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ABSTRACT

In the present contribution, I report on certain non-linear and non-local extensions of
the conformal (Virasoro) algebra. These so-called V-algebras are matrix generalizations of
W-algebras. First, in the context of two-dimensional field theory, I discuss the non-abelian
Toda model which possesses three conserved (chiral) “currents”. The Poisson brackets of
these “currents” give the simplest example of a V-algebra. The classical solutions of this
model provide a free-field realization of the V-algebra. Then I show that this V-algebra is
identical to the second Gelfand-Dikii symplectic structure on the manifold of 2 x 2-matrix
Schrodinger operators L = —8? + U (with tro3U = 0). This provides a relation with matrix
KdV-hierarchies and allows me to obtain an infinite family of conserved charges (Hamiltonians
in involution). Finally, I work out the general V,, ,,-algebras as symplectic structures based
on n X n-matrix mt-order differential operators L = —0™ + Upd™ ™2 + U3d™ 3 + ... + Up,.
It is the absence of Uj, together with the non-commutativity of matrices that leads to the
non-local terms in the V,, ,,-algebras. 1 show that the conformal properties are similar to those
of Wp,-algebras, while the complete V}, ;,-algebras are much more complicated, as is shown on

the explicit example of Vj, 3.
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1. Introduction

In this contribution I will report on certain non-linear and non-local extensions of the
conformal or Virasoro algebra (with central extension). These algebras will be called V-

algebras.

The procedure will be to go from physics to mathematics. In particular, I will start
with a certain 1 + 1 dimensional field theory (non-abelian Toda field theory) defined by its
action functional. The corresponding equations of motion admit three conserved “left-moving”
and three conserved “right-moving” quantities (spin-two currents), expressed in terms of the
interacting fields. I will define canonical Poisson brackets from the action functional, which
provide the phase space with the canonical symplectic structure. Then I compute the Poisson
brackets of the conserved quantities. This algebra closes in a non-linear and non-local way,
reminiscent of W-algebras (which are however local), so it seemed appropriate to call this
algebra a V-algebra. The explicit classical solutions of the equations of motion induce a
“chiral” realization of the conserved quantities (i.e. of the generators of the V-algebra) in

terms of free fields. This will be the contents of section 2.

Then, in the third section, I relate the previously found results to standard mathematical
structures. I show that exactly the same algebra is obtained as the second Gelfand-Dikii
symplectic structure based on a second-order differential operator, that is a 2 x 2-matrix
Schrodinger operator L = —9% + U. Applying a straightforward matrix generalization of
the classical work on the resolvent by Gelfand and Dikii, this provides us with an infinity of
Hamiltonians in involution, hence an infinity of conserved charges for the non-abelian Toda field

theory I started with. It also immediately implies the connection with matrix KdV-hierarchies.

In the fourth section, I generalize all these developments to n x n-matrix mt-order differ-
ential operators L = —9™ + Upd™ 2 + U30™~3 + ... + U,, and so-called Vn m-algebras. The
latter are n x n-matrix generalizations of the W, -algebras. They are non-local due to the
reduction to U; = 0 and the non-commutativity of matrices. This fourth section is mathemat-
ically self-contained, (except that the reader is referred to my original paper for the proofs).
Of course, taking this section just by itself, misses the whole point of the present contribution
(at least in my physicist’s point of view), which is to relate abstract mathematical structures

to certain physical theories.
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2. The non-abelian Toda field theory
2.1. THE ACTION AND EQUATIONS OF MOTION

The one plus one dimensional field theory I will consider is defined by its action functional
2
S =St é = ) / dodr <8uravr + th?r 8,0yt + 0,y + ch2r e2¢> , (2.1)

where 7 is the time and o the space-coordinate and u = 7+ ¢ and v = 7 — ¢. The three fields
are r(7,0),t(r,0) and ¢(7,0). This action has the following physical interpretation. The first
two, ¢-independent terms, constitute a sigma-model describing a string on a two-dimensional
black hole background, while the last two, ¢-dependent terms correspond to an “internal” field
¢ (or a flat third dimension) and a tachyon potential ch2r e2®. However, this interpretation
need not concern us here. The constant v2 plays the role of the Planck constant and will be
seen later to control the central charge of the conformal algebra. As discussed below, this
model is obtained by gauging a nilpotent subalgebra of the Lie algebra Bs. The theory defined
by the above action is known as the non-abelian Toda theory [1] associated with the Lie algebra
By [2]. The general solution of the equations of motion is in principle contained in ref. 2 where
it is shown how the solutions for an equivalent system of equations can be obtained from the
general scheme of ref. 1. However, it is non-trivial to actually spell out the solution and put

it in a compact and useful form. This was done in ref. 3.

The equations of motion obtained from the action (2.1) read

shr
ch3r

Oy Oy = OytOyt + sh2r e2¢

(2.2)

0udut = =———— (Burdyt + utdyr)

0y Oy = ch2r e

Using these equations of motion it is completely straightforward to show that the following

three quantities are conserved [2]:

T =Tyy = (Bur)’ + th’r (3ut) + (0ug)” — 830
vE=vE = _\1[2_ (20,6 — Bu) [5 (Our £ ithr B,2)]

(2.3)
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ie.
8,T = 3,VE=0. (2.4)
Here v is defined by
Oyv = ch™2r gyt O = (1+ th2r)8ut (2.5)

where the integrability condition is fulfilled due to the equations of motion (2.2).

2.2. THE SYMPLECTIC STRUCTURE AND THE CONSTRAINT ALGEBRA

Now I will define the symplectic structure using canonical Poisson brackets. Recall that
u=7+0, v=1—o0. The action (2.1) can then equivalently be written as (as usual, a dot

denotes 9, while a prime denotes 9,)

1 1 1 .
S== /dea {5(7*2 -+ —2—th2r (2 — ") +

. 1(cz's2 — ¢?) + 2ch2re??| . (2.6)

2

The constant 42 can be viewed as the Planck constant 27#, already included ino the classical

action, or merely as a coupling constant. The canonical momenta then are
O =v"%F , My=v"2%h*i , Iy=9"2¢ (2.7)

and the canonical (equal 7) Poisson brackets are

{T(T7 0) ) HT(T’ 0/)} = {t(T’ 0’) ) Ht(T7 OJ)} = {¢(T’ U) ) H¢(T’ Ul)} = 5(0 - OJ)
{r(r,0), r(r,0")} = {r(r,0), t(r,0)} =... =0 (2.8)
{Ii(r,0), ILj(r,6")} =0 .

