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Matrix integrals, Toda symmetries, Virasoro
constraints and orthogonal polynomials

M. Adler* P. van Moerbeke!

Symmetries of the infinite Toda lattice. The symmetries for the infinite Toda
lattice,

oL 1
0.1 — = [=(L"),, L =1,2,...
( ) atn [2( )37 ]7 n )< ?
viewed as isospectral deformations of bi-infinite tridiagonal matrices L, are time-
dependent vector fields transversal to and commuting with the integrable Toda
hierarchy. As is well known, this hierarchy is intimately related to the Lie algebra
splitting of gl(o0),

(0.2) gl(00) =D, ®Dy 5 A= A, + Ay,

into the algebras of skew-symmetric A, and lower triangular (including the diagonal)
matrices A, (Borel matrices). We show that this splitting plays a prominent role
also in the construction of the Toda symmetries and their action on 7—functions;
it also plays a crucial role in obtaining the Virasoro constraints for matrix integrals
and it ties up elegantly with the theory of orthogonal polynomials .
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Define matrices 6 and ¢, with [§, €| = 1, acting on characters x(2) = (xn(2))nez =
(zn)neZ as

(0.3) Ox = zx and ey = 3% -

This enables us to define a wave operator S, a wave vector W,
(0.4) L= 865" and U= Sexp? 2o b y(z),

and an operator M, reminiscent of Orlov and Schulman’s M-operator for the KP-
equation, such that

(0.5) LY =2¥ and MV = ﬁ\I/,
0z
thus leading to identities of the form:
(0.6) MPLAY = za(ﬁ)ﬁw.
0z

The vector ¥ and the matrices S, L and M evolve in a way, which is compatible
with the algebra splitting above,

v 1, s 1,
oL 1, . oM 1,
(0.8) o =GN and S = [5(L7),, M)

and the wave vector ¥ has the following representation in terms of a vector! of
7-functions 7 = (Th)nez: .

i -n
(0.9) U(t, 2) = eT0s (zn__e_i_(_t_)—

= 2"V )nez-
e ’

The wave vector defines a t-dependent flag

L DWELLDWED Wi, D ..

lwith n =Y7° 2.9 . note the 1/2 appearing in ¥

i Ot;!
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of nested linear spaces, spanned by functions of z,
(0.10) Wi = span{z*¥;, 2" W q,.. )

Formula (0.6) motivates us to give the following definition of symmetry vector
fields (symmetries), acting on the manifold of wave functions ¥ and inducing a Lax
pair on the manifold of L-operators 2:

(0.11) VeV =—(MPL*)¥ and Y,ag)L = [~(MPL*),, L]
It turns out that only the vector fields
(0.12) Y, := an+g(§_)n = —(M"L"), forn=0,{ €Z and n=1,4> —1,

conserve the tridiagonal nature of the matrices L. The expressions (0.12), for n = 1,
£ < —1 have no geometrical meaning, as the corresponding vector fields move you
out of the space of tridiagonal matrices. This phenomenon is totally analogous to
the KdV case (or pth Gel’fand-Dickey), where a certain algebra of symmetries, a
representation of the sub-algebra ® Diff(S')* C Diff(S') of holomorphic vector fields
on the circle, maintains the differential nature of the 2nd order operator 58;:27 +q(x)
(or pth order differential operator).

According to a non-commutative Lie algebra splitting theorem, due to ([A-S-
V]), stated in section 2 and adapted to the Toda lattice, we have a Lie algebra
anti-homomorphism:

(0.13)
Wo === {Zn-l—é<§_)n)n = O)E € Z,OI’TL = lag Z '_1}
z
— {tangent vector fields on the ¥-manifold} :
z”“(—a—)” S acting on ¥ as in (0.11)
8,2 zn+l(5)n7 g . y

to wit,
(014) [Y,j’Q, ‘Ym,l] = Nm+[’0 &Hd [Yg,l,Ym,l] = (f — m)Ym+e’1.

2sometimes Ypss o Will stand for Y« 2 s

*Diff(S!)* = span{zF*1 2, k> -1}
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Transferring symmetries from the wave vector to the r-function . An
important part of the paper (section 3) is devoted to understanding how, in the
general Toda context, the symmetries Y, ,, acting on the manifold of wave vectors
V¥ induce vector fields Lg ,, on the manifold of r-vectors 7 = (75) ez, for n =0 or I;
this new result is contained in Theorem 3.2:

(0.15)
Yenlog¥ = (e77— 1)L plogT + %(Lg,n log(l)>. (Fundamental relation)
Ts
forn=0,f€eZandn=1, £> -1

Whgre “Yenlog” and “Lenlog” act as logarithmic derivatives*, where Ly, f =
(Linfi)jez, and ®

0.16) L3, =P+ 25 —£—-1IP + (2 - IO, Lo =27 + 250,

Note the validity of the relation not only for infinite matrices, but also for semi-
infinite matrices. Also note the robustness of formula (0.15): it has been shown to
be valid in the KP-case (continuous) and the 2-dimensional Toda lattice (discrete)
by [A-S-V]. We give here an independent proof of this relation, although it could
probably have been derived from the [A-S-V]-vertex operator identity for the two-
dimensional Toda lattice. The rest of the paper will be devoted to an application of
the fundamental relation.

Orthogonal polynomials, skew-symmetric matrices and Virasoro con-
straints. Consider now in section 4 an orthonormal polynomial basis (p(t, 2))n>0
of H* = {1,2,22,...} with regard to the weight po(z)e2o #*dz = e~Y0+2s t= on
the interval [a,b], —00 < a < b < 00, satisfying:

(0.17)
/ ©pat b
—R =V = “§§°—a; =2 and fola)pla)a = foblo(B)t" =0 (k=0,1,...).

The polynomials p,(t, z) are t-deformations of p,(0, z), through the exponential in
the weight. Then the semi-infinite vector ¥ and semi-infinite matrices . and M,

— MnLn+£) o) ) )
(( \Ilj b )J a,nd (ﬁe,n log(:_&)) . = [:g,n‘r] _ Ee'"’r].f.l

*for instance Y, ,log ¥, := 5 274
Sset J5) = b0, SN = 32+ 3(—n)t-n, and PACEES YN Ji(l)Jg(I) :
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defined by

(0.18)  W(t,2) =exp? 2o ' (p,(t,2)),50, 2% =LY and %\p = MY

are solutions of the Toda differential equations (0.7) and (0.8). Moreover, ¥(¢, z)
can be represented by (0.9) with 7o = 1 and

1

(0.19) To = ol

/ 47 e-Tr V(@7 6Trzt s .
Ma(a,b) ’ =

here the integration is taken over a subspace M, (a, b) of the space of nxn Hermitean
matrices Z, with eigenvalues € [a, b].

We prove in Theorem 4.2 that in terms of the matrices L and M, defined in
(0.18) and in terms of the anti-commutator {A, B} := $(AB+BA), the semi-infinite
matrices®

(0.20)
1 7
V1= (@, 17) = QUM L2 L™ o), with Vo = Q i= MA(L)+2L 1),
0
are skew-symmetric for m > —1 and form a representation of the Lie algebra of
holomorphic vector fields Diff(S!)*, i.e. they satisfy

(0.21) Vi, Vo] = (n — m) Z aiVinants, m,n > —1.
i>0

Thus, in terms of the splitting (0.2), we have for orthogonal polynomials the following
identities:

(0.22) (Vim)p =0, forall m> -1,

leading to the vanishing of a whole algebra of symmetry vector fields Yy, on the locus
of wave functions W, defined in (0.18); then using the fundamental relation (0.15)
to transfer the vanishing statement to the 7-functions 7,, we find the Virasoro-type
constraints for the 7,,, n > 0 and for m = —-1,0,1,2,...:

(0.23) Z (ai(JZ-(JQr)m +2n Ji(}r)m +n? J,(?r)m) — bi(Ji(qlL)mH +n Jﬁ)mﬂ)) Tn = 0,
i0

6the matrices V,, are not to be confused with the potential Vj, appearing in the weight.
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in terms of the coefficients a; and b; of fo and hg (see (0.18)). In his fundamental
paper [W], Witten had observed, as an incidental fact, that in the case of Hermite
polynomials V_; = M — L is a skew-symmetric matrix. In this paper we show
that skew-symmetry plays a crucial role; in fact the Virasoro constraints (0.23) are
tantamount to the skew-symmetry of the semi-infinite matrices (0.20).

