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FUZZIFIED BLACKWELL'S METHOD
TO COMPARE EXPERIMENTS O

by Angeles GIL (*) and Teófilo BREZMES (*)

Abstract. — In this paper, we start by considering the décision problem in which expérimentation
is possible and the state space is finite.

Then, we study the problem of selecting the best of two experiments (any experiments from a
set ofpotential experiments which the décision maker wishes to take into account), when available
information from each ofthem is "vague". More precisely, we assume that the possible expérimenta-
tion only provides information belonging to a fuzzy information system (defined by H. Tanaka,
T. Okuda and K. Asai).

The sélection problem is approached by extending the BlackwelVs method of comparing experi-
ments to the described fuzzy case.

Keywords: statistical décision problem, loss vector, set of attainable loss vectors, fuzzy
information system.

Résumé. — Dans cet article, nous considérons en premier lieu le problème de décision où
l'expérimentation peut être réalisée et Vensemble des états de la nature est fini.

Puis, nous envisageons le problème de choisir parmi deux expérimentations (dans Vensemble des
expérimentations dont dispose le décideur) alors que Y information qu'ils peuvent fournir soit
« imprécise ». Ainsi, nous supposerons que l'expérimentation disponible apporte seulement informa-
tion qui appartient à un système d'information flou (concept qui a été défini par H. Tanaka,
T. Okuda et K. Asai).

Le problème de choix est résolu par Y extension au cas flou de la méthode de Blackwell pour la
comparaison des expérimentations.

Mots clés : problème de décision statistique, vector de perte, ensemble des vectors de perte
accessibles, système d'information flou.

1. INTRODUCTION

In this article, we shall be concernée! with the problem of choice among
certain potential experiments. In the Décision Theory, an experiment or
probabilistic information system (p.Ls.), is a probability space X = (X> &Xy P)
where the probability measure P belongs to a specified family of probability
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106 A. GIL, T. BREZMES

measures {Pe, 9 e 0 } . We assume that X is a set in the euclidean space R
and â$x is the smallest Borel a-field on X.

When 0 = {Ö!, 02, . . . 9JV} symbolizes the set of the possible states of
nature, a statisticaî décision problem with state space 0 is characterized by a
closed bounded convex subset A of UN, and a loss function so that the loss
from a = (al5 a2, . . -, a^), when the state Bt is arisen, is at (î=l, 2, . . ., N)
[i. e., if L dénotes the loss function, ai=L(Q(, a)]. Consequently, the set A
may be identified with the space of terminal actions. In addition, we suppose
that to obtain information on 0 the décision maker may select a p. i. s. from
the set of potential p. i. s. whose distributions depend on the state Öt e ©
chosen by nature.

Blackwell, [1], has stated a préférence relation between two p. i. s., assuming
that the available information from them is exact. This préférence relation is
based in the following concepts: "loss vector" and "set of attainable loss
vectors". The properties of this relation has been exhaustively studied in [2],

We now proceed to extend BlackwelPs method to the more gênerai case in
which the available information from a potential experiment is "vague*'.
Formally, we shall consider the situation where the available information
from a p. i. s. X = {X, $x, P) belongs to a fuzzy information System on X.
A fuzzy information System on X is a f uzzy partition SE = {Xl9 X2, . . ., Xm)
on Xy so that Xr ( r=l , 2, . . ., m) is a fuzzy event (i. e., the membership
function of Xry \xXr, is a Borel measurable function from X to [0, 1]).

Remark: It is worth emphasizing that the préférence relation above (which
is called Blackwell's method) was gathered and exhaustively studied by
Blackwell, but is was initially proposed (in a private communication) by
Bohnenblust, Shapley and Sherman.

2. BASIC CONCEPTS

Suppose that the available information from the p. i. s. X = (X, Mx> P)
results in a f. i. s. 3£= { Xu X2, . . ., Xm }. Then, we define:

D.2A. — Any function à that maps the f.i. s. & into the space of terminal
actions A is called décision function. The class of all décision functions from
X is denoted by 3X.

Following Zadeh, [13], we can define the probability distribution on 5T,
given by:

Jx
*) . V 9 , e e , r - 1,2, . . .,m (2.1)
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(the intégral being according to Lebesgue-Stieljes sense).

We next extend the concepts of "loss vector" and set of attainable "loss
vectors", using Zadeh*s probabilistic expression:

D.2.2. - The vector &(i) = (0l(Qi9 d)9 ^(G2 , d), . . ., @(BN, d)\ where:

m

£ for i= 1, 2, . . ., N,

is called loss vector associated with the décision function d e <3X.

D. 2.3. - The set of points $(d) above described, where d ranges through
@X9 will be called set of attainable loss vectors in the décision problem. This
set will be denoted by $(9£y A).

3. PREFERENCE RELATION IN THE FUZZY CASE

Let X and Y be two potential p. i. s. in the statistical décision problem.
Suppose that the available information from X and Y results in the f. i. s.

% = { Xlf X2i . . ., Xm} and 9 = { Yu Y2, . . ., Ym.}, respectively.

B

We say that SC is more fuzzy informative than 9, written 3C £ &9 if and
only if âl (SC, A ) = ^ ( ^ } A), whatever the closed bounded convex set of
terminal actions A may be.