It follows that the only non-zero equal 7 Poisson brackets are

{(r(r,0), #(r,0)} =730 = o') , {t(r,0), i(r,0")} = {1—5(0 — o,

{#(r,0), 9(r,0)} = %00 =), {i(r,0),i(r,0")} = sh2r7chr'

and those derived from them by applying 6,0
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Before one can compute the Poisson bracket algebra of the T, V¥ one has to rewrite them
in terms of the fields and their momenta. This means in particular that second (and higher)
7-derivatives have to be eliminated first, using the equations of motion. One might object
that one is not allowed to use the equations of motion in a canonical formulation. However,
the conserved quantities given above are only defined up to terms that vanish on solutions
of the equations of motion. So the correct starting point for a canonical formulation are the
expression where all higher 7-derivatives are eliminated, while the expressions given in eq.
(2.3) are merely derived from the canonical ones by use of the equations of motion. One has,

for example, using the ¢-equation of motion (2.2)
Do = %(& +2¢' +¢") = %(qﬁ" + ¢') + ch2r e = 8,8,¢ + ch2r ¢2¢ (2.10)
where in the canonical formalism
Dr = %(72HT 4y Ot = %(y%h—% T+, Gy = %(721'[(1, + ). (2.11)

The canonical expressions for the ++4 components of the constraints are

T = (8,7r)% + th?r (3,8)2 + (840)% — (0ue)' — ch2re?®

1 4 ‘ , g
VE = %eiw 20,00y £ 2ithr 8,0t + 2th3r(9,t)% F 2ith?rd,ro,t (2.12)
sh Ourt' + 0utr’ .
40 3T Outt F Z—L—%——r — (Oyr) F ithr(04t)’ — sh2r ew]
ch'r ch*r

where the substitutions (2.11) are understood. For the Poisson bracket of T' with itself one

then obtains

1(5'”(0 -0d'). (2.13)

v {T(0), T(0")} = (05 — Ox) [T(c")é(0 — ¢')] - 5

T satisfies the same algebra (with ¢ — —0,0’ — —0o') while {T'(¢), T(¢")} = 0. These are

just two copies of the conformal algebra. If o takes values on the unit circle one can define the
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modes

™

Ly, =~2 / do [T(T, o)+ ﬂ en(r+0) (2.14)

-7

and similarly for L,. Then the bracket (2.13) becomes a Virasoro algebra

c
i{Ln, Lm} = (n—m)Lptm + 1—2—(713 — 1)0n+m,0 (2.15)

and idem for {L,, Ly}, while {Ln, Ln} = 0. Here c is the central charge given by

12
c=". (2.16)

f)/
The occurrence of a central charge already at the classical, Poisson bracket level is due to the
0% ¢p-term in T. This is reminiscent of the well-known Liouville theory. The factor i on the left
hand side of equations (2.15) may seem strange at first sight, but one should remember that

quantization replaces ¢ times the canonical Poisson bracket by the commutator. Hence (2.15)

is indeed the Poisson bracket version of the (commutator) Virasoro algebra.

In order to compute Poisson brackets involving VV* one needs the Poisson brackets involving
the field v. Now, v is only defined through its partial derivatives, and thus only up to a
constant. This constant, however, may have a non-trivial Poisson bracket with certain modes

of v and/or of the other fields. From (2.5) one has using (2.7)
Vo=~ + (2.17)
whereas one does not need ¥ explicitly. Equation (2.17) implies
0,0, {v(0), v(a")} = {V(0), V'(0")} = 2728 (0 - &') . (2.18)
This is integrated to yield {v(0), v(0")} = —y2€(0 — 0') + h(0) — h(c") where I already used

the antisymmetry of the Poisson bracket. e(c — ') is defined to be +1 if o > ¢/, =1 if 6 < o'

and 0 if 0 = ¢’. The freedom to choose the function A corresponds to the above-mentioned
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freedom to add a constant v to v with {v(c), vy} = h(c). However, if one imposes invariance
under translations ¢ — 04+ a, ¢’ — ¢’ + a then h can be only linear and one arrives at

{v(0), v(0")} = —7eq(o — ') = =2 [5(0 ~o') - %(0’ - 0')] : (2.19)

There is only one parameter « left, related to the zero-mode of v.

Before doing the actual calculation it is helpful to show how the result is constrained by
dimensional and symmetry considerations. First consider {V* (o), V*(c')}. Each V* contains
a factor €. The Poisson bracket of e?(%) with ¢%(?) leads to a term 42¢(0 — ')V (o) V(o).
All other terms are local, i.e. involve d(o — o) or derivatives of §(0 — o). On dimensional
grounds™ §(¢ — o) must be multiplied by a dimension 3 object (3 derivatives) and §(¢c — ')
by a dimension 2 object. Furthermore, these objects must contain an overall factor e?*”. If the
T,V*t and V™ form a closed algebra, there are no such objects. The same reasoning applies
to {V (o), V~(co')}. Thus one expects

vHVE(0), VE(0)} = e(o — )VE)VE() . (2.20)

It is a bit tedious, but otherwise straightforward to verify that this is indeed correct. Note that
it is enough to do the computation for V' since V'~ is the complex conjugate of VT (treating

the fields r,t, ¢ and v and their derivatives as real):

Vo= (V. (2.21)

What can one say about {V*(o),V~(c')}? Using (2.21) one sees that
{V*t(o), V7 (d")}* = —{V*t(0), V7 (0')}|lswo- This fact, together with the same type of

arguments as used above, implies

Y2Vt (0), V7 (0")} == e(o — YWH(o)V 7 (0') + (85 — 85)[ab (0 — o”)]

(2.22)
+ ib6(o — o') + i(82 + 02)[dS (o — 0')] + &6 (0 — ')

where a,b, d, ¢ are real and have (naive) dimensions 2,3,1 and 0. Hence ¢ is a c-number. Also,

b,a,d cannot contain a factor e*®. If one assumes closure of the algebra one must have

% The naive dimensional counting assigns dimension 1 to each derivative, dimension 0 to all fields r, ¢, ¢, v
and functions thereof, except for functions of ¢. e?? has dimension 2 as seen from the action, while
&(c — ¢') has dimension 1.

99



b=d=0and a ~ Ty4. After a really lengthy computation one indeed finds equation (2.22)
withb=d=0,a="Tyy and é= —3.

Finally the Poisson bracket of T' with V% simply shows that V¥ are conformally primary

fields of weight (conformal dimension) 2. The complete algebra thus is

(@ ~ 00) [T(0")5(0 — o)) = 56"(0 )
(0 — 0r) [VE(0")o(0 — 0')]
(o — o \WEo)WE(") (2.23)
—€(0 — o' )VE(o)VF(o)
4 (8, — 8y [T(0))b(0 — o')] %5'"(0 _ o).

7 H{T(o), T(e")}
T (0), VFo')}
)
)

I

v HVE), VE(
7 HVE), VI

}
}

The algebra of the —— components T, V¥ looks exactly the same except for the replacements
o — —0, ¢/ = —¢' and hence 0 — -8, €(oc — d') = —€(0 — o).