They can also be obtained, with uninspired tears, upon substituting

(0.24) Z v Z+efo(Z)ZF

in the integrand of (0.19); then the linear terms in ¢ in the integral (0.19) must
vanish and yield the same Virasoro-type constraints (0.23) for each of the integrals
Tn as is carried out in the appendix.

At the same time, the methods above solve the “string equation”, which is : for
given fo, find two semi-infinite matrices, a symmetric L and a skew-symmetric @),
-satisfying

(0.25) 1L, @1 = fo(L).

For the classical orthogonal polynomials, as explained in section 6, the ma-
trices L and (), matrix realizations of the operators z and %%\/,oo_ﬁ[ respectively,
acting on the space of polynomials, are both tridiagonal, with L symmetric and Q
skew-symmetric. In addition, the matrices L and @) stabilize the flag, defined in

(0.10), in the following sense:

(028) W, C Wiy and T_ W, C Wi_;.

This result is related to a classical Theorem of Bochner; see [C].

The results in this paper have been lectured on at CIMPA (1991), Como, Utrecht
(1992) and Cortona (1993); see the lecture notes [vM]. Grinevich, Orlov and Schul-
man made a laconic remark in a 1993 paper [GOS, p. 298] about defining symmetries
for the Toda lattice. We thank A. Griinbaum, L. Haine, V. Kac, A. Magnus, A.
Morozov, T. Shiota, Cr. Tracy and E. Witten for conversations, regarding various
aspects of this work. We also thank S. D’Addato-Mués for unscrambling an often
messy manuscript.
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1. The Toda lattice revisited

2. Symmetries of the Toda lattice and the ws-algebra

3. The action of the symmetries on the 7-function

4. Orthogonal polynomials, matrix integrals, skew-symmetric matrices and Virasoro
constraints

5. Classical orthogonal polynomials

6. Appendix: Virasoro constraints via the integrals

1 The Toda lattice revisited

On Z we define the function x (character)
X:ZxC—-C:(nz)r— xn(z)=2"

and the matrix-operators ¢ and €

(1.1)
0 1 -2 0
011 -1 0

6= 0 1 and ¢ = 010

1 1 0

0 2 0
acting on x as
(1.2) dx = zx and ex = 9.

: X =2zXx X =35
they satisfy
[6,€] = 1.

Proposition 1.1. The infinite matrix”
(13) fz = Z (,Lj(sj < D—oo,l; (lj(t) = diag(aj(n,t))nez,al == 1,

Jj<£1

"Die (k < £ € Z) denotes the set of band matrices with zeros outside the strip (k,¢). The
symbols ()4, (), ()o denote the projection of a matrix onto Do o0, D—co,—1 and Doo respectively.
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subjected to the deformation equations

(1.4) g—i = [(L™) 4, L) = [-(L™) -, 1], n=12,....

has, for generic initial conditions, a representation in terms of T-functions 7,

Fo_ 8g&-1 _ Tn \2 ﬁ 2
(1.5) L =368 _(”A;:?,ahkg%wLQ”)%f
where?

e s T=15TY) IR pa(=0)r(1)5T"
(L6) =T ST T 0

The wave operator S and the wave vector®

~ 00, i n e_nTn o
(1.7) Ji=eda b Sx(z) = (z 62——7:”——)%2 =: (2"Vp)nez
satisfy
| P .
1. LY = —_— = n = (™ .
( 8) v qu? 8tn (L )+\P7 atn (L )—S

Proof: The proof of this statement can be deduced from the work of Ueno-Takasaki
[U-T}; we consider only a few points: from equation (1.6), it follows that:

(1.9) S=T1-A6"'-B62~..., and S '=I+A6'+B6§ 2+ A6 A6 +. ...
with ~
9 p2(=0)7(t)
A=—1 = -
B, ogT, and B @)

Then, calling px7 := pr(—0)7, we have

8The pi’s are the elementary Schur polynomials e b7 S0 pk(t)z® and pr(—9) =

2 3
Pk(“‘b%’—%aitz’ —% ‘23,..,). Also [o] = (o, &, %, ).

9set n = 7" z——za% and ¥ =) 7 ¢;27

P
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(1.10)
I: = gég—l = 0+ (An+1 - An)ﬂEZéo + (Bn—H - By + AnAn+1 - Ai)neZé_l +...
= 6+ (—Q- log 2H1) 40

oty Tn >neZ
+(~P2Tn+1 PzTn+PlTnP17'n+1 _ PlTn)z

R

.I.

Tn+1 Tn Tn Tn+1 Tn >n€Z

yielding the representation (1.5), except for the §~!-term, which we discuss next.
To the Toda problem is associated a flag of nested planes W,,1 C W,, € Gry,

W, = span{z"V,, 2", ...}
~ 0 =~ 0 ~
_ S Y
span {z o ((%1) }

The inclusion Wiy C W, implies, by noting ¥y = 1 + O(z~1), that

gt—l\lfn —a¥, forsome a=alt).

(111) Z®n+1 =
Then a(t) = a% log 7+1/7» and putting this expression in (1.11) yields!®

{alt = 7, g1 (O} + 2(7alt = 27D Tnga () = Tt = 27 )7a(t)) = 0.

Expanding this expression in powers of z~! and dividing the coefficient of 2! by
TnTrn41 yield

821'n
_DP2Tn41 +1927’n +1717'1»]717'n+1 e —0

Combining this relation with the customary Hirota bilinear relations, the simplest
one being:

1 (92 . 82 Tn—-1Tn+1
————=Tn O Tn + The1Tna1 = 0, le. —xlogr, = ——
28t% n n n 7+ ) 8t% g n 7_7% )
we find
2
P2Tny1 | P2Tn | P1Tn P1Tn+1 P1Tn 9 0 Tn—1Tn+1
- + + - ) = —8—2‘10g Tn = _2—_,
Tn+1 Tn Tn  Tn+l Tn t1 TE

9 a8
{f,9y =3Lg-ro%
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and thus the representation (1.5) of L, ending the proof of Proposition 1.1.

Henceforth, we assume L as in proposition 1.1, but in addition tridiagonal: L =
> _1<j<1a567; this submanifold is invariant under the vector field (1.4); indeed, more
generally if L = > <1367 is a N +1 band matrix, i.e. a; = 0 for j < =N <0, then
L remains a N + 1 band matrix under the Toda vector fields. Moreover consider the
Lie algebra decomposition, alluded to in (0.2), of gl(c0) = D;®Dp 2 A = (A)s+(A)s
in skew-symmetric plus lower Borel part (lower triangular, including the diagonal).

Theorem 1.2. Considering the submanifold of tridiagonal matrices L of propo-
sition 1.1 and remembering the form of the diagonal matrix v = (Vn)nez, With
Y = ,/T—’T‘fi, we define a new wave operator S and wave vector ¥ :

(1.12) S:=~718 and ¥ := Sx(z)e”/?

also define

(1.13) L:= 865" and M := S(c+ % iktkék‘l)S‘l.
Then

(1.14) L={(..0, %,%logﬁ,%,o,...)n%

is symmetric and

~ -7 -7
(115) W=~ = 52y 1 E T (m), gy with U, = 220 T
T

+/TnTn+1 '

The new quantities satisfy:

dlo 1. s 1, . ov 1, .
(116) -—é‘t—g‘—’z = '2—(L )0 R E = _'2“([/ )bS and a— = '2"(]1 )S\I/,
(1.17) LY =2V and MY = —;—z—\ll, with [L,M]=1,
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and

oL 1. . oM 1,
—(L )SaLL Wn — [§(L )87M}'

(1.18) =l

Proof of Theorem 1.2: For a given initial condition v/(0), the system of partial
differential equations in

o, 1.
(1.19) 5 1og 7 = 5(E5);

has, by Frobenius theorem, a unique solution, since

120) (gl = e B¥) =l Ll + A )l

= (M) = (EM) o + ()=, ()4l = 0,

using [Ay, Bylo = 0 and [A_,B_]o = 0 for arbitrary matrices A and B. Given
this solution 7/(t), define S’ := 7'~1S and L' := §'65'~" = /7' Ly, and using
9S/0t, = —(L™)-S, compute

05 oy-1§) oy-'. 08
T T TR R e
&y - as
YA Ve SRpe L | —1>*
= -7 ((%k)v S+ o,
= (R8-S
]

= —E(L'k)OS' —(L"™)_8" since L' =+'"'Ly' and §' := '~1§
= — ((L/k)_ + —;—(L/k)o) S = —%(L’k)ysﬂ,
where
Ay :=2A_+ Ay and Ay = A— Ap.

