T,
(2.1) f(v(t), u(t))dt=0 VueVr,
b
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implies

Ty
2.2) f (v(t), w(t))dt=0 VweVry,
T,

where o(t) is an arbitrary function in LA —T:, T ; H).
If we define outside (—Ti, Ty), v(£)=0, ;(t):v(t), —Ti<t<Ty,
then (2.2) equals

T,

(2.3) f (o(t), w(t))dt=0, VweVr,.

-T,

If we take a sequence of mollifiers (&)™ —> 8-the Dirac distribu-
tion, and if we form convolutions

(2.4) (v * an)(t)= ] 2(Q)oalt —C)d?

1
[t-g]<
n

then v * 0,EC=(— o0, oo; H) and supp(; * o) C(—T2, Tz) for n large

enough. Furthemore || o * 0n— || (-1,, 7,:)—> 0 as n—> oo,
Let now MU c LA —Ts, Ts; H) be defined as the image of Ka+(as, b3)

through the operator (%+A*, ie.

(2.5) M ={o"+A%, 9eKa(—T3, T3)).

We have
PropPOSITION 1. »(t)eclosure O (in LA —Ts; Ts; H)).

As well known it is enough to show the following. For any
Wt)eLX—Ts, Ts; H) such that h(f) LOW, it follows A(f) Lo(¢) (in
IA—Ts, Ts; H)).

Thus, we assume that

T,
(2.6) f (h(t), @'(t)+(A"Q)(t))dt=0 Vo€Ku(—Ts, Ts).
=Ty
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This means precisely that A(t)€V7r, ; then

T, 7,
f(h(t), J(t))dt=f(h'(t), v(t))dt=0
—~Ts =Ty

in view of (2.1).
Now, the Proposition means that we have for a sequence

(W= €M, lim || o—Wo ||-ra, 70 ) =0;
n—> co

here ¥,=o¢’»+ A 9., where ¢,€Ka«(—Ts, T3), hence

Tg
2.7) lim f || 2(£) —(¢"»+ A%0a) ||* dt=0.
=T,

At this stage we shall apply property (8); as the sequence ¢'»+A"Q,
is convergent in LA(—T;, T3 ; H), the sequence (p.)1~ will be a Cauchy
sequence in LA(—Ts, Ts; H); let ()= lim @.(¢f) in L(—Ts, Ts; H);
so ®(t) is well-defined on —T3<t<Ts; put also ®(t)=0 outside this
interval. We have

ProrosiTiON 2. The supp ®()c[—T:, Ti].

. . d * . .
Consider in fact ad)'-}-A ® on —oo<t< oo in weak sense, i.e.
the integral

f @), T — AWML, VZeK,

(use A=A, for densely defined, linear closed operators in Hilbert
spaces).
We have then

o Tg
(2.8) f (@(t), T()—(AQ)(1)dt= f (@(1), T()—(ALX)dt=
Yo 1,
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T,

3 T’
= lim [ (od0), LO—(A@NMI= lim f @D+ (A0, LBt =
’n 1,

Ty
1,

—o0

hence @' +A*®=y, in weak sense. _
We can apply here the support property; remark that suppvc
c[—T:, T1] hence supp @[ —T:, T:] too, as we assumed supp ®c
c[—Ts, Ts]<ompact in R
Now, in order to prove (2.3), it will suffice to show

Ty

(29) lim f (2 * aa)(t), w(t))dt=0.
n—)uo_T2

Let us use now (2.8) and Lemma 2.3 in [2], for B=A"; we get that

(P * a.)()€Dar , Vt, and that

(2.10) (@ * 0) (1) +A D@ * a)(D)= (v * a)(t), —o0<t<oo.

From (2.10) we obtain, for n=n,
T, T,
2.11) f(; * oy, W)dt= f((‘D * o) + AN * an), w)dt=0,
T, 2T,

if we remember that weVr,, and if remark that ® * a,€ Kax(—T2, T2)
for n=no (because supp @[ —T:, T1], hence sup (® * a,)c(—T2, T2)
for large n). Hence (2.9) follows.

This will prove Main Lemma.

We can pass now to the final step: take 0<Ti<T., a function
u€eVr, and an €>0. We must find ».> V.. such that

|| U.—u ”Lg(—-T;,T,;H)<E-
Let us consider an increasing sequence T3<T4< ..., where To<T;, and

limT,=o.

) 00
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We shall use successively the Main Lemma to triplets (T:, T, T3),
(Ty, Ts, Ts), ... etc. We get a function wi(t)eVr, such that

“ u—u ||L2(—T1,T1:H)<§ .

Then a function uy(¢)eVr, exists, such that

Il 1 —u ||L’<—rz,rz:m<§£5;

continuing this way we shall find w.{t)eVr,_, , such that

€
” Un-1—Un ”Lz(—T",T,,;H)<§;-
Now, on any finite interval [a, b] =R}, the sequence (Un , Uns1,s ..., ) IS
well-defined for n=n,-depending on [a, b] (when —T,<a<b<Ty).
Then, we shall have
I i1 — g ||2 < =
j—1 i L(—TnorTn“'H) 2,',

for j>no and this implies that lim uy,.; exists in L¥(a, b; H).
Taking [a, b] successively =[—1, 1], [—2, 2], ..., we shall find
functions u!(t), uX(t), ..., so that u”(t)e L(—p, p; H), and
w(t)= lim udt) in LX—p; p; H).

n—» oo

>
nzn,

Remark that w¥(t)=ul(t) ae. on —1=<t<1; u’(t)=uXt), ae. on
—2=<t=<2, .. etc. and we may put, Vt€(— oo, )

u(t)=u/(t) for —j<t=<j.

Remark that u.(t)eL?[a, b; H] for any finite interval [a, b]cR!, so
u€ L3 (— o0, oo; H). We see also that

| te—ul|e2-rs, 2,5 m= lim || tn—ut ||e2-10, 7, -
n—yoco
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But
" Un—U ||L=(_r1,r,;11)_<__" u—w ||ty 1y my+
+l| =2 || -10, 70y F oor F| ot —ttn || 2oms, 1 ) <
E__E E €
€ € € 27 gntl 27 Dntl €
<S4 = E_ _ _._E
—2+22+'+2n 1-—-1 1 & on°
2 2
So
€
| v~ |lez-ry, 10y <e— T
and

lim ” Un—U I|L2(—T1,T1;H)SE~
n—>» oo
Finally, it remains to show that u.€V.., i.e. that d%u;—ALl;:O in weak
sense.

Take then an arbitrary @€Ka~ ; for i=ip all ui(t) are defined on
an interval [a, b] Dsupp @; moreover, because ui(t)eVr,,,, we get

©o b
f (s, o'+ A'g)dt= f (u: , @' +AQ)dt=0.

b
When i=i, tends to oo, we get [(u., o'+ A"@)dt=0, and this proves
the theorem. ¢
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