The algebra (2.23) is the correct algebra for 0 € R. If o € S', one must replace (o —o') —
e1(o — ¢') which is a periodic function (cf. eq. (2.19)). Also §(c — o) = Lse1(c — o) =
§(o—0')— 5 while §'(c—0’) remains unchanged. But since the right hand sides of (2.23) can be
written using only e(c—0o'), §'(0—0’) and 6" (6—0"), only the replacement e(c—0o') — €1 (0 —0”)

is relevant. One then defines the modes

™
vE= 7_2/daVi(7', o) e™7+o) (2.24)

and similarly for V.. The mode algebra is”

i{Lpn, L} = (n—m)Lpym + I%(n?’ — 1)0ntm,0
{Ln, Vi } = (n —m)Vii
. 1
iV, Vi) = Vo Vi (2.25)
k;éO
. c
z{V,ft, Vit=-= Z k_VTikan gt —m)Lpym + ﬁ(n?’ — N)0ntmo -
€ k20

This is a non-linear algebra, reminiscent of the W-algebras. What is new here are the non-local

terms involving ¢(o — ¢'), or the % in the mode algebra.

* As a further consistency check one can verify that the Jacobi identities are satisfied.
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2.3. THE CLASSICAL SOLUTIONS OF THE EQUATIONS OF MOTION

The essential point for solving the equations of motion (2.2) is to realize the underlying
Lie algebraic structure. Following Gervais and Saveliev [2], one first introduces fields a1, as, ay

and a_ subject to the following equations of motion

OuOpar = —2(1 4+ 2a4a_)e” ™
DuOy(2a9 — ay) + 20y (Fyara-) =0

' (2.26)
a“ (6{11—2(12 0@a+) — 2a’+€—2a2
B [e™ 4292 (9,a- — a2 dya1)] = 20 (1 + apa_)e 201420
It is then straightforward, although a bit lengthy, to show that we can identify
1
(f) = ";(ll
) 1] 0a. O |
Wt=3; [(1 + 2a+a_)_u_a_ _ Dl 2(1 4+ aya_)0u(a; — 2a2) (227)
2'L a_ a+
' Oy Oya—
Oyt = E [(1 +2a+a-) vit | Tud
20 Q4 a..

i.e. with these definitions the equations (2.26) and (2.2) are equivalent. The integrability

condition for solving for ¢ is given by the equations (2.26).

The advantage of equations (2.26) over equations (2.2) is that they follow from a Lie
algebraic formulation. The relevant algebra is By with generators hj, hg (Cartan subalgebra)
and E.,, Ee,, Ee, —¢,, Ev. 1e, and their conjugates EF = E_,. Then H = 2hy + he, J4 = E,
and J_ = E_,, span an A; subalgebra. H induces a gradation on By. The gradation 0 part
Gop is spanned by hy, hy, Ee, and E_., = E;Z The corresponding group elements gy € Gg can

be parametrized as
g0 = exp(ay Ee,) exp(a_E,) exp(ahy + aghs) . (2.28)
One can then show that equations (2.26) are equivalent to

au(g(-)mlavgw = [J-— ) g()_1‘]+90] :
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If one now defines g+ and g_ as solutions of the ordinary differential equations

8ug3" = 97 (95 T+ 90)

1 (2.30)
Gvg- = g-(g0J-95") -
and g = g_gog+ then one can show [2,3] that eq. (2.29) is in turn equivalent to
Ou(9710sg) =0 and 8,(d,9971) =0 . (2.31)

The general solution to these equations is well-known: ¢ = gr(u)gr(v). But each group
element g7, and gg has again a Gauss decomposition gr,(u) = gr—(u)gro(u)gr+ (u) and gp(v) =

9r-(v)gro(v)gR+(v) so that g = gr._(u)gro(u)gr+ (u)gr-(v)gR0(v)gR+(v). On the other hand
we also have the decomposition ¢ = g_gog+ where g4 and ¢g_ must obey the differential

equations (2.30). The latter translate into

dugr+(w) = —Fr(u)grs () , Fr(u) = g7t (u)Jigre(u) )
u9r-(v) = gr—(0) Fr(v) , Fr(v) = gro(v)J_gri(v) . '

The strategy then is
1. Pick some arbitrary gro(u), gro(v) € Gy.

2. Compute the solutions gy (u) and gg—(v) from the first order ordinary differential equa-
tions (2.32).

3. Let
I' = gro(uw)gr+(w)gr-(v)gro(v) (2.33)

and choose a basis |\,) of states annihilated by G (i.e. by E.,, E., ¢, and E,, 4.,. Then

using the different decompositions of g we have
Gap = (AglgolAa) = (AsT|Aa) - (2.34)

This yields all matrix elements of gy, solution of equation (2.29), which in turn, as shown

above, yields the solution for the a1, as, a4 and a_, parametrized in terms of the arbitrary

gro(u) and gro(v).
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I will now display the resulting solutions. For details of the derivation, see ref. 3. One
introduces three arbitrary (“left-moving”) functions fi(u), f+(u) and f_(u) of one variable
(parametrizing gro(u)), and three arbitrary (“right-moving”) functions g1(v), g+(v) and g_(v)
of one variable (parametrizing gro(v)). To write the results in a more compact way, introduce

the functions of one variable

Fy(u) = 2 / e f (2.35)

F3(u) = —2/6f1f+(1 + f+f-)

as well as

F+ :F1+f+F2 3 F_ :F3—f+F1 (236)

and similarly for G(v) etc, with f;(u) — gi(v). Then one introduces the quantities X,Y, Z
and V, W that depend on both variables v and v:

X=1+frg+ +FL Gy +F_G_
Y = (L4 frfo)(L+gig-) + f-g- + (F1 — f-F_)(G1 — 9-G_)
+ (P2 + f-F ) (G + 9-G-)
7 =14 2F1G1 + FyGy + F3G3 + (F2 + Ry F3) (G2 + G2G3)
V=—g-—f+—9+9-f+ — 9-F4G4 —g-F_G_+ F_G1 — FyGy

W=—f_ =g+ fafgs —[-FsGL - [ F.G_+ G- - Gy .

(2.37)

They are sums of products of left-moving times right-moving quantities. The complete solution

then is
e = 91z
e = :i:efﬁg?Z
1% (2.38)
— of1—2f2"_
a4 € v
Yw
— 2fa—hi
a_ =e 7

while the fifth equation is the relation XY —Z = VIW. From equations (2.27) one immediately
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finds

1
§(f1 + g1 —log Z)

Vw XY
2. _ —
sh®r = A 1 - (2.39)

o=

v

u
i %
t=to+i | f-fi—1 [ g-g +5log— .
0 Z/ff+ Z/gg+ 5108 7
which is the general solution of the equations of motion .

Using the equations of motion for ¢, r and ¢ it was shown above that the quantities
T =T,y and V* =y - are conserved, i.e. can only depend on u. This means that they
must be expressible entirely in terms of the f;(u)’s. Given the complexity of the solutions
(2.39) and (2.37) this is highly non-trivial and constitutes a severe consistency check. The
same considerations apply to T = 7__ and V* = V% . One can indeed show [3] that

Ty = (fl) - = ’+fi(f’_ — 214

il _ / 12
V= s(f=00) few | <2 [ £0 ) (- 121 a0
V=500 |ew |2 [ 101 ) 1y
It is then natural to set
f_:e\/ipl
fi= %6_‘/5‘”‘ (B ip1 + 10502) (2.41)

= V23

(and with a similar relation between the g; and ;). The conserved quantities T, V* are easily

expressed in terms of the @; as

3

1 1
T= =3 (05)* — —=0l¢
2; R (2.42)
= (VB3 — 8) [TV (0,01 T i002)|

Thus in terms of the ¢;, T has the standard form of a stress-energy tensor in a conformal field

theory with a background charge. The V¥ are local expressions of the fields ©;, analogous to
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standard vertex operators. (Of course, their Poisson brackets exhibit the non-local ¢(o — ¢')-

function.)