It follows at once that

1.21) o = 5, 1] = [, )

225



Observe now that the manifold of symmetric tridiagonal matrices A is invariant
under the vector fields

DA
Otr

since for A symmetric, the operations ()y and ()¢ coincide with the decomposition
(0.2):

(1.22) = [ (A", 4] = [5(4"),, 4],

Ab/ = Ab and As/ = AS.

Tn41(0)
7n(0)
tion for the system of pde’s (1.19), makes L'(0) = ~/(0)~1L(0)(0)’ symmetric. Since
L’ was shown to evolve according to (1.21) or (1.22), and since its initial condition
is symmetric, the matrix L’ remains symmetric in ¢. Since L'(t) := v/~ () L(t)v'(t)
is symmetric and since, by definition, L(t) := v~ (¢)L(t)v(¢) is also symmetric, we
have L'(t) = L(t), and thus v/(t) = ¢y(t) for some constant ¢; but ¢ must be 1, since

v'(0) = v(0). This proves (1.14), (1.16) and the first halfs of (1.17) and (1.18).
Besides multiplication of ¥ by z, which is represented by the matrix L, we also
consider differentiation 9/0z of ¥, which we represent by a matrix M:

ov
bz

Now according to formula (1.5), picking 7/(0) := v(0) = as initial condi-

(1.23) 2/25—X+ Zktkz )eX/2Sx

= (P + §Zktkl)k_1> V= MY
1

with
[L,M] =1 and P:=8eS" ' eD_o 1.

Finally compute

oM _ 08 1 B 1y (1
Frali 8tn(S S)( +§Ektk6 )S
Lorn—1 l k—1 -—1&9_ -1
+ nL S(€+22ktk6 )S (%RS
1 1
= M+ I M) 4 M),
n 1 n
= [—5(13 )b+—2-L , M]
1 n
- [Eé(l; )S:jb[]’
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ending the proof of theorem 1.2.
Remark 1.2.1: Theorem 1.2 remains valid for semi-infinite matrices L; the proof
would only require minor modifications.

2 Symmetries of the Toda lattice and the ws-algebra

Symmetries are t-dependent vector fields on the manifold of wave functions ¥, which
commute with and are transversal to the Toda vector fields, without affecting the
t-variables. We shall need the following Lie algebra splitting lemmas, dealing with
operators and their eigenfunctions, due to [A-S-V].

Lemma 2.1. Let D be a Lie algebra with a vector space decomposition D = D, &
D_ into two Lie subalgebras D, and D_; let V be a representation space of D, and
let M C V be a submanifold preserved under the vector fields defined by the action
of D_, ie.,

D_-xCcTeM, Vre M.

For any function p: M — D, let Y,, be the vector field on M defined by
Y,(z) = —p(z)- -2, € M.
(a) Consider a set A of functions p: M — D such that
Yop=I[-q-,pl, Vp,g€ A

holds. Then Y:p — Y, gives a Lie algebra homomorphism of the Lie algebra
generated by A to the Lie algebra X (M) of vector fields on M:

[Yplvypz] = Y[Pl 2] Vpl,Pz = A;

and hence we can assume without loss of generality that A itself is a Lie algebra.
(b) Suppose for a subset B C A of functions

Zo(x) == q(x)4 -z € TyM, Ve e M,qe B,
and hence defines another vector field Z, € X (M) when g € B, and such that

Zep = [q4,p], Yp€ A,q€B,
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holds. Then
[Y,,Z, =0, Vpe A qeB.

Remark 2.1.1: A special case of this which applies to many integrable systems
is: V = D', a Lie algebra containing D, and D acts on D’ by Lie bracket, i.e.,

Y,(z) = [—p(z)_, al, ete.
Proof: To sketch the proof, let py, p2, p € A and ¢ € B; then the commutators
have the following form:

[Ypl’YPZ]('r) = 2 (l‘) and [Zq,Yp](m) = Zax,

where, using D_ and D, are Lie subalgebras,

Zy = (Yp,(p2))_ — (Yp,(p1))_ + [p1-,p2-]
= [=p1-,p2]- — [=p2—, p1]- + [p1—, 2]
= (~[p1=,p2] = [p1, 2] + [p1=, P2-] = P14, P2+])_ = —[p1, P2 -
and
Zy = (Ze(p))_ + (Yp(9)y — g+, p-]

= gy, pl- +[-p-,ql+ — la+,p-]
= lgr,p-]- +=r-, a4 )y — lav,p-] = lg4,p-) = lg+,p-] =0,

ending the proof of the lemma.
In the setup of the lemma, if we are given a Lie algebra (anti)homomorphism
¢:g— A, we denote Yy(,y by Y, and Zy(,) by Z, if there is no fear of confusion.

Theorem 2.2. Let L represent an infinite symmetric tridiagonal matrix, flowing
according to the Toda vector fields. There is a Lie algebra anti-homomorphism

wy = {zn+€(_(?_)n,n:0,€€ Zorn=140>—-1} - {

vector fields on the
0z

manifold of wave functions

zn—l—l(g_)n _ Yé,n"p _ _(MnLn-i—é)b\D
z
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satisfying

.
Yeo, Yio] = §5c+m, Yeo, Yon1] = €Y mip0 and (Yo 1, Y] = (£ —m)Ypye1.

They commute with the Toda vector fields:

0

Yo p, —
[¥e, Otr

= 0.

Note the vector fields Yy, induce vector fields on S and L = S6S~!
Yon(S) = —(M"L"),S and Ye (L) = [-(M™L" ), L.

Proof of Theorem 2.2: Taking into account the notation of 1.13 and in view of
Lemma 2.1 and the remark 2.1.1, set

D :=gl(x), Dy:=Ds, D_:=Dy and D' :=DxD
on which D acts via diagonal embedding D — D’ : p — (p, p).

V = D

M = respectively, the space of wave operatorsS, of wave functions ¥
1 oo

or of pairs (L, M) = (5657, S(c + Q—Zktkék‘l)s_l), with an
1

infinite symmetric tridiagonal matrix L
A = span { MnLH, n=0/4cZ
or n=14>-1
B := span {L* a € Z}

and
+

g = Wy
with the antihomomorphism ¢ : g — A given by
$(220°) .= MPL>.
Then the vector fields take the form:

Y, ¥ =—p¥, Y,S5=-pS, pcA
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( ) ([ — Db, ][_pb7M])7 A
LU =1(L™)0, LS :—%(L)
— Oy -9 g
oty Oty

by Theorem 1.2,

1, . 1, . 0
Zin oL, M) = ([5(E")s, L), [ (L) M) = 5~(L, M) by (L18).
Note that the vector fields
(21) Ym,() = YLm all m € Z and Yg’l = YMLHI, all £ € Z, Z -1
are tangent to M. Indeed for m < 0, the vector field reads
(2.2) éf—\I’ Ymol =—(L")p¥Y =-L"VY=—2"V for m<D0.

The solution to this equation with initial condition ¥(%) is given by
U === PO ¢, 2)

i.e., every component of the vector ¥?) is multiplied by the same exponential factor,
and so is each 7-function:
Ti(t) = Tp(t)e ",
Since the entries of the tridiagonal matrix only depend on ratios of 7-functions, this
exponential factor is irrelevant for L.
In the same way Y,, o (m > 0) is tangent to the space of symmetric tridiagonal
matrices, because the solution to

o o0
= Yo, — (™), U — m Jms — _,m el
B = Ymo¥ = ~(L™0¥ = (~L7 + (LM))¥ = —="0 4 25,

(2.3)
is given by
U = e%zt,-z"T(t + 25 — [2])

7(t)
Not only the vector fields Y, 0, but also the Y, 1’s (£ > —1) are tangent to the space
of symmetric tridiagonal matrices, because

(24)  Ygi(L) = [-(ML*"),, L], having the form a;6+ > a_;67"
0

— [-ML*, L)+ (ML), 1]
= L + [(ML*™),, L] = symmetric matrix for £ > —1.

With these data in mind, Lemma 2.1 implies Theorem 2.2.