B

We say that SC is as fuzzy informative as <8ff written $£ — <&, if and only if

M(3C, A) =&(<$/, A), whatever the closed bounded convex set A may be.
It is worth remarking that as in the non fuzzy case, [1], there are some

equivalent conditions for the stated préférence relation. Thus, in order to

give it an intuitive interprétation, we note that SC £ 9 if and only if for every
N

choice ofpi^O, i = 1, 2, . . . N, such that £ pt = 1:

N N

min X px0t(% d)^ min £
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for all closed bounded convex set of terminal actions.
B

Obviously, the relation ^ détermines a partial preordering on the set of
f. i. s. corresponding^ to the potential experiments.

4. PROPERTIES OF THE PREFERENCE RELATION

We now examine some properties of the extended method. First, we recall
certain définitions:

D. 4.1. — A p. i. s. X from which the exact information x can be obtained
with a probability irrespective of the state, V x e X9 is called null probability
information System.

D.4.2. - If X = (X, mx, P\) and Y = (Y, mY, Pj), 9 ^ 0 , are potential
p. i. s., the combined probabiîistic information System is a p. i. s.:

such that Pi. and PjJ. are the marginal probability measures from Per Particu-
larly, the p. i. s.

X(ft) = X x X x . W . xX, neN,

is called rondom sample of size n from X.

D. 4. 3. — X and Y are said to be independent p. i. s, if and only if V0 (e0
the probability measure Pe. associated to X x Y is the product measure of
the marginal probability measures P^ and P^..

D. 4.4. — We say that the fuzzy event Xr belonging to a f. i. s. % is quite
fuzzy if [iXr is constant.

In the fuzzy case we introducé following concepts:

D. 4. 5. — Let 6C and <% be f. i. s. on X and Y, respectively. We define the
combined fuzzy information System as the f. i. s. 3C x ®f on X x Y formed by
pairs (Xr, Y,,), Xre& and Yrz<&, so that (following Zadeh, [13]):

^ (Xr, yr,) = f f »Xr (x). \iYr, (y) dPQi (x, y), V G, G ©.
J JXxY

Particularly, the f. i. s. f ( n ) = f x f x . ". x# \ nef^J, on X(n>, is called fuzzy
rondom sample of size n from S£.
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D .4.6. — We define a statistique from X(n) as a real function from X{n\
In addition, we shall usually suppose that a statistic T(Xin)) from Xin) is a
p.i.s., so that in order to make "coherent" définition D . 2 . 2 we propose to
define the probability distribution ofT(X(n)) by:

Ôe, (t) = P* ( W *?>) = I ^ (Xn)) (4. 1)

T(4n))=t

(where U dénotes the "bold union", Giles[8], Zadeh[14]).

Remark: It should be recalled that a fuzzy partition is an ordinary partition
in the sensé of the "bold union", (J, and the "bold intersection", f7].
Moreover, a statistic from X(n) détermines a partition on Jfln) so that each
statistic value may be identified with the set of sample points mapping into
that value. In a similar way, the preceding probabilistic définition suggests
that each statistic value t of T(Xin)) may be identified with the bold union of
fuzzy sample points mapping in t, and thus T(X(n)) détermines a new fuzzy
partition on Xin\

The following are some interesting properties guaranteeing the suitability
of the préférence relation in section 3:

THEOREM 1: If N is a null p. i. s. resulting in a f i. s. Jf and X is a p. i. s.
B

resulting in a ƒ i. s. 5F, X % JT.

If Q is a p. i. s. resulting in a fus, where the avaïlable information is quite
B

fuzzy, 1, and X is a p. i. s. resulting in the f i. s. X, 6C > 1.

THEOREM 2: Let X and Y be two p. L s. resulting in the f i. s. X and <&,
respectively. Then:

B

X x 9 £ X.

Furthemore, if:
(i) the conditional distribution of Y given XreX does not depend on the

true state (that is, Y cannot add statistical information about & to what is
contained in Xr\
or:

(ii) & only provides fuzzy information quite fuzzy:

vol. 19, n° 1, février 1985
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THEOREM 3: A fuzzy rondom sample is more fuzzy informative that its size
is greater.

THEOREM 4; Let X, Y, Z bep. L s. resulting in the f. i. s. #", ̂ , £, respectively.
B

Suppose X and Y independent, Z and Y independent too. Then: 3C ^2t implies
that:

B

ar x <& > % x <&,

THEOREM 5:Let3T = { X n , . . ., XXnv X2U . . ., Xlni, . . . , * m l , . . ., XmnJ
be afA.s. on thep.Ls, X, and iet %° = {X°U X°2, . . .,}£} be thef.i.s. on X
defined as follows:

(Le., the éléments in B£° are obtained by grouping éléments in 3C by means of
the bold union). Then:

THEOREM 6: Let X be a p. i. 5. resulting in the f i. s. 3C. Let &{n) be a fuzzy
rondom sample from SC. Consider a statistic T(^(n)) from &{n\ If condition
(4.1) is assumed:

[We wish to point out that a p. i. s. as T(SCin)) is a very special case of f. i. s.
on the subset of R formed by values from

5. CONCLUDING REMARKS

The proposed method may be extended to the more gênerai situation in
which the states are fuzzy too. This extension can be accomplished in a way
similar to what is followed in [5, 7]. Moreover, the methods [3, 4] may also
extended to the fuzzy case.

Finally, we want to emphasize that this method is stronger than the
criterion in [5],
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