2.4. CANONICAL TRANSFORMATION TO FREE FIELDS

In principle one could now deduce the Poisson brackets of the f; and g; through the
transformation induced by the classical solution (2.39) and (2.41). More precisely, one would
have to allow formally that the f; and g;, respectively the ¢; and @;, depend both on u
and v since one has to consider the full phase space and not only the manifold of solutions
to the equations of motion. Nevertheless, equations (2.39) and (2.41), as well as their time
derivatives, constitute a phase space transformation from r(7,0), t(7,0), ¢(7,0) and their
momenta I1.(7,0), Il;(7,0), lI4(7,0) to new phase space variables fi(7,0), ¢i(7,0) and to
wi(1,0),i(1,0). (Of course, the equations of motion still imply 8,f; = Oug; = Opp; =
Oup; = 0.) In practice, this would be very complicated to implement. It is much simpler to
use the Poisson brackets of the T" and VT derived before, and then consider the T and V*
(or T and V*) as given in terms of the ; only (or @; only). Thus one does the phase
space transformation in two steps: r(7,0), t(1,0), #(7,0), I.(1,0), Ii(7,0), Ig(r,0) —
Tet(7,0), Vi (r,0), Vi (r,0) — ¢i(1,0), gi(r,0). This yields the Poisson brackets of
the ¢; and of the ¢; in a relatively easy way. These Poisson brackets are simple, standard

harmonic oscillator Poisson brackets:
{0,0i(0), Oprpj(0”)} = 7*6ij6' (0 — o) (2.43)

or
2

{0i(0), 9i(0")} = =5 ije(0 — o). (2.44)

. . *
If one considers o € S!. the mode expansion

Dripi(T,0) = \/__75_% 3 plemin(r+o) (2.45)

x Note that this is a Fourier expansion in o. The factor e7*"" is only extracted from the 7 for convenience.
The J, are still functions of 7. It is only if one imposes the equations of motion that the ¢}, are constant.
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leads to
Z{% ) (pfn} = néij6n+m,0 (2.46)

as appropriate for three sets of harmonic oscillators. The Poisson brackets of the ¢; are

analogous, while {g;(0), @;(c")} = 0.
2.5. ASSOCIATED LINEAR DIFFERENTIAL EQUATION

From experience with integrable models, in particular the (non-affine, conformally invari-
ant) Toda models [4] one expects that the conserved quantities appear as coefficients of an

ordinary linear differential equation, e.g. for the A,,_; Toda model

oy =Y W™ (w)arF| (u) =0 . (2.47)
k=2

The W) (u),k =2,...m are the conserved quantities which form the W,,-algebra, while the
solutions 1;(u) of this equation, together with solutions x;(v) of a similar equation in v, are
the building blocks of the general solution to the Toda equations of motion. The W) (u) have

(naive) dimension k.

In the present theory all conserved quantities have dimension 2, so one might expect
a second-order differential equation of the form (—82 + U)y = 0. To fit three conserved
quantities into U, it needs to be at least a 2 x 2-matrix. In ref. 3, I guessed the following

linear differential equation

oT(u Vt(u
[aﬁ - (54/(—(21) ﬁ;T(u() )ﬂ T(u) =0 . (2.48)

Actually, if one inserts the free-field representation (2.42) of T and V* one can see that

this equation admits the very simple solution

Y1 = exp(ap1 + ibpa + dps)
(2.49)

Ve = exp(ap1 — ibpy + dps) .
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if and only if

1 1
=— , b=d=——x

TR V2 (2.50)

a=6=1 ,fr=0_=-V2.

The existence of this very simple solution already is an indication that the differential equation
(2.48) is probably the correct generalization of (2.47) for W-algebras to the present V-algebra.

That this is indeed so was shown in ref. 5, and will be reviewed in the next section.

3. The V-algebra as second Gelfand-Dikii bracket,
the resolvent and matrix KdV-hierarchy

In this section, following ref. 5, I will relate the V-algebra obtained above to well-known
mathematical structures. In the case of the standard W,-algebras it was shown [6] that their
classical version coincides with second Gelfand-Dikii symplectic structure [7-12] on the space
of ordinary differential operators of order m (as in eq. (2.47)). What I will show here in the
remainder of this contribution, is that a straightforward matrix generalization leads to a whole
family of V-algebras. In this section I will obtain the algebra of the previous section from the

2 x 2-matrix second-order differential operator

(3.1)

T —2V+
L=0*-U, U= .
(-ﬁv— T )

The general case of n x n-matrix m*-order differential operators leading to Vn,m-algebras will

be treated in the next section.

If not indicated otherwise, 0 = J,, and U depends on o. U may also depend on other
parameters t1,to, .... In the previous section U depended on 7 and o, but, upon imposition of
the equations of motion , only through the combination o + 7. Actually, as usual (see below),

this is the first flow of the matrix KdV hierarchy: (%U = 0,U, so that 7 is identified with #;.

Let f and g be differential polynomial functionals on the space of second-order differential

operators L, i.e. polynomial functionals of U (and its derivatives). One defines the pseudo-
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differential operator

X;=0"1'X1+07%Xy , X1 = 57 (3.2)
where™ 8719 = 99~! = 1 and g% is defined as
oo (L ) o
T \-db Hh

so that % [tr U™ = nU™ !, and X is determined (cf. e.g. [8,9]) by requiring1L res(L, X¢] = 0.

As usual, the residue of a pseudo-differential operator, denoted res, is the coefficient of 971

One then has
/ of of
Xy = (5U) + = [U 6U} . (3.4)

Integrating this equation yields X3. Here, one observes a new feature as compared to the
scalar case: since in general [U, %J # 0, Xy will be given by a non-local expression involving

an integral. This is the origin of the non-local terms (~ e(o0 — ¢')) in the V-algebra (2.23).