230



3 The action of the symmetries on 7-functions

The main purpose of this section is to show that the symmetry vector fields Y defined
on the manifold of wave function ¥ induce certain precise vector fields on 7, given by
the coeflicients of the vertex operator expansion. The precise statement is contained
in theorem 3.2. Before entering these details, we need a general statement:

Lemma 3.1. Any vector field Y defined on the manifold of wave functions ¥ and
commuting with the Toda vector fields induce vector fields Y on the manifold of
T-functions; they are related as follows, taking into account the fact that Ylog acts
as a logarithmic derivative:

Tn

~ 1
(3.1) YlogW¥, =(e™ —1) Ylog 7, + =Ylog
2 Tn+1

w .
Zagn)z—z + a(()")
1

where Y is a vector field acting on T-functions; the part of (3.1) containing e="—1 is
a power series in z~! vanishing at z = oo, whereas the other part is z-independent.
For any two vector fields

o 1o .
(3.2) ¥, Y'}log ¥n = (7 — 1) [¥, ¥']log = + 5[¥, V'] log n_
Tn+1

showing that the map above from the algebra of vector fields on wave functions to
the algebra of vector fields on T-functions is homomorphism.

Proof: In the computation below we use v, = ,/I’Ti:—‘ and the fact that Y := -
commutes with the Toda flows 0/0t,, and thus with #:

e ",

(3.3) (log¥,,) = (log —logvn)  see (1.21)

n

(e™"rp) T 1 Tn
e, Tn + 2( 08 Tn+1)
1 n .
= (™" - 1)(logm) + E(log 7 ), using [,Y] =0.
n+1

Applying the second vector field Y’ to relation (3.3) yields

Tn

~ 1 N
Y'Ylog¥,, = (7" — )Y (Ylog 7n) + §Y'(Y log )

Tn+1
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with

Y(¥logf) = Y'(Xff»
YY) (WA
R P
_Ywn (e
7 T

Using the relation above twice leads at once to (3.2), ending the proof of Lemma
3.1.
The vector fields Y, ,, on ¥ induce certain precise vector fields on 7, constructed

from expressions W( nt1) appearing in the vertex operator expansion; notice the

expressions We( " differ slightly from the customary ones, because of the 1/2 mul-
tiplying ¢ but not 9/0t:

—1 1
:F—

(3.4) X (4, ) = e L0 sl =2 200 O e ke
= e%w*“" (t+ 7 = )

P D S ALC!

k=0 {=—

For instance

(3.5) WO =JO0 =6,  WH=gb  w@D=JD_(ny 1)

with
5? L 8
887” forn >0 ig::n e.6t; T _i;j:n Wi forn>0
JP =20 forn=0 J@&={ [#121 4521 ,
= St ‘4 ~ = 8 < '
%( n)t_, forn <0 4 Z.H%_n (its) (jit;) + i—jE:;-—n matj forn <0
j>1

We shall also need
(3.6) £}, =W +2WP + (12— )W = JP + (25 — £ - 1) I + (52— 5) IO

L= 2w +2iw® = 2J 4 251
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We also introduce W, which differs from W2 above by a factor 1/2,

- ) 1 -
(3.7) W@ = J@ @i—J with W® = W® = J® forn = —1,0

n ’

and an operator B, in z and ¢

0
(3.8) By, = —zm— Z Nty —
82 n>max(~m,0) a n+m

, MmEeZ,
which restricted to functions f(t;,t2,...) of t € C™ only yields
(3.9) Bpf = Jf for m = —1,0, 1.

The expressions J{? form a Virasoro algebra with central extension

14

(3.10) [Jg(l), ml | = §6£+m [Jél)y ‘]1512)] = EJT()::')F@
B -7
2, D) = (0= m) I, + " berm

12
and consequently the following Virasoro commutation relations hold, upon setting

3 _ 2 _ 202
(3.11) Ve=J? 4+ (al+b) " cgzgmhf(b QM)’

[‘/27 Vm] - (l - m)w+m + CE(SZ-I-m,O-

In particular, observe

. 2 - 3
W, W) = aw D, + £ s 0

Seem, (W, WD) = ((—m)W,5, 5"

6£+m
and!?

3.12 [, (J) fﬁ(j) 5 E(J) C(]) /— [:(j) s

( ) [ £07 ] - £4m,0 —I”Ce,_,, £+m, [ 2,1 ] ( m) e4+m,1 + Cy,;0+m-

The purpose of this section is to prove the following relationship between the
action of the symmetries on ¥ and 7.

Uwith cgj = € +25 —1) ¢ ; = —5(502 + 2452 +7)
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Fundamental Theorem 3.2. The following relationship holds
1 ;
(3.13) Yenlog¥ = (e™" —1)LypnlogT + :2-([,@,” log T — (Le¢,nlog 7')5>

for n=0, allfecZ
n=1, allf> -1

where Y, log and Ly, log act as logarithmic derivatives and where
(78); = Tim1 (LenT)s = LinTs ((Ce,n)a)j = Lo
Corollary 3.2.1. The following holds for m > —1:

(2 + 2705 + 72T,

Tj

— (ML ﬁzﬂm)b\p = (29;((e™ - 1)

+l(<J,S$> + 25050 + 2T (2 + 2G4+ DI 4 G4 DT ")
2 Tj Tj+1 jGZ,

where J,@ is defined in (3.5).

Remark that the statements of the theorem and the corollary are equally valid
for semi-infinite matrices. Before giving the proof we need three lemmas.

00zt D

Lemma 3.3. The operator B, defined in (3.8) interacts with n = 3°7° 2—-=- and
Y=Y tiz" as follows!?

- m—k 0 - m+k
(3.14) (Bm,n]=>Y_2"""— and Bn,T=-) 2"kt

k=1 Ot k=1

[Bm, e "] = —e™"[Bm,nl;

thus
[Bm,n) =0 when m < 0 and B,,> = 0 when m > 0.

2with the understanding that

(o9
Z:o if a<l.
j=1
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Moreover given an arbitrary function f(ty,tq,...) of t € C*®, define

-7
(3.15) o 2rt
f
Then we have form > 0
(1)
(i) -2 "P=%("- 1)W-3:'(f), m >0
7/(2)
(3.16) (i) (Bom + 2)® = d(c~7 — 1) Xm0,

(111) qu) — @((e—’r] _ 1) (Bm_[?my"?])f _ [Bmf,ﬂ]f).

Proof: The first commutation relation (3.14) follows from a straightforward com-
putation:

[Bm’n] = [—ZmH%,ﬂ]Jr[ Z Kty 0

k>max(—m,0) 6tk+m

NN B R
——ZI:Z a:

— Zm—z_ _ Z_j
; 8tz Xl: 8tj+m

The third commutation relation (3.14) follows at once from the fact that the bracket

[Bm, -] is a derivation and that [[Bm,n],n]. Also

X

max(—m,0)

00
BmZ = — Z ktkzk+m + Z ktk Zk+m = - Z k‘tk Zk+
1

k>max(—m,0) 1

Next, given ® defined as (3.15), we have that (using B,, is a derivation and (3.14)),
(3.17)

B,d = Bm€2/2ﬂ

f
_ ffB eS/2 4 (Bi2p ;f
= o((e™ - +2B T — _fﬂ—)
_ ~[Bmn))f | 1 _ [Bm,nlf
= q>( 7 + 5 BmE ; )
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which yields (3.16) (iii) for m > 0, taking into account the fact that B,,X = 0 for
m > 0. Equation (3.16) (i) is straightforward, using Wi = Mty
Proving (3.16) (ii) is a bit more involved; indeed first observe that for m > 0

. s, 1 =l 1
@ 0 _ , - _ "+ (m—1)
Wi f (n;nntn TR + i ?:‘1 Ntn (M — Nt —n + 4(m )mtm)f
m—1 1
— mf—!—42ntnm Wtmnf + — ( — Dmitm f;
n=1
therefore
) B_n
(3.19) (e — 1y 2=t
f
whr 1
= (e7"—-1 L tn(m — 1) tm_n — 1)t
( (77— X ntalm=n) (m = Dtm)
o)
= (7" -1)—=%
( ) f
S = 1) ({t = 257t = ™) bt
4n:1nm n n z m—n m_nz m—n
1 1 .
—Zm(m — D ((tm — s Y~ tm)
W(Q) f 1 m—1
= (e —-1)—/—2 2 nt,z" .
( ) f 2 n=1
Using expression (3.17) for B,,®, —m < 0, and [B,,,n] = 0 when m < 0, we find
M, _ B_onf 1 Mt
B_,,+—)P = P((e7"-1 B_.. —
(Bom +—5") ((e >f2z+2)
B _ Bomf 1&g .
= (e~ 1) 73 Z kti), using (3.14)
i(2)
= P(e™"-1) —fm , using (3.19),

ending the proof of (3.14) (ii) and thus of Lemma 3.3.
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Lemma 3.4. The following holds (v = €0 = diag (---,v; =1, -+))

(i) (PL?), = vLs + L_

(ii) (PL) Y =" -D)2v-I)—

m log )

0 lo 7'+1/(z— 0
ot ° Bt

131

Proof: First consider
(3.20)
PLmt! = Gepmt1 S5~ = Spom S = [S, V]@mS_lJrI/S(?mS_l =[S, u]am5—1+uLm.

Since v = €8 is diagonal, since S € D_ o and so [S,v] € D_q,-1, We have
(S, 0]0S™! € D_so and thus ([S,v]0S™1), =

This combined with the above observation leads to

(3.21) (PL?)¢ = (vL)s = vLyy — (vLyy)T
=vliy —L_v
=v(lyy+—L_)+vL_—L_v
=vLs+[v,L_]

=vLs+L_, since|v,L_]=L_,

since I_ just has a band one below the diagonal. In order to evaluate (PL?)s¥, we
need to know L,¥ and L_¥. Anticipating (3.25), we have by (2.3) and (3.3)

0 (9
Yy oW = —Lpy¥ =2¥(e™" — )81&1 logT — 8t1 log —

=2U(e™ — 1)8i log T — LoV, by (1.20),
131
and, since Ly = 2L_ + Ly,
1 _ 0
(3.22) LW =—(Ly—Lo)¥ =—-V(e™"—1)—logr,
2 Oty

whereas, using .
15, t—[z7))
|- E%Et, ,Y——IT.’]( :
(= 75(t) )
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we have (using the logarithmic derivative)

6\1»' 5 8 Ts
. VW =2—=2U(e""-1)—1 ¥ —¥—Ilog—.
(3.23) LW 25t1 (e )8151 ogT+ 2 oL 0g —

Using these two formulas (3.22) and (3.23), in (3.21) we have
(PL*V = vLV+L_VY

o .
= Y™ -1)2v— I)B(i—l log 7 + 20V — V\Ila—tl log —:é

This lemma proves the main statement about symmetries for the sf(2,C) part

of the Virasoro symmetry algebra; this is the heart of the matter.

Lemma 3.5. The vector fields {Y_11, Y01, Y1 1} form a representation of sé(2,C)
and induce vector fields on T as follows (in the notation (3.6)):

B __(ML£+1)b\Ij . ‘Cé,lT 1 (ﬁg’ﬂ‘ ' ﬁg,lT )
(3.24)  Ygilog¥ = 7 =M= )=t 5 (= (=)
for £ = —1,0,1.
Also
B _(Lé)b\p P ﬁe,oT 1 (['E,OT ;Cg,oT )
(3.25) Yeolog ¥ = —o=— = (7" = ==+ 5 (== — ()5

for ¢ e 7.

Proof of Lemma 3.5: Relation (3.25) will first be established for £ = —m < 0 :

Y o = —(L7™)p¥=—-L""V¥, since L™ eD, for m>0
= —2z7"Vv
-7
— 2’7—1X <___1Z—-m(62/2_6__7l))
2 Tn neZ
w -
= 2¥(e™" —1)—=—, applying (3.16)(i) componentwise to
T

b = 62/2—8—777-”
Tn
ow ) - L1 (2W9%T (QWS,’J
T 2 T T

= (e -1) )5)),
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the difference in brackets vanishing identically. The same will now be established
for £ = m > 0; indeed

Ymol = —(L™)¥
= (L™ +(L™),)¥
= 2"V 4 Qi\ll using (1.22)

Otm
Jd e "r
— ™ my 4 9 /2 -1
+ 2"V + 2e X—atm( —7),
-n
using ¥ = 525 L1y
.
-7 0 0
= 2e¥/2y~71 7—((e"”—1)8Tlog'r—|—’yat ), using (3.3)
2WDr 1 2wy oW Dy
] -1 _ 1 m - m _ m
((e ) T +2( T ( T )6))

. Tj+1 (9 1 8
= [T and yy T =~ log .
SIMCce v; 7 an ’)/atm’}’ 8tm ogy

Relation (3.25) for £ = 0 is obvious, since
2ut 2ut 1 /LooT LooT
) =3 (25 - (=)

Yool  —(L%)¥ 1 1

> — — ] = _ ___2 = e e — [ —

" Z 1 = -2 = 5 (2~ (e
To prove (3.24), consider now

(3.26) — (ML™), ¥

MLm+1 (ML"‘“) )w

(-
(zm“ 4= Zktk (5™ + (PL™),) ¥
(==

I

z 1 > ktr(LFT™), + (PLm“)S)\I/, using (1.28)

2 k>max(—m,0)

since (L%)s =0fora <0

0
U+ (PL™H ¥
ak+m> ( )

= (—Z"H_lﬁ + Z k’tk

k>max(—m,0)

= BV + (PL™), U using the definition (3.8) of By,

, -1
= (zjvj'le(eE/26 T'TJ Njez — 2™v¥ — WB,, logy + (PL™M), ¥,
j
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remembering the definition (1.21) of ¥, using the definition (3.8) of B,,, and using
the fact that B,, is a derivation.

1. For m = —1,0, we have
PL™ €D_no andthus (PL™1),=0.

We set m — —m with m > 0. Componentwise, the above expression reads, by
adding and subtracting mt,,/2 (m > 0) and using definition (3.8) of B_,, and
I/:dlag(,%)

(—(ML=™),0);

| . - t
= 27! <B_m + mT —Jjz m) 62/2% — 20, (B_m(log'yj) + %)
7
. Mt . z~—m e T,
= 5! (B_m + 57+ 21— 6o,m)(——2~>> (e¥2—2)
2
. tm 1 .
A, <B_mlog’yj + %—) = 57¥,260m
, o w (o
= 22W;(e™" — 1)( ”:(TJ) + 25 _:(TJ)) (using (3.16)(i) and (ii))
J J
1 w (T541) W (74) T5+1
SRR\ Y SRAS A AR TN TS LA using v; = ,/-21L. (3.9) and (3.7
27 V(- ) (wing o = /=, (39) and (37))
1 o W WS ) Mbm (1)
+=270, | —2(f + 1) —LF 42— 20} (using —— = W_,})
2 Tj+1 T 2

1, .
+§ZJ\IJj(—2]60,m)

W 42w+ (72 = HW)n
i

= (e - 1)(

L WS+ W+ (2 = )W),
2 Ty
VS 426 DWE £ (G 1) G W)y

Ti+1

since, in the last line, =2j = (2 — ) — ((j + 1)2 = (j + 1)) and 8, = W'%.. Thus
relation (3.24) for m = —1 and 0 follows from the simple observation (3.7) that
ng1 = VVE?L form=0,1.
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2. For m = 1 in (3.24), we use the identities in Lemma 3.3(iii) and Lemma 3.4(ii)
n (3.26):

—(ML2?),¥

(B1 — [Bi,n))r _ \I,[BhU]T

T T

= Ye7-1) — 2v¥ — %\I/Bl logE + (PL?),¥
T

using (3.16)(iii)

_ —n (@ _ 0 v 0 1@, T8
U(e D 8t1)10gT o log T — 20¥ 2\IIJ1 log
+¥(e™ - 12— 1)— 0 logT + 2v¥ — v¥U— 0 logE
8 1 d 1 T
using (3.9), [Bi1,n] = % (see (3.14)), and Lemma 3.4(ii),
1
: 0
_ -7 _ (2) _ (2) _on Y
V(e = 1) + (20 2) g5 log T + 2(J + (2 = 2)5-)logr
@ 9
__—(J +2u—6—1)log75),
- ((e“" _ 1)517,_17' +% (51,17 _ (£1,17)6>> ’

T T

using in the last line, the definition (3.6) of £, ; and ﬁﬁlTjH = ((£117)s);, estab-
lishing (3.24) for m = 1, thus ending the proof of Lemma 3.5.

Proof of Theorem 3.2: The only remaining point is to establish (3.13) for n =1
and all £ < 2. To do this we use the underlying Lie algebra structure. First we have
the following identity, using (3.2) and (3.1),

_ . . 1re . Tn
(€7 = D[Voegys Voo gy | 1087 4 5[ Vaagyn, Vaw 0] log _—
[Voo(2y6, Yow 2y | log ¥n
= Y log ¥,
[Za'(%)ﬁ’,zﬂ(%)ﬁ] g
Tn

= (77— I)Y{ ] log 7, + %Y[

og .
2 (L) o (£)P (@) = EP] T
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The terms containing (e™" — 1) in the first and last expressions are power series
in z~!, with no constant term; the second terms are independent of z. Therefore,
equating constant terms yield:

Tn

(Z) ([QVZQ(B@;)’B’YZ“/(B%)W} - Y[za’(%)ﬁ’,za(%)ﬂ] )log Tnil =0
and thus also
(e — 1)([Yza(%)@,§(za/(3%)ﬁ/] - Y[za/(%)y,za(%)g]ﬁo@;’rn = 0.

Since (e~ — 1) f = 0 implies f = constant, there exists a constant ¢ depending on
a,B,a’, 8" and n such that

A

(44) ([Yz"(%)"’YZ"'(%)"'] - Y[Zd(%)ﬁ"za(%)ﬁ])long = Capa’pm;

relation (i) says capo s is independent of n; hence (ii) reads
The two relations (i) and (ii) combined imply

~

(3.27) (Yoo Voriprr] - Y[w'(%)ﬂ',za(%)”] o)1 =0

with
Copo’p independent of n.

Applying (3.27) to

{zm-i—l_agz_’ ZE] — gzm+€ and [z€+l%)zm+l %] — (m i e)zm+£+1 %,
leads to
(3.28) ([Yeo, Y] = ¥ esmo — Com ) =0
and

A

([Ym,lyYf,l} - (m - E)Ym+e,1 - C:n,g)'rn =0.
By virtue of (3.12), we have

(3.29) [Leo, Lm,1] — €Lmye0 — constant = 0.
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According to (3.25) we have )
Yeo0=Leo
implying by subtracting (3.29) from (3.28)
[Ee,o,Ym,l — L) = constant, for £,m € Z,m > —1.

The only operator commuting (modulo constant) with all £,¢ = 25‘2—] + (=O)t_, is
given by linear combinations of a constant, ¢, and 9/0t,, i.e.:

(3.30) Ymi1— Ly = Z c(m)JHm, for m > 2, (c(_”;,z = 0)

7
Jj=—00

=0 form=-1,0,1.

Putting Y, ; from (3.30) into the second relation of (3.28) implies (modulo con-
stants)

Lo + Z ™ T Loy + Z I = (m =) (Lanen + 5O IY, )
j=—o0 j==—o0
which also equals by explicit computation, using (3.12):
= (m = O)Lmren — 20 G+ 0T e + 2™ G +m) IS e
Comparing the coefficients of the J1)’s in two expressions on the right hand side
yields
331)  (m—-0™ = (m+ )™ — (€ +5)ct? provided m 4 j+£#0
with ¢™ = 0 for m = —1,0,1, all j € Z.
Setting £ = 0 in (3.31), yields

F(™ — c§0)) =0 and thus cgm) = c§0) for j+#0,—m,

implying
cgm) =0 alm>-1 and j+#0,—-m.
Also, setting j = 0 and £ = —1 in (3.31) yields

mef™ = (m+ D)™ -, form > 2,
implying by induction, since c(()_l) = c(() ) =0
™ =0 forall m> -1,

concluding the proof.
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Proof of Corollary 3.2.1: According to theorem 3.2, the vector field

1 1
Y1 + T—;E—Ym,o = —(ML™1 4 T—;—Lm)b,
acting on V¥, induces on 7; the vector field
‘ 1 .
L+ =Ly = JP 4 @ —m= DID 4 (= Jomo

m+ 1 )
+——2—(2J,§3> + 26m.0)

= JD + 2570 4 5270

establishing the corollary.

4 Orthogonal polynomials, matrix integrals, skew-
symmetric matrices and Virasoro constraints
Remember from the introduction the orthogonal (orthonormal) polynomial basis of

H*T = {1,2,2%,...} on the interval [a,b], —0o < a < b < oo,
(4.1)

Pr(t,z) = 2" + ... (monic) and p,(t, 2z) = Pr(t, z) (orthonormal), r > 0,

1
y/ Pr(t)
with regard to the t-dependent inner product (via the exponential e t"zi) :
b ) i i
(4.2) (u,v); = / wvupedz, with py(z) = e” T 62 — po()e2 65",

ie.,
(Ps, Ps)e = hibi; and (ps, p;)e = 645

Then the semi-infinite vector (of (, )g-orthonormal functions)
(4.3) U(t,2) = €T p(t, 2) 1= 3557 (po (8, 2), pr(t, 2),...) T,
satisfies the orthogonality relations

(4.4) (W, 2))s, (P (t, 2))500 = (ilt, 2), 5 (¢, 2))e = bis,
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The weight is assumed to have the following property!3:
(4.5) |
Py TXbE ko)
T Y0 T oo P
Po Yo @izt fo(2)

Define semi-infinite matrices L and P such that

with  po(a) fo(a)a® = po(b) fo(b)b* =0, k> 0.

(46) Zp(ta Z) - L(t)p(ta Z), (t’ Z) = Pp(t’ z)

9
82"

The ideas of Theorem 4.1 are due to Bessis-Itzykson-Zuber [BIZ] and Witten
[W].

Theorem 4.1. The semi-infinite vector ¥(t, z) and the semi-infinite matrices L(t)
(symmetric), and M(t) := P(t) + £ S kt, L*1, satisfy

(4.7) 2V(t,z) = L(t)¥(t,z), and %\Il(t,z) = MU(t, 2)
and

oL 1., . oM 1., ov 1. .
(4.8) ETR 5[([1 )s, L], T '2‘[(13 )s, M|, and ETR ‘2‘(L )s 5

the wave vector ¥(t, z) and the L2-norms h,(t) admit the representation

; -1
(49) \I'(t, Z) = C%Et‘z’ <anu__]_)_) hn(t) _ Tn41 (t)
Tn(t)Tnp1 (t) ™20 7n(t)
with
= 1 —~Tr Vo(Z)+3t:Tr Z° 3r7.
(4.10) To(t) = ol /Mn(a,b)e dZ;

the integration is taken over the space M,(a,b) of n x n Hermitean matrices with
eigenvalues € [a, b].

13the choice of fy is not unique. When Vj is rational, then picking fo = (polynomial in the
denominator) is a canonical choice.
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Proof: Step 1. Suppose ¥ = BV and P(z,a%)\ll = PV where B and P are
matrices and P is a polynomial with constant coefficients. Then

P = [B,P].
Indeed, this follows from differentiating P(z, %)‘If = PV, and observing that
PBY = PY = PV + PV = PV + PBY.

Step 2. The matrix L € D_1 is symmetric because the operation of multiplication
by z is symmetric with respect to {, ) on H* and is represented by L in the basis
pi- Moreover, P € D_, _; and [L, P] = [L, M] = 1. Also for k > 0,

oV  dp ;

oo i 1 o0 . 1 00 i 1 .
4.11) — = B2 b + 2 it 3y tizt (P ~Yit; @—1> = )
(4.11) it 22 it;iz* " pet 2 —|—22th U =MV

establishing (4.7).

Step 3. We now prove the first statement of (4.8). Since Opi/0t; is again a polyno-
mial of the same degree as px, we have:

) ; ‘
(4.12) P = S A@p, A9 €D,
ot 0<e<k

The precise nature of A® is found as follows: for £ < k,

0 = o [l

0 0 a0 _ i .
- 8221_Cpépt(z)d2+ / pka?pt(Z)dZ‘f‘ / dz(5,-¢ X2 pepe,  using (pi, p;) = 6

= /Z Af:}pjpgpt(z)dz + /Z(Li)kjpjpg, using (4.12) and (4.6)
i<k i)

= AL+ (e

and for £ =k,
0 ; ,
0= —_/(pk(z))2pt(z)dz = 2/ > Agc,)npmpkpt(z)dz—}-/Z(Lz)kjpjpkpt(z)dz

= 248 + (L),
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implying

: . 1, . 1, .,
(1.13) AV = ~{19- =519 = 5L
and thus
0% 0 s Vypa Lypie Lo L
A L I LT 562/2(11 )op = _2—(L — (L)Y = §(L )s .

o, ot 2

Now using step 1, we have immediately (4.8). So V¥ satisfies the Toda equations
(1.16) and behaves asymptotically as:

(4.14) N (\/%z”(l +0(z™)))

Therefore in view of (1.15), we must have

Tn
V=0 =[5

Step 4. The integration (4.10) is taken with respect to the invariant measure

nez

1<i<n 1<i<i<n

Since the integrand only depends on the spectrum of Z and since the measure sep-
arates into an “angular” and a “radial” part, one first integrates out the former,
accounting for the €, and next the latter, in terms of the monic orthogonal poly-
nomials P;:

(416) In = Qn dz1 cen dZn H (zz — Zj)2 H e—V(Zi),

[a,b]" 1<i<j<n i=1

=Q, (4] dzy ... dzn(det(ﬁi_l(Zj)>1SiSan)2HB_V(Z‘)
a,b]» 1

b 2 b 2 b 2
= Qunt [ du(z)fo(=)? [ du(z)pa(z2)? . [ du(zn)Pa-s(zn)
= an!ho cen hn—l

1 T2 Tn
= an!'ro—— .
ToT1 Tn-1

= Qunlm,, using 7o =1

ending the proof of Theorem 4.1.
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Next we show that the wave vector constructed from the orthogonal polynomial
basis is a fixed point for an algebra of symmetries, which in turn implies Virasoro-like
constraints on 7. The skew-symmetry of the matrix ) below had been pointed out
by E. Witten [W] in the context of Hermite polynomials. The Virasoro constraints
for the matrix integrals with the weight py = e~*" had been computed by E. Witten
[W], Gerasimov, Marshakov, Mironov, Morozov and Orlov [GMMMO]; they relate
to the deformations of Hermite polynomials. The case of deformations of Laguerre
polynomials was worked out by Haine & Horozov [HH] and applied to questions of
highest weight representation of the Virasoro algebra.

Theorem 4.2. Consider the semi-infinite wave vector V(t, z), arising in the context
of orthogonal polynomials with a weight p:(z) as in (4.2) and satistying (4.5). Then
U(t, z) is a fixed point for a Lie algebra of symmetry vector fields; that is

(4.17) Vi i= —(V)y¥ =0, for m>—1;

the symmetries V,, form a (non-standard) representation of Diff(S*)*:

(4.18) [Vin, Vil = (m = 1) > i Vingnti, —1<n,m < oo,
i>0

and are defined by the semi-infinite matrices'* 1°

(4.19) Vi = {Q, L™} = QL™ 1”2L1Lm fo(L), with Q = M fo(L) + go(L),

which are skew-symmetric on the locus of W(t,z) above. Moreover @ is a solution
of the “string equation”

(4.20) 1L, Q] = fo(L),
and the T-vector satisfies the Virasoro constraints
(4.21) .
Vi =3 (ai(Jﬁ)m +2n J5, +n? Ji(-(l)—)m) - bz‘(Ji(Jlr)mH +n Jz'(i)mﬂ)) n =0,
i>0

form=-1,0,1,..., n=0,1,2,...,

with the V{M) m > —1 (for fixed n > 0) satisfying the same Virasoro relations as
(4.18), except for an additive constant.

4in terms of the anticommutator (0.20)

Bset go := —(f;;’g)’ = L———°;h°, with hg == _f_:’)%’a
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In preparation of the proof we give some elementary lemmas.

Lemma 4.3. Consider operators Sy and Sy acting on a suitable space of functions
of z, such that [Sy,z] = 1 and S; = v/fS1+/f; then the following holds*¢:

(i) Sy = {5, f} and [S;, 2] = [,

(i) [{S1, 1}, {S1, ha}] = {S1, (h1, ha)}

(i){ Sy, hiha} = {{S1,h1}, ha} = {{S1, ha}, 1}

(iV) [{Sl’ fzm+1}7 {Sl ) fzn+1 }] - (n_m){sl’f22m+n+l} = (n’_m){{sb fzm+n+1}, f}
(v) the operators {Si, 2™}, m € Z form a representation of Diff(S),

[{SlyzmH}, {Sl,zn+l}] = (n - m){S1, Zm+n+1}

(vi) given f(z) = ¥i50a:2", the {S1, fz™11}, m € Z also form a representation of
Diff(§"):

[{Sl’ fzm+1}? {‘917 fz’”«+1}] = (n - m) Zai{Sl) fzm+'n+’i+1},

i>0

the map to the standard generators, f~1(z) = ¥;5 _¢ @:2°,

{S1, fz2" M} = {81, 2™ = {5, f 71 fm M} = Z a;{S1, fz" 1.

12>~k

n—1

Proof: [Sy, z] = 1 implies [Sy, 2"] = nz""!, since Sy, .] is a derivation, and thus

[S1, h] = A/, which leads to

Sy = I8W/T = VIS0 T+ 18 = 50181 + ) = 52f8 + 181, 1) = {8, £).

The second part of (2),(i¢) and (7ii) follows by direct computation; (iv) is an imme-
diate consequence of (i), (ii4) and the Wronskian identity

(270, f274) = (0= m) fam o,

The Virasoro relations (v) follow immediately from (iv), whereas (vi) follows from
the argument:

[{Sla fszrl}’ {Sla fzn+1 }] = (n - m){Sla f2zm+n+1}

16(h1, he) = h1hb — hyh) denotes the Wronskian
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= (n—m){{S1, fz""*'}, 1}, by (i)
= (n—m) Y a;{{S, fz""*}, 7'}

i>0

= (n—m) Y a{S, f2m Y, by (i)

i>0
ending the proof of lemma 4.3.

Lemma 4.4. Consider the function space H = {...,z71,1,2,...} with a real inner
product (u,v), = JPuvpdz, —00 < a < b < oo with regard to the weight p,
with p(a) = p(b) = 0; also consider an arbitrary function f = Y ;>0a:z" with
fla)p(a)a™ = f(b)p(b)b™ = 0, for m € Z. Then the first-order differential operator
from H to H

d

is skew-symmetric for ( ,), if and only if S takes on the form

[f d 1 d d 10
. = —_— e h T e = — 4 ——
(4.22) S pdz\/f {51, f}, where Sy Jrdz p= + 5,

So, the operators {S1, 2™} and {Si, fz™*'}, for m € Z, form representations of
Diff(S') in the space of skew-symmetric operators so(H, <,>,).

Proof: First compute the expressions:

b b
(Su,v) = / f%vp dz +/ quvpdz
b d b
_ b _ el
= wvfp |, /a udz(vfp)clz+/a guvpdz
b d .
= [ oulp (=1 + g)(pv)]dz, using fo(a) = fo(b) = 0
and , i
(u, Sv) = /a pu(fa; + g)vdz.
Imposing S skew, i.e., (Su,v) = (u, STv) = —(u, Sv), leads to the operator identity
d d
-1, & _ _(+ &
P frge=—(f5+g),

in turn, leading to g = p~'(fp)’; thus S takes on the form (4.22). The last part of
the proof of Lemma 4.4 follows at once from the above and Lemma 4.3 (iv) and (v).
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Lemma 4.5. Consider the above inner-product (u, v) in the space H* = {1, z,2%,.. .},
for the weight p having a representation of the form

P Tisobizt _ h
4.23 —_——— = —,
(4.23) P Xisoamzt f

Let H'* have an orthonormal basis of functions (yg)k>o; then the operators
{81, fz"11} for m > —1 are maps from H* to H' and its representing matri-
ces in that basis (i.e., ({({S1, 2™ Yok, 0e))ke>0), for m > —1 form a closed Lie
algebra C s0(0,00)'".

Remark: The operators {S1, 2™} do not map H¥ in H*.
Proof: The operators,

{81, fzm1y = {{S1, f1,2™ ) i H > M, for m> -1,

which are skew-symmetric by Lemma 4.4, preserve the subspace H™, since by virtue
of (4.22),

(f-n)
2p

contains holomorphic series f and f'— h, by (4.23). In a basis of functions (¢x)r>o0,
orthonormal with respect to (, ),, the corresponding matrices will also be skew-
symmetric.

fl

(4.24) suf=rm e Ll L0

f

Proof of Theorem 4.2: According to Lemma 4.5, the operators
(4.25)

T 1= T 1= (=L /o o™} = {{—=e 5, fo}, 71}, m> -1

\/_ dz V/Podz
map H* into H* and form an algebra with structure constants:

(4.26) T, To] = (n—m) > 0 Tmgnys, m,n > —L
>0

Under the map ¢ (Theorem 2.2), the operators T,, get transformed into matrices
Vin = ¢(T}y), such that

(4.27) T U(t, 2) = Vi U(t, 2);

750(0, 0o) denotes the Lie algebra of semi-infinite skew-symmetric matrices.
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namely (see footnote 15)

(4.28)
Q= Vor = 1-1) = ({ =/ o) =6 (S +.0) = MALE) + ol
and
(4.29) Vi : = (L)
— G({To1,2™))
= (2T 4 [T, 2H))
= (T + glfore, ™)
= $(zm T + T )
m+1

= QU+ T L (L)

, + 1)aigr — bi 1 ;
_ ZaiMLH-mH + Z (14 1)as41 — b Litmtl m+ Zaime
i>0 i>0 2 i>0
, ] 1. .
_ Zai(MLermH n t+m+ Litmy — Z b_Lz+m+17
i>0 2 >0 2
where we used
. 1
fo= Zaiz’ and go = (fopo =3 Z i+ Dag g — bs)2"
i>0 Po i>0

In addition, according to Lemma 4.5, the z-operators T,, are skew-symmetric
with regard to {,)o and thus form a representation of Diff(S!)*

skew-symmetric operators ]

Diff(S')* — so(H*, (,)o) := { on H*t, (, Yo &

with structure constants given by (4.18). The components €2 %% p,(¢,z), n > 0
of W(t,z) form an orthonormal basis of H*, {, )o, with regard to which the oper-
ators T,, are represented by semi-infinite skew-symmetric matrices; i.e., the anti-
homomorphism ¢ restricts to the following map

¢ :so(H*,{, o) — s0(0,00) (anti-homomorphism).
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Hence the matrices V,,, m > —1 are skew-symmetric (i.e., (V;»), = 0) and thus,
using (4.29), we have

(4.30D = Vo U = —(Vi)s¥
b;

i+m Z+m+1 i+m i-+m
_ (Zai(ML+ P L) = Y S (L +1)b) .
i>>0 120

In the final step, Theorem 3.2 and Corollary 3.2.1 lead to the promised 7-constraints
(4.21), modulo a constant, i.e.,

(4.31) VP =c®n  m>-1k>0.
By (3.27), this constant is independent of k, i.e.,
4 = O

upon evaluating (4.31) at & = 0 and upon using 7o = 1, we conclude ¢9 = 0,
yielding (4.21), as claimed. Finally the map

T — Vi, m > —1
is an anti-homomorphism (modulo constants) by Lemma 3.1; we also have
(4.32) ¢ : [T-1,2] = folz) — [L,Q] = fo(L),

which is the “string equation”, concluding the proof of Theorem 4.2.

Remark 4. : Note that, if f3' = 2> —k a;2*, the map

(4.33) T Tmn= > @Tmys, m>k—1
i>—k

sends T;, into the standard representation of Diff(S!):
(4.34) [T, Tn] = (n — M) Tyn, mn>k—1,

according to Lemma 4.3.
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Example. In the next section we shall consider the classical orthogonal poly-
nomials; we consider here, for a given polynomial ¢(z), in the interval [a,b] the
weight

po=(z—a)*?®(z-b)? with fo=(2—a)(z—0b) and o,B€Z,> 1.
It implies that (see footnote 15)

fo(a)po(a) = fo(b)po(b) =0
and that both fo and

_ (opo)' _  (z—a)(z—b) «a y B atb
o= 200 —f 2 (z—a+Q+z—b) 2
polynomial. Then Q = M fo(L) + go(L) is skew-symmetric and [L, Q] = fo(L). The
Virasoro constraints (4.21) are then given by a finite sum.

5 Classical orthogonal polynomials

It is interesting to revisit the classical orthogonal polynomials, from the point of
view of this analysis. As a main feature, we note that, in this case, not only is L
(multiplication by z) symmetric and tridiagonal, but there exists another operator,
a first-order differential operator, which yields a skew-symmetric and tridiagonal
matriz. It is precisely given by the matrix Q!

The classical orthogonal polynomials are characterized by Rodrigues’ formula,

1 d., "
Pn = Kﬂpg(@) (poX™),

K, constant, X(z) polynomial in z of degree < 2, and py = e~"°.Compare Ro-
drigues’ formula for n = 1 with the one for gq, ( see theorem 4.2, footnote 15)

Ky

1 d 1 d
7p1_2_d_(p0X) and go = Q—*E"(POJCO%

which leads to the natural identification

K
go = 71171 and fo = X
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and thus i K i X — XV
T . = a 101 _x2 #-
1 fo +go Xdz + 5 - + 5

Since both (degree X) 5 2 and (degree (X' — XVj)) < 1, as will appear from the
table below, we have that 7"_;, acting on polynomials, raises the degree by at most
1:

Tapk(0,2) = Y. Quipi(0, 2),
1<k-+1

while, since @) is skew-symmetric,

(6.1) T_1px(0,2) = (Qp(0,2))k = —Qrk—1Pk-1(0,2) + Qi x+1Px+1(0, 2),

together with
(6.2) 2pk(0, 2) = Lg—1 kPr—1(0,2) + Li kpr(0, 2) + L k+1Pk+1(0, 2).
This implies at the level of the flag
O Wi, DW= span{ (W), (V)iar, -} D Wigy O ..
that
WECcWi_, and T_W}cCWi_,.

Thus the recursion operators z and T_; serve to characterize the ﬂag and so the
wave vector W. It is interesting to speculate on considering “(p, ¢)-cases”, where, for

instance,
W CWi_, and T WgcCWi_,

The existence of two operators, a symmetric and a skew-symmetric one, both
represented by tridiagonal matrices, probably characterize the orthogonal polyno-
mials on the line. Related, it is interesting to point out a conjecture by Karlin and
Szegd and a precise formulation by Al-Salam and Chihara, were classical orthogonal
polynomials are characterized by orthogonality and the existence of a differentiation
formula of the form

fO(z)p;L(z) = (anz + Bn)pn(2) + TuPn-1(2).

We now have the following table:
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Hermite  Laguerre Jacobi

e~ (#)dz e~ dz e 7z%dz (1—2)2(1 + 2)Pdz
(aab) (_OO’OO) (07 OO) (_Ll)
T_1= foft +g90 4 -2 zh —lz—a-1) (1-2HL

—5((a+8+2)z+ (a—p))

string [L: Q] =1 [LaQ] =L [L7Q] =1-1?
equation

We now give a detailed discussion for each case:

(a) weight e~ dz.
The corresponding (monic) orthogonal Hermite polynomials satisfy the classic relations

N n._ . d _ _
ZPn = §pn—-1 +pn+17 and 'd—zpn =Npn—1-

Therefore the matrices defined by

2Bn = =Pr1 + P (L = "y

Dn — 2pn——1 Dn+1 dz Pn = 2pn—l Dn+1
can be turned simultaneously into symmetric and skew-symmetric matrices L and @ =
M — L respectively, by an appropriate diagonal conjugation. The string equation reads
[L,Q] =1 and the matrix integrals 7, satisfy

Vi, = (J,(,f) +2nJ0) — 21],(,,2L2 +126m 0)Tn = 0,m = —1,0,1,...

upon using formula (7.12) for ag = 1, by = 2 and all other a;,b; = 0; this captures
the original case of Bessis-Itzykson-Zuber and Witten []; Witten had pointed out in his
Harvard lecture that M — L is a skew-symmetric matrix.

(b) weight e~ *2%dz.
Again the classic relations for (monic) Laguerre polynomials,

Zﬁn = TL(TL + a)ﬁn—l + (2n +a+ l)ﬁn + ﬁn+1
d

Za;pn = n(n + a)ﬁn—l + NP,
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yield symmetric and skew-symmetric matrices L and @, after conjugation of

20n = NN+ Q)Pn-1+ 2n+a+ 1)jp + Pni1

o _ . .
(22— —(z—a—=1))pn = n{n+ a)pn-1+0.Pn — Pnt1.

gz

Setting a1 = 1, by = —a, by = 1 and all other a; = b; = 0, yields
Vi r, = (I +2ndP + agfP - JT(,Brl +n(n+a)bmo)m =0,m=0,1,2,...,

and the string equation [L, Q] = L; this case was investigated by Haine and Horozov [HH].

(¢) weight (1 — 2)®(1 + 2)?dz.
The matrices L and @ will be defined by the operators acting on (monic) Jacobi polