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SOME THEOREMS ON RECURRENT
AND RICCI-RECURRENT SPACES

Nota (*) di ManiNDrA CHANDRA CHAKI (a Cealcutta)

Introduction. - Ruse [4] and Walker [5] introduced the
recurrent spaces for which the curvature tensor satisfies a-
relation of the form

(1) Ry 1= Ruphy

where A; is a non-zero vector and comma denotes covariant
derivative. An n-space of this kind was denoted by K,. In a
recent paper [3] Patterson considered a Riemannian space
of more than two dimensions whose Ricei tensor satisfies

(2) Ry Elf 0, Ru, = R\,

for some non-zero vector A,.. He called such a space Ricci-Re-
current and denoted an »-space of this kind by R, . Obviously
every K, is an R, but the converse is not true. The question
as to when an R, can be a K, has been considered in section
1 of this paper. In the remaining sections some necessary con-
ditions for a space V, (n > 2) to be conformal to a recurrent
and to a Ricci-recurrent space have been given.

1. - It is known that the conformal tensor C,;; of a Rie-
mannian space V, with metric tensor g,; is given by

1
(1.1) Cyxr = Rijra — e (Bixga — Bagix + Ragjx — Bxga)

E
+ m—Dmn—29 (9jxgn — gngix)-

(*) Pervenuta in Redazione il 28 agosto 1956.
Indirizzo dell’A.: University College of Science, Calcutta (India).



SOME THEOBREMS ON RECURRENT AND RICC1-RECURRENT SPACES 169

Now let the V, be a Ricci-recurrent space R, specified by
a non-zero vector A;. Then since

R‘I,? - R”)\p and R, p— Rlp
it follows from (1.1) that
Gukl,ﬁ - R‘lﬂ:l, 4 + (Ciikl - lekl))‘p

(1.2)
or Cuu, p— Cijkllp - Rijkl, p— Rijkl)\p .

Conversely, if (1.2) holds, multiplying both sides of (1.2)
by ¢/* and summing for j and k we get
l.c.

Cu,p— Cuhy = Ry,, — Rud,
which reduces, in virtue of Cy;=0, to

(1.3) Ry, » = Ryh,

From (1.2) and (1.8) we have therefore the following theo-
rem :

THEOREM 1. A necessary and sufficient condition that a
V. be an R, is that (1.2) holds.

In particular, if the V, is conformal to a flat space or
if n=38 then Oy, =0. In the first case it follows from (1.2)
that the R, is a K,. In the second case it follows that the
R, is a K,. Thus we have the following theorem:

THEOREM 2. Every R, (n> 3) is a K, if it is conformal
to a flat space and every R, is a K,.
Again for an R, specified by a non-zero vector A; we have

Rij,xi— Rij,ie = (A, — Ay, 1)Rij
or by Ricci’s identity
(1.4) RpiRfa + RipRja = (Ak,1 — M, 0)Rij.

If A, be a gradient then A,;—=X; x and so the lefthand
side of (1.4) is zero. Conversely if the lefthand side of (1.4)
is zero then }; is a gradient. From this we have the following
theorem :
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TaeEorEM 3. A necessary and sufficient condition that the
vector of recurrence of an R, be a gradient is that at every
point of the R,

(1.9) RyiR5: + RipRjia = 0.

Since the vector of recurrence of every K, is a gradient it
follows in virtue of Theorem 2 that the relation (1.5) holds
at every point of an R, (n > 3) which is conformal to a flat
space and at every point of an R,.

2, - In this section we deduce a necessary condition that
a space V, (n > 3) with metric tensor g;; be conformal to a
recurrent space.

Let V, be a space with metric tensor
(21) gy=¢€*gy
Then since 6’:,;,: C’:,k we have
(2.2) Crape = €% Crygy

Now suppose V, is a recurrent space specified by a non-
zero vector A; and let a comma and a semi-colon denote cova-
riant derivatives with respect to g, and g, respectively. Then
from (1.1) we get

Chtjk; 1= Ghijk)‘l

Writing c,:::—:i , o/ =gYs;, we obtain from (2.2)

e*Chijehi = €2°Chijic;1 + 2€2°Chijay
(2.3)
or Chijthi = 2Chijk01 + Chijr;1

But
Chiji;t = Chijic,1 — 4Chijk01 — (Ciiji On 4+ Cniji0i + ChitkeSj + ChisiSk)
4+ o*(guiCsijk + guChrsjx + 9nChisk <+ giiChijs)-

Therefore, since Cpy. possesses the properties of the indi-
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ces of Ry . the equation (2.3) reduces to
(2.4) ChijkAt = Chiji,1 — 2Chijx
— (ctije On + Cmijoi + Cuenioj + CijinOk)
+ o*(gnCsijk + giaCsnri + 9itCskni + griCsjin)-

We may therefore state the following theorem:

THEOREM 4. A necessary condition, given in terms of the
conformal tensor, that a V, be conformal to a K, is that the
equation (2.4) holds, provided that the V, is not conformal
to a flat space.

Further, substituting from (2.1) in the last two lines of
(2.4) and simplifying we obtain the condition (2.4) as

(2.9) Chijthi = Chijk,1 — 2Chijx1

— [(Bujxon + Rinxjoi + Einioj + Rijinor)

+

n _1_ 3 V (gix Ry — gijRix)on + (gnjRue — gneRij)o;
+ (gixBim — gneRii)oj + (gniBi — gijBm)ok | ]
+ o*[(gmRsijk + guRsnrj + gjiRskhi + griBsjin)
+ o | nlgnBey — g5Ra) + gulgh ek — oneEe)

+ gii(gikBsh — gnkRsi) + gri(gniBei — gijBan) | 1.

If now the vector s; be supposed to be parallel in the space
V, and therefore R, =0 =0*R,;, then the last three lines
in the above equation vanish. On the otherhand if the space
V. be supposed to be a recurrent space specified by o; then
the second line of the above equation reduces to — 2R,;;0;.

3. - In this section we deduce a necessary condition that a
V. be conformal to a Ricci-recurrent space.

With reference to the conformal relation (2.1) we have
the following equations
(3.1) e 2Rpijx = Rnijk + gnk(0i,; — 0i0j) + 9ij(On,x — Gn0k)

—  wi(Gi,x — 9iOk) — Gik(Th, ; — OnTj) + (IrkGij — Injgix)A10
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whence

1 -
3.2) G4,j — 0i0j — ) (BRsj — Rj)

1 - = 1
T dm—D@m =2 948 — 94B) — 5 gibso.

Now let V, with metric tensor §,, be supposed to be a
Ricci-recurrent space. Differentiating (3.2) covariantly with
respect to g,; and substituting

R; ij k— Rc;)\k+ 2Rs,°'k+ R]kcl_l- Riko'; —g™ Gm(Ra)gik‘*'Rngjk

3.3)
gcj.k = 29.,% , Rx =R\
we get
3.4) i, jx — (9i%j,x + 0j0;, k)

1 - _ _ _
=-—3 { RijAk + 2Rjor + Rjko; + Rixo;

— g*6(Byigix + Bsigix) — Rij x|

gi;

1
— Sa @ =) | “EMe 200 — B} —5 0ifA, o)

But from (3.2)

1 _ _
00,k + 9j0i k — 20;0,0k = p— { 0i(Bjic-— Bjx) + of(Rix — Rik) }

-
2 — )(n — 2)

{ oi(gjkR — gixR) + ojgixR — gixR) }
1
-5 A o(cigix + 9igix) -
Substituting in (3.4), we obtain

1 - - _ -
(3.5) G, jk — 20’,‘0‘ij = ;——__—é { Rijlk -|- Z(R.'jd'k —|- Rj/cG; + R;kd'j)

— om(B}'gi + BI'gk) — (Bij,x + Rjxoi + Rixs)) |
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1
T 2m—1)(n—2)

— { 9B, x + R(gjxci + gixgj} ]

[e*R { gs(x + 20k) + gsx0: + Oirg; |

1
—3 { 94(A10), & + 810(g;x0: + gixoj } .

This is therefore a necessary condition to be satisfied by
the function ¢ in order that a V, with metric tensor g, be
conformal to the Ricci-recurrent V, with metric tensor gy =
=€*%y.

If V, is supposed to be an Einstein space we have simply

to put Ry ,—R,,=0 and R;= g gy in (3.5).

4. - The condition (3.5) which has been obtained by straight-
forward method is not simple enough. We look for a simpler
condition. For this purpose we first obtain the condition of
integrability of the equation (3.2).

Differentiating (8.2) covariantly with respect to «*, inter-
changing the indices j and lk and subtracting, the lefthand

C.

side becomes, after the operé.fion,
Gi, jk — Oi, kj + Gi, j Ok — i, x 0j = G Rk + Gi jOr — Oi k. 0;.
From (3.1) we obtain
0,Rijx = 0| Riji — Bk(0i, j — 6i0;) — giyg™*(Oh, k — OaOk)
+ 8%(9i,x — 0i0k) + gikg™*(on,j — OnGj) — (sgcgij — 8jgix)A;0]
= o,Rijx — 0x(0;,; — 0i9j) — % 9ii(810), x + gijoxAq0

1
+ 6j(0i, s — 9iox) + 5 9ik(A10), j — gik0jA.10 — (0xgi; — Ojgix)A10

—g 1
= 6 Rijk + 0505k — o0, + 5 { 9ix(810), § — gif(A10), k } .
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Therefore after the operation we obtain from (3.2)

— i
4.1) o Bijic + 5 { 9ir(310), 5 — 9ij(d:0), k|
hl D \
= a9 { (Bij,k — Rik,3) — (Rij, 5 — R, }

1 _ - - - -
T M= Dm—9 { Blgij, k — gik, 5) + (95,  — gaR, ;)

1
— @Bk — g, 5) | — 5 | 0i5(A10), x — gi(As0), ;1 .
Now apply (3.3). Then (4.1) reduces to

_ 1 _ _ _ _ - - -
OB = n_2 [Bij; k — Rik; j+ Rijor — Rixaj + 01g*(gi;Rex — GikRsj)

1 i - _ -
~am—1) | 2B(gijox — gikoy) + gi;R, x — guxR,; 1 ]

1 1
- n— 2 [Rij,k - Rik,j - 2(n _ 1) (giiRrk - gikRyf)] .

Writing as usual (Eisenhart, 1926, P. 91)

1

Rijx = R.'j,k — By, j — m (9B, x — g.-kR,,-)

(4.2) 1
Bijx = Rij;x — Rix;j — 3 —1) (948, x — gixR, ;)

the above equation reduces to
_ _ —= = -
oy Rij — oy [Biyor — Rixoj + o19*(gi; R — gixRyj)

R - 1
= =1 9% — g0l = —— [Bik — Rip].

n 2[
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Now from the conformal tensor (1.1) we get
cho?jk = ohé?jk = ohR?jk

+ ;;—_—l__é { R"kcj — R‘jok + C’h&“(gikétj - !;.’jf_?rtk) }

B _ _
) (9i50k — gik3;) -

+ n—1)(n—2

Substituting this in the above equation we obtain finally

1
(4.3) 0sCije = - — Rijx)

This is the condition of integrability of equation (3.2).
This reduces to a known result given by Brinkmann [1] in
the case when V, is an Einstein space.

Now supposte that V, is a Ricci-recurrent space specified
by a vector A;. Then from (4.2)

R&jk = R,'j)\k — R"klj + 2(” (g.kl go'jxk)-
Substituting in (4.3) we get
4 c ! R
(44) OsUsijk + n_2o isk

1
T n—2

——

_ _ Re®
Rij\x — Ruck; + 5 —1) (!hlcX — gijAx) : .

We may therefore state the following theorem :

THEOREM 5. A necessary condition that a space V, be con-
formal to a Ricci-recurrent V, is that there exists a function
¢ satisfying (4.4).

If V, be an Einstein space, we have simply to put R, =0
in (4.4).
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And if V, be a Ricci-recurrent space specified by a vector
ps we have simply to put in (4.4)

R
Ryr = Rype — Rapj + 50—, @ak — gue).

In conclusion, I acknowledge my grateful thanhs to Prof.
R. N. Sen for his helpful guidance in the preparation of
this paper.
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