In analogy with the standard procedure [7-12], I define the second Gelfand-Dikii bracket

in the matrix case as follows

{f,9}ap2 = a/da tr res (L(XfL)+Xg — (LX§)+LX,) . (3.5)

Using the definitions of L and Xy, X, it is straightforward to obtain

- 19f 209 1[99 of
{f,g}GDz—a/de (25(]6 st [U 5U] (6 [U JUD

(3.6)
of dg . dg of
~ sy \vo+ U)aU su\vo+ U)éU)

where the 07! is meant to act only on [U, (%] :

% On the circle S! e.g., 7! is well-defined on functlons without constant Fourier mode, i.e. f(o)
Ym0 fme‘""" One easily sees that (87'f)(0) = [do' }e(c — o')f(o") with e(o — o)
1 L 'Lm(cr o )

i

1 This condltxon is necessary since the coeflicient of 9 in L vanishes. I will discuss this condition in more

detail in the next section.

inu
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Inserting the definitions of the 2 x 2-matrices U and % one obtains

{f7 g}GD? = _5

20T 0T 20V+ 6V—  246V—" sV+

3f 09 8f . 0g  6f
T<5T65T+6V+86V— +5V 861/ —fe9)

a/dg{ 10f jg89 1 8f 309 16f 5 8g

5 5f

v <(5T 5T+ e 5T “Ue ))
5f 5f .6g

v <(5T sv- v ﬁ_(fﬁg))}

a ' ) Y _of ) _ 6 )
—;2—/-/d0dae(a—a)<v+m—v Sy= )(U)(V+W—g+—V S—Vg—_> (0") .
(3.7)

For completeness, let me note that the first Gelfand-Dikii bracket defined by {f,g}gp1 =
a [dotr res([L, Xf]+X,) is simply

5f . dg o0f . dg of . dg
{f,g}GDl = —a/da (6—7:(3?—*— 5V+8(5V_ + 6V_85V+ . (38)

Taking f,g to be T,V or V= one concludes that the second Gelfand-Dikii bracket (3.7)

coincides with the V-algebra (2.23) provided one chooses
a=-27"2. (3.9)

Henceforth I will adopt this choice and the only Poisson bracket used is the second Gelfand-
Dikii bracket, unless otherwise stated. Let me note that the free field representation of T, V*
in terms of the ¢; obtained in the previous section constitutes a Miura transformation since
it maps the second Gelfand-Dikii symplectic structure to the much simpler free-field Poisson

brackets. I will discuss the Miura transformation in more detaill in the next section.

Let me now turn to some results that are a bit more specific to second-order differential
operators, generalizing the classical work of ref. 13. For a hermitian n X n-matrix U define

the n x n-matrix resolvent R as

R(z,y;€) = (z|(-0° + U + &) 'y) (3.10)
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which is a solution of
(=87 + U(z) + E)R(z,4;6) = 8(z —y) - (3.11)

Just as in the scalar case, n = 1, the restriction of the resolvent to the diagonal, R(z;&) =

R(z,z;£) has an asymptotic expansion for £ — oo of the form

R(z; €) :Z Tf,/z- (3.12)

This equation is to be understood as an equality of the asymptotic expansions in half-integer
powers of 1/, disregarding any terms that vanish exponentially fast as £ — oco. From the
defining differential equation for R(z,y; &) one easily establishes that R = R(z; &) = R(z, ;§)

satisfies

R" —2(UR' + RU) - (UR+ RU") + [U, 07U, R]] = 4¢R’ (3.13)

(where R’ = 0, R(x;€) etc.) and hence that the coefficients Ry, of the asymptotic expansion
(3.12) satisfy

4Rl ., = Rl —2(UR!, + R,U) — (U'R, + R,U") + [U, 07U, Ry]] . (3.14)

This allows us to determine the R, recursively:

1
RO :i
1

Ry=-2U

1
Ry =—(3U% - U™

e 2 (3.15)
Ry = — 6—4(10(]3 — 5UU" — 5U"U — 5U"° + UW)

1
Ri =g —_(35U% — 210" - 21U"'U — 28UU"'U — 28U — 28UU"? — 140UV

+70UW 4+ 700U + 14U'U" + 14U + 210" + UO) |

One of the reasons why one is interested in the coefficients R,, is the following: if one defines
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an infinite family of Hamiltonians as
| o, = =" /dx tr Rp(x) (3.16)
" 2(2n-1) " '
one can show [5] that all H,, are in involution™:
{Hp,Hn} =0. (3.17)

The proof uses the fact that the recursion relation between the H,, (inherited from the
one between the R,) relates the first and second Gelfand-Dikii brackets: {H,, Hp}s ~
{Hp, Hni1hh = —{Hm+1, Hnh1 ~ —{Hm+1, Hno1}2 = {Hn—1, Hn+1}2, so that by iteration
one arrives at {Hy, Hp}o = {Ho, Hp+m}2 = 0. The first few H, are

1
lei/trU:/T

Hy = %/tr U? :/(T2+2v+v—)

1
Hy =3 / tr (2U%+U?) = / 2T + 12TVV™ + T2 4 2v+' v

) (3.18)
Hy= 5/tr (5U* + 100U + U'?)

= / (5T* + 20V V=2 + 60T2V YV~ + 10TT"
+20TvH V- 1 20T VIV 4 20T VYV 4+ T2 1 2v VT

Note that within our non-abelian Toda field theory, H; is the integral of the (++)-component
of the energy-momentum tensor I = Ty ,. Thus the Hamiltonian of the theory is H =
Lo+ Lo = Hy + Hy. The other H,, are all in involution with H; (and obviously also with Hj)

and thus are conserved under the conformal evolution of the non-abelian Toda field theory.

As usual one can define an infinite hierarchy of flows byT

ou

= -2
5 =" {U,H,} . (3.19)

Since {H,, Hs} = 0 it follows from the Jacobi identity that all flows commute.

* Such a family of H, in involution for the matrix Schrédinger operator L was already obtained a long
time ago in ref. 14.

1 As before, {-, -} is meant to be the second Gelfand-Dikii bracket. But since 4% = 4y~"{U, H:}op2 =
v~2{U,Hy+1}aD1, one can also use the first Gelfand-Dikii bracket and the next higher Hamiltonian
instead.
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The flow in ty gives the matrix generalisation of the KdV equadcion:i

OU _ (su2 - yy (3.20)
Oty
or in components
avE
g}T— =@ -T"+6VTVT) | - = (6TV*E — vy (3.21)
2 2

Just as the Virasoro algebra is a subalgebra of the V-algebra (2.23), the KdV equation is
simply obtained by setting V¥ = 0. Note that since all H, are symmetric in V* and V™ any
non-local term (~ e(o — ¢')) that might appear cancels in all flow equations, and the latter

are always partial differential equa‘cions.§

4. The Gelfand-Dikii symplectic structure for general n X n-matrix
mt-order differential operators and the Vo m-algebras

In this section, following ref. 16, I will compute the second Gelfand-Dikii bracket of two

functionals f and g of the n x n matrix coefficient functions Uy (o) of the linear mt-order

differential operatorﬂ
m m
L=-90"+ Z Ukam_k = Z Ukam_k . (4.1)
k=1 k=0
where 0 = %. To make subsequent formula more compact, I formally introduced Uy = —1.

The fuctionals f and g one considers are of the form f = [tr P(Uy), where P is some
polynomial in the Ug, k¥ = 1,...m, and their derivatives (i.e. a differential polynomial in the
Ug). P may also contain other constant or non-constant numerical matrices so that these
functionals are fairly general. (Under suitable boundary conditions, any functional of the
U;, and their derivatives can be approximated to arbitrary “accuracy” by an f of the type
considered.) The integral can either be defined in a formal sense as assigning to any function

an equivalence class by considering functions only up to total derivatives (see e.g. section 1 of

1 Matrix KdV flows were already discussed a long time ago in ref. 15.
§ This also follows from the equivalence with the first Gelfand-Dikii bracket which is local, see above.
€ Throughout the rest of this paper, m will denote the order of L which is a positive integer.
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the second ref. 7), or in the standard way if one restricts the integrand, i.e. the Uy, to the class
of e.g. periodic functions or sufficiently fast decreasing functions on R, etc. All that matters

is that the integral of a total derivative vanishes and that one can freely integrate by parts.

To define the Gelfand-Dikii brackets, it is standard to use pseudo-differential operators
[8,9] involving integer powers of 97!, as already encountered in the previous section. Again,
871 can be defined in a formal sense by 90~! = 070 = 1, but one can also give a concrete
definition on appropriate classes of functions. For example for C°-functions h on R decreasing

exponentially fast as o — oo one can simply define (971h)(0) = [ do'ie(o — o’)h(0").

Throughout this section, I will only state the results. The reader is referred to ref. 16 for

all proofs.

4.1. THE GELFAND-DIKII BRACKETS FOR GENERAL Uy,...Up

In analogy with the scalar case (i.e. n = 1) [8,9,10,12], I define the second Gelfand-Dikii

bracket associated with the n X n-matrix m™-order differential operator L as

(0} =a / tr res (L(X;LD)4 X, — (LX[)+LX,) (4.2)

where a is an arbitrary scale factor and Xy, X, are the pseudo-differential operators

m m
Xf = ZB"X, , Ag= Za—lY}

=1 = (4.3)
of g
X = — V= —>"—-—.
LT $Umi1 YT U1

The functional derivative of f = [dotr P(U) is defined as usual by
5f > d\" [ 8tr P(u)(o
(), =2 () T (+4)
ke Jigo o N %0 Uy ")y

where (U,E,T) );i denotes the (j,7) matrix element of the rth derivative of Uy. It is easily seen,
that for n = 1, equations (4.2)-(4.4) reduce to the standard definitions of the Gelfand-Dikii
brackets [8,9,10,12]. For m = 2, n = 2 and with the extra restrictions Uy = 0, tr o3U; = 0,
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equation (4.2) was shown in the previous section to reproduce the original V-algebra (2.23)

(with @ = —2v?). Working through the algebra (see [16] for details) and defining for { > 1
min(g,7)
ai ofs—T+l-1\[q
si= Y (T (45)
s=max(0,r)

with Sg’lj = 0 if max(0,7) > min(qg, j), one obtains the

Proposition 1 : The second Gelfand-Dikii bracket associated with the n x n-matrix m*-order

differential operator L as defined by eqs. (4.1), (4.2) and (4.3) equals

—

m—

1,9} :a/tr 2 V(f)iYi
J:
(4.6)

V(=) >

m 2m—j—1 min(m,p+j+l) (
I=1 p=0 g=max(0,p+j+l—m)

; —1
Sgﬁp,l a (q P )) Um—q(XlUm—p—j—Hq)(p) :

It is not obvious that (4.6) satisfies antisymmetry or the Jacobi identity, but this will follow

from the Miura transformation discussed below.

4.2. THE GELFAND-DIKII BRACKETS REDUCED TO U; =0

The problem of consistently restricting a given symplectic manifold (phase space) to a
symplectic submanifold by imposing certain constraints ¢; = 0 has been much studied in the
literature. The basic point is that for a given phase space one cannot set a cocrdinate to a given
value (or function) without also eliminating the corresponding momentum. More generally, to
impose a constraint ¢ = 0 consistently, one has to make sure that for any functional f the
bracket {¢, f} vanishes if the constraint ¢ = 0 is imposed after computing the bracket. In

general this results in a modification of the original Poisson bracket.

Here, I want to impose {f, Ui }|y,=0 = 0 for all f. Since Y, = 3‘5(7‘11-, one sees from (4.6)
that this requires V(f)m-1ly,=0 = 0. In practice this determines X,,, which otherwise would
be undefined if one starts with U; = 0. In the scalar case it is known [8,9] that X, should be
determined by res [L, X¢] = 0. The following Lemma shows that this is still true in the matrix

case.
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Lemma 2 : One has V(f)n-1 = —res [L, X¢], and for U3 = 0, res [L, X¢] = 0 is equivalent to

m—1 m
1 k
;1‘ ( Uma1-1, Xi] + E k l<l_1)(XlUm k)(k l)> . (4.7)

=1 =l
Note the commutator term which is a new feature of the present matrix case as opposed to

the scalar case.
One of the main results then is the following

Theorem 3 : The second Gelfand-Dikii bracket for n x n-matrix mt-order differential oper-

ators L with vanishing U; is given by

{f’g}(Z) :a’/ Z J+1 ’
7=0

m—1
1
=— > Um—j, 071 [Xp, Un—pa]]
=1
1 m—1 m-l k4l
+— {Z ( ) (XU =) DU
=1 k=0 (48)
- k+]+1
Z ( ) m—k—j— 1(Um—l+1Xl)(k)}
=0
m—1 2m—j— min(m,p+j-+i)
+ Z > C;”’,,ZU (XU i 129 ®

I=1 p q= maX(O,p+J+l ™)

0
c¥ qp+3 g\ (p—q+j+I
qp,l"qpl J [—-1

where the Sq’_j 1 are defined by eq. (4.5), and it is understood that Uy = —1 and U; = 0.
Remark 4 : If one takes m = 2, L = =02 + U, so that Us = U and X1 = X, only V(f)g is
non-vanishing:

~ 1 1 1 1

V(f)o =30, o7 U, X)) + (XU + UX) + 5(X’U +UX') - 5X”’ (4.9)
and with X = % and Y = 5%% one obtains (using [ 2071y = — [(07'z)y)

1 1 1
{9} = a/tr <—§[U, X107HU, Y] + §(X,Y +YX' - XY' -Y'X)U - 5YX'”> (4.10)

which obviously is a generalization of the original V-algebra (2.23) to arbitrary n X n-matrices
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U = Us. To appreciate the structure of the non-local terms, I explicitly write this algebra in

the simplest case for n = 2 (but without the restriction tr 03U = 0 which is present for (2.23)).
Let

_ ( T+V _ﬂw) . (4.11)

V2V T-Vi

Then one obtains from (4.10) (with @ = —~27?) the algebra

(0 — 00) [1(0")5(0 — 0")] ~ 55"(0 )
(8 — 05) [VF(0")b(0 — )]
(07 — 00) [V3(0")d(0 — 0')]
e(o — o)V (o)VF(o")
—e(o — o) (VF(0)VT (') + Va(0)V3(0")) (4.12)
(@ — 8y) [T(0"8(0 — o)] - %5’”(0 — o)
v {Va(o), VE(0')} = e(o — o')VF(0)V3(0")
v H{V3(0), V3(0")} = e(o = o)V (a)V ™ (0") + V™ (a)V T (0"))
(8 — 8y) [T(0")8(0 — o')] - %5’"(0 — o).

7T (o), T(o)} =
v H{T(o), VE(')}
7T (o), Va(o')}
(o)}
(o)}

|

—Z{V:t( ) :t CTI
v HVE(0), VF(o'

fl

Once again, one sees that T generates the conformal algebra with a central charge, while V',
V~ and V3 are conformally primary fields of weight (spin) two. It is easy to check on the
example (4.10), that antisymmetry and the Jacobi identity are satisfied. For general m this

follows from the Miura transformation to which I now turn.

4.3. THE MIURA TRANSFORMATION : THE CASE OF GENERAL Uy, ...Up,

Definition and Lemma 5 : Introduce the n x n-matrix-valued functions Pj(o), j =1,...m.
Then for functionals f, g (integrals of traces of differential polynomials) of the P; the following

Poisson bracket is well-defined

{f,!]}———ag/tr ((%)l%— [;IJ: ;Iﬂ]P) (4.13)
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or equivalently for n x n-matrix-valued (numerical) test-functions F' and G
{/ tr FPZ',/tr GPj} =ady | tr (F'G — [F, G]Pi) ) (4.14)

Note that due to the d;; in {4.14) one has m decoupled Poisson brackets. In the scalar case
(n =1), (4.14) simply gives {P;(0), Pj(0’)} = (—a)d;j6' (0 — ¢’). These are m free fields or m
U(1) current algebras. In the matrix case, one easily sees that each P; actually gives a gl(n)
current algebra. So one has no longer free fields but m completely decoupled current algebras.
This is still much simpler than the bracket (4.6). To connect both brackets one starts with the

following obvious

Lemma 6 : Let P;,j =1,...m be as in Lemma 5. Then
L=—(0—-P)0—P)...(0— Pp) (4.15)

is a mt-order n x n-matrix linear differential operator and can be written L = S 7v o Up,_ 10"

kth_order differential

with Uy = —1 as before. This identification gives all U,k = 1,...m as
polynomials in the P, i.e. it provides an embedding of the algebra of differential polynomials

in the Uy into the algebra of differential polynomials in the P;. One has in particular

m m m
=Y F , la=-Y PP+ (j-1)P. (4.16)
j=1 i<j j=2

I will call the embedding given by (4.15) a (matrix) Miura transformation. The most important
property of this Miura transformation is given by the following matrix-generalization of a well-

known theorem [11, 12].

Theorem 7 : Let f(U) and g(U) be functionals of the Uy, k = 1,...m. By Lemma 6 they
are also functionals of the Pj, j=1,...m: f(U) = F(P), g(U) = §(P) where f(P) = f(U(P))
etc. One then has

{f(P),3(P)} = {f(U),9(0)} (4.17)

where the bracket on the Lh.s. is the Poisson bracket (4.13) and the bracket on the r.h.s. is
the second Gelfand-Dikii bracket (4.6).
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The previous Theorem states that one can either compute {Uy,U;} using the complicated
formula (4.6) or using the simple Poisson bracket (4.13) for more or less complicated functionals

Ur(P) and Uy(P). In particular Lemma 5 implies the

Corollary 8 : The second Gelfand-Dikii bracket (4.6) obeys antisymmetry and the Jacobi

identity. Bilinearity in f and g being evident, it is a well-defined Poisson bracket.

4.4. THE MIURA TRANSFORMATION : THE CASE U; =0

As seen from (4.16), Uy = 0 corresponds to > .-, P; = 0. In order to describe the reduction
to 3. P; = 0 it is convenient to go from the P, i = 1,...m to a new “basis”: Q = >./", P;
and Py,a = 1,...m — 1 where all P, lie in the hyperplane @) = 0. Of course, () and each P,

are still n X n-matrices. More precisely:

Definition and Lemma 9 : Consider a (m — 1)-dimensional vector space, and choose an
overcomplete basis of m vectors h;, j = 1,...m. Denote the components of each h; by

h,;?, a=1,...m — 1. Choose the h; such that

m
Zhj 0,

=1

LY

byl

m
D hEhE =6y
1=1

and define the completely symmetric rank-3 tensor Dy, by
m
Dabe = Y _ hih2KS . (4.19)
i=1

Define @ and P, a =1,...m — 1 to be the following linear combinations of the P;’s

m

m
Pa=) WP , Q=) Pj. (4.20)
j=1

j=1

If one considers the P; as an orthogonal basis in a m-dimensional vector-space, then the P,

are an orthogonal basis in a (mn -- 1)-dimensicnal hyperplane orthogonal to the line spanned

by ¢.
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Proposition 10 : The Poisson bracket (4.13) can be reduced to the symplectic submanifold
with @ = 372, P; = 0. The reduced Poisson bracket is

(.9t =a [t (Wil = Vi, Wl DyaaPu — - PO (Ve ) (421)

O

where Vj, and W}, denote V, = 5—511,';, Vo= 5—6, W, = 5—‘% and Wy = g%. Equivalently one has

{ / tr FPy, / tr GPe} = a / tr (GF’(S,,C — [F,G]DpedPa — %[F, Pb]a‘l[G,Pc]) . (4.22)

Corollary 11 : The Poisson bracket (4.14) when reduced to @ = Z;"zl P; = 0 can be

equivalently written as

1

(i9h=a [ (GG - ) - [F.GIEs - )5 (R+P)

N | =t

2
m (4.23)
[F, P)o71[G, Pj]) .

1

m

Theorem 12 : Let U; = 0 and hence @ = Z;'_l__l P; = 0. By the Miura transformation
of Lemma 6 any functionals f(U), g(U) of the Uy only (k = 2,...m) are also functionals

f(P) = f(UP)), 5(P) = g(U(P)) of the P,,a = 1,...m only. The reduced second Gelfand-
Dikii bracket (4.8) of f and g equals the reduced Poisson bracket (4.21) of f and §.

Corollary 13 : The second Gelfand-Dikii bracket (4.8) obeys antisymmetry and the Jacobi

identity. Bilinearity in f and ¢ being evident, it is a well-defined Poisson bracket.
4.5. THE CONFORMAL PROPERTIES

In the scalar case, i.e. for n = 1, the second Gelfand-Dikii bracket (with U; = 0) gives
the Wy,-algebras [6,17,18]. The interest in the W-algebras stems from the fact that they
are extensions of the conformal Virasoro algebra, i.e. they contain the Virasoro algebra as a
subalgebra. Furthermore, in the scalar case, it is known that certain combinations of the Uy
and their derivatives yield primary fields of integer spins 3,4,...m. It is the purpose of this
section to establish the same results for the matrix case, n > 1. From now on, I only consider

the second Gelfand-Dikii bracket (4.8) for the case U; = 0. I will simply write {f, g} instead
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of {f,9}(2)- Also, it is often more convenient to replace the scale factor a by 72 related to a

by

a=-2v%. (4.24)
(Note that 42 need not be positive.)

The Virasoro subalgebra

For the original V-algebra (2.23) (corresponding to m = 2, n = 2 and an additional
constraint tr o3Us = 0) one sees that T = %tr U, generates the conformal algebra. 1 will now

show that for general m,n, the generator of the conformal algebra is still given by this formula.
Lemma 14 : For arbitrary m > 2 one has

m— 2

1
{/tr FUz,/tr GU,) = a/tr (= SR 010716, U] - [F,GY(Us - ™2 0))
1 1/fm+1 (4.25)
+Z(F'G— G'F +GF' - FG')Up — = GF’”) .
2 2\ 3
Note that for m = 2 one has to set Uz = 0.
Proposition 15 : Let T(o) = %tr Us(o). Then
_ n{m+1\.
Y HI(), T(00) = O = 00) (Towtlor —on) = 1 ("3 )" (o1 = o). (420
Equivalently, if, for ¢ € S, one defines for integer
Ly =2 / Ao T(0)e™ + 5 brg (4.27)
where
6r (m+1 127 m+1
= (") =G () e

then the L, form a Poisson bracket version of the Virasoro algebra with (classical) central

charge ¢ :
. C
i{Lp, L} = (r — ) Lpys + E(T3 —7)8r 450 - (4.29)

Also, if {A,},=1, .n2—1 is a basis for the traceless n x n-matrices, then each S,(o) =

tr A,Uz(0),p = 1,...n% — 1 is a conformally primary field of conformal dimension (spin)
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7T (01), Su(02)} = (001 = 0,) (Su(02)é(01 — 02)) (4.30)

or for the modes (S,), =72 [7_do S,(0)e™ one has i{Ly, (Su)s} = (r — 5)(Su)r+s.- Equa-

tions (4.26) and (4.30) can be written in matrix notation as (1 denotes the n X n unit matrix)

FHT(01), Uzp(02)} = (0, — 8y) (Uz(02)8(01 — 09)) — %(m; 1

)1&%al—ag. (4.31)

The conformal properties of the Uy, for £ > 3

Having computed the conformal properties of the matrix elements of Uy, I will now give
those of all the other Uy, i.e. compute {T(01), Ug(o2)} or equivalently, for any (test-) function
e(a), compute { [ €T, Uy (o2)} for all £ > 3. I will find that this Poisson bracket is linear in the
U; and their derivatives and is formally identical to the result of the scalar case. It then follows
that appropriately symmetrized combinations W}, can be formed that are n x n-matrices, each

matrix element of Wy, being a conformal primary field of dimension (spin) k.

Proposition 16 : The conformal properties of all matrix elements of all Ug, k = 2,...m are

given by

_ k—1{m+1
v 2{/6T, Up} = —eUp, — ke Uy + _Z_—(k—{—l)E(kH)

Ml m— —1(m—1
n _m=lfm F-1H+D
— [\k+1-1 2 \k-1

which is formally the same equation as in the scalar case n =1 [18].

(4.32)

Since the conformal properties (4.32) are formally the same as in the scalar case, and in
the latter case it was possible to form combinations Wy that are spin-k conformally primary

fields [18], one expects a similar result to hold in the matrix case. Indeed, one has the

Theorem 17 : For matrices Ay, Ag,... A, denote by S[A1, A, ..., A, the completely sym-
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metrized product normalized to equal A" if A; = A foralls=1,...7. Let

Wi —ZBklUk Y+ S () S, U

0<p1<.--<pr
B (4.33)
BT
+ Z (‘)TDpl...pr,l S[U(pl),. . .,U2 )’Ul( 2P )}
0<p1<..-<pr
SSlSk—Zpi—zr

where the coefficiets By, Cp,..p, and Dy, p, 1 are the same as those given in ref. 18 for the

scalar case, in particular

k—1\ fm—1
By = (=)F (k——’z-,)c_fl;-—il : (4.34)
( k-1 )

Then the Wy are spin-k conformally primary n X n-matrix-valued fields, i.e.
7—2{/ €T, Wi} = —eW,, — ke Wy, . (4.35)

For o € S! one can define the modes (Wg)s =72 ["_do W(0)e* and the Virasoro genera-

tors L, as in (4.27). Then one has equivalently

i{Ly, (W)sh = ((k = D — 5) (Wi)r+s (4.36)

where each (W})s is a n x n-matrix.

Examples : From the previous Theorem and the results of ref. 18 (their Table I) one has

explicitly:
W3 =Usz — = 2U§
3 (m—-2)(m-3),, (Gm+7)(m-2)(m-3) ,

Wyg=Uys — Ut + U

o 37 10 2 10m(m? — 1) U 4.37
Wy = 3(m - 3)(m 4) U (m —2)(m — 3)(m 4) i (4. )

28 3 84 2
1 _ —
(Tm + 13)(m — 3)(m — 4) (UaWs + Wall) |

14m(m?2 — 1)
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4.6. EXAMPLE OF THE V,, 3-ALGEBRA

From the previous subsection one might have gotten the impression that the matrix case is
not very different from the scalar case. This is however not true. In the previous subsection only
the conformal properties, i.e. the Poisson brackets with T' = %tr 1U; were studied, and since
the unit-matrix 1 always commutes, most of the new features due to the non-commutativity of
matrices were not seen. Technically speaking, only tr V(f) was needed, not V() itself (cf. eq.
(4.8)). In this subsection, I will give the Poisson brackets, for the (more interesting) reduction
to U; = 0, of any two matrix elements of Uy or Us, or equivalently of Uy or W3, for m = 3.
This is the complete algebra, giving a matrix generalization of Zamolodchikov’s W3-algebra

[19]. (Recall that F' and G are n x n-matrices of test-functions.)

{/tr FU2,/tr GUy) = a/tr (- %[F, U)o YG, Uy] — [F, G]W:

1 (4.38)
+5(F'G+ GF' = FG' ~ G'F)U; - 2GF’”) ,

{/tr FUz,/tr GW3} = a/tr (— %[F, U5)071 G, W3] — %[F, G|U2
Ly Lo 1
+ (=3 Gl+ S G+

1
+(F'G+GF - SFG — 5G’F)Wg) ,

—[F,G"))Us (4.39)

{/tr FW3,/tr GW3} = a/tr (— %[F, W3lo~YG, W)

1 2
—[F G](VV3U2 + U2W3) + ~(FU2GW3 - GUQFW3)

1
%(F UsGU;y — G'Up FU,) + 1—(FG' GF\U2 + Tl GlUSUsy (4.40)
%[F/ G ]W o _é[F G]//W + (FG/I/ + C”/F FIIIG GF///)U
é—(F”G’ +G'F'"-FG"- G”F YUa + EGF(")> .

One remarks that in the scalar case (n = 1) this reduces to the Poisson bracket version
of Zamolodchikov’s W3-algebra [19], as it should. In the matrix case however, even if F =
f1, G = g1 (with scalar f, g) this is a different algebra, i.e. { [ tr W3(0), [ tr W3(c”)} does not

reduce to the Ws-algebra, since the r.h.s. contains the non-linear terms and tr U22 # (tr Up)2.
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In other words, the scalar (n = 1) Wp,-algebras are not subalgebras of the matrix V;, ,,-algebras.

The only exception is m = 2, since one always has a Virasoro subalgebra.

10.
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