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BILINEAR GENERATING FUNCTIONS FOR LAGUERRE
AND LAURICELLA POLYNOMIALS IN SEVERAL VARIABLES

L. CARLITZ *)

1. Erdélyi [1] has defined the Laguerre polynomial in k variables
by means of '

(1.1) A—w— .. —uk)—a—lexp{_MT _
1—u— ... —uxk
= E OLS'?)’"""k(xl s eeey xn)u?' voe qu_
My, M=
This is equivalent to
(1'2) LSi?,)...,llA(xl 3 eeey xk):
zm E (__1)r1+ "'+'k(nl] (nk) u
ml ... ml =0 n Tk (a+1)r1+... +rk.

He obtained the following bilinear generating function.
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where
k k k k

(14 U=Xuy, X=Xuxj, Y=3Xuy, W=Zuxw;
j=1 1=1 i=1 i=1

and

(1.5) (u; x, y)=1-=0U)"(W-—-UW+XY).

(There is a slight error in the definition of (u; x, y) as given in [1]).
Fork=1, (1.3) reduces to the Hardy-Hille formula [2, p. 101]:

= nlu®

A ()} (a) —
(1.6) Eﬂ Tatntl) EP ()L (y)=
(eyu)~ %= (x+y)u 2V xyu
1—u P [" 1—u ]I“( 1—u ]

The object of the present paper is to give an elementary proof of
(1.3) and indeed of the following more general bilinear formula.

bt (a)nl et
(1.7) Yy ey

My =0 m! ... n!
Fa(—h1, ey —Hks Y3 O Y15 ooy YE)=
Fa(—m1, oy —h; B o5 X1, ooy Xi)-

=(1—=U)"*++1(1 —U+X)"H(1—U+Y)""-

. (-UW+XY
-F [B, Y & (1—U+X)(1—U+Y)] '

where

(1.8) F(—ny, o, —he; B a5 X1, oy X0)=

= %(—1)714. e kT, [nl] "o (f:k] (_9_)r1+_...+rkx;‘ e Xk
k

rj=0 n (a)r1+ g
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For k=1, (1.7) reduces to

(1.9) }Eo‘-,‘%u"F(—n, B o; OF(—n, v; o; y)=

n=l

=(1—x)"****"(1 —u+xu) (1 —u+yu)="-

. | 5 H xyu
F[ B v o (1—u+xu)(1—u+)’u)]’

a formula due to Weisner [3].

2. It will be convenient to define

2.1 ®(n; r, 5)=2 [’“] [”"J (”‘] [”"]-
14} 1473 S1 St

upr ... ujk
.F—nk'x{‘ e x;cky{' v Yik,

where the summation is ower all nonnegative n;, r;, s; such that
(2.2). m+ ... +me=n, n+ ... +re=r, si+ ... +sx=s.

Thus @ (n; r, s) is homogeneous of weight n in ui, ..., ux, of weight
rin x1, ..., xx and of weight s in y;, ..., yx . Alternatively we may define
®(n; r, s) by means of

2.3) SO 1, 5)= exp (U+X+Y+W),
where U, X, Y, W are defined by (1.4).
We rewrite (1.3) in the form

2“’ (a+1)n1+ R O

ny, et = m! ... nmg!

2.4)

Lft?), (xl 3 eeey xk).

R
.L(a) ( )__
(YR }’1 5 ey }’k —_

X+Y) = (u; x, Yy

—_ ___U—-a—l _ .
a-u) eXp( 1—U ) Zonl(at D
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Making use of (1.2) and (2.2), it is easily seen that the left hand side
of (2.4) is equal to

- (+41).
—1)r+s .

(2:3) w g DS G Dt 1

Hence that part of the left hand side of (2.4) that is of weight r in

Xt .., xx and of weight s in yi, ..., yx is equal to

(a+1)n

(26) 'Eocb(n; r, S) m

We set the right hand side of (2.4) equal to

@7 I U 1, s),

where Y(n; r, s) is homogeneous of degree n in w, ..., ur, of weight
rin xi, ..., Xt and of weight s in y, ..., yx. Then clearly (2.4) is equiv-
alent to

(a4 1)(a+1)s

(2.8) n§]<1>(n; r, s) (ot Dn

= %d}(n; r,s) (r, s=0,1,2,..).

The right hand side of (2.4) is equal to

XY
ris!

(2.9) (1—U)-* Eo(—l)'“

r, s=l

1=y~

s [A-UW+XYY
i=0 il(a+1);

(1-0)%.

Since (1 —U)W +XY is of weight one in x1, ..., xx and of weight one in
Y1, o Yk, it follows from (2.9) that

(2.10) éo‘b(n; r, 5)=

min (r, $) Xr=iys=i[ (1 — U)W+ XYV

—_—— 1Y +S(1 — —a—r—s-—1
=(=1"1=0) Z TG=)—Diat 1),
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In the next place, (2.8) is equivalent to

(2.11) Z (I>(n 7, s)(at+1),,_. Z \l/(n r, s)(oe+1)(a41)s.

But, by (2.1) and (2.2),

oo

X (=1)y*"®(n; r, sia+1),

n, r, s=0

= @+ Dugs . 4m,

= —_—u™m ... Uk,
w0 Ml oomd k
J n |7 n n
Y (= 1)t AyEst ks, 1 . . k
7y, 5j=0 181 'k S1 Sk

- 2 (a+1
X[ XEEYY .. yiE= (@t Des .

= UTnk'— Ut o up(l—x1)", . (1—x)™
p vee Hg!

A=y)", . A=y = > (a+1)n

{ 2 ui(1—x)(1—yn}in.

(2.12) ={1-U+X+Y—-W}-=1

On the other hand, by (2.10),

): Y(n; r, s)(a+1)(a+1),=

an“

=(1=U)"*"' ¥ (—1)*(at Dla+ 1)1 —U)-">.

r, s=0

.min(r, s) Xr--iYs—j[(l _U)W_I__Xy], _
i=0 r=Nis—Nia+1);

=(1-0'% (a+1)’[(1—U)W+XY]’(1—U)—2"-

. Z_( )r+s(“+]+1)'r(a'v+]+l)sX,Ys(l_U)_,_sz

=(1-U)"*" ‘Z (oc+1), [A-UW+XY](1-U)~%.
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X \e-i-t Y )-e-i-t
'(”1—0) (I+I—U] -

=(1—U)““(l—U+X)—"-'(1—Uw)—on-ré0
(a+1); [A—U)W+XYT
! A—-U+Xy(1-U+YYy
=(1-Uy*{(1=U+X)1-U+Y)—(1-U)W+ XY} *'=
=(1-Uy"{(1-Ur+(1-U)X+Y)—(1-U)W} =
=(1-U+X+Y-W)—*",

so that

@13) % U r, et Dlat1),=(1—U+X+Y—W)="

, r, s=0

In view of (2.12) and (2.13), (2.11) is satisfied. This completes
the proof of (2.4) and therefore of (1.3).

3. We shall now prove (1.7). By (1.8) the left hand side of (1.7)
is equal to

- (G-)n,+ oty -
' 1 veo uk A4
n=0 m! ... mx!

) (E) -

(B)r1+ e T (‘Y)s,+ e S+
k k T Tk S S k
= T XEEYD L. YRE=
(a)rl-p. +rk((l)51+ sty X1 N Vi

i (= )t st e sy (”l )

75,55 r

(&)

= T (—1y(edm 1, ) (B)-Cv)

i3m0 (@ (@)’

~

where ®(n; r, s) is defined by (2.1).
Now by (2.8) we have

(af)n _ el . _
(a’)f(a')s—ngo\ll (n, T S) (l', S—O, 1’ 2, ...),

(3.1) >:0 &m; 7, 5)
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where {’(n; r, s) is the result of replacing a+1 by a in ¥(n;
Consequently the left member of (1.7) is equal to

(3.2) S W r, sYB)Y)s .

n,r,s=0

Then, by (2.10), this sum is equal to

A=) £ (=171 =)~

) min (r, s) Xr—iYS—i[(l -—U)W'{'XY], _

i=0 itr—Nis—N(a);
— (1 T -¢ - (B)I(Y)l _ i1 _ 12,
=(1-0) Eo___—j!(a); [A-UW+XYT(1-U)
o i (_1)r+s(B+])"("Y+])sxrys(1__U)-r—s=
r,s=0 r:s.

oo

(1 B)i(); _ i1 -2,
=(1 U)Eo—“—-—].!(a)i [A-UW4+XY](1-U)

D ¢ —-B-i Y -r=i
-(1+———1_U] [1+—1_U] =

=(1-U)"***"(1-U+X)*1-U+Y)™ g(?’)(fg_?,.

Q-U)W+XY
1-U+X)(1-U+Y)

F[B, Y; ; A=W+ XY }

(1-U+X(1-U+Y)

This completes the proof of (1.7).
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r, s).

} =(1-U)"*"*+(1-U+X)P1-U+Y)""

4, Exactly as in proving (1.7), we can establish the following

more general result.

= (W)t ...
Mu?: o U

4.1)

n,,...,nk=0 n;! nk!
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sFa(—n1, vy =113 B; B X1y ooy XDFa(—1R1, ooy — 105 Y5 Y5 Y1y s Y=

— 1 - v @B .
=(1-0) P ), [(A-UW+XYT(1-D)

. . e s X ) . Y
.F[a+], B+is B'+is —T_W]F[OL-I—], Y+is Y +i; _.I_;U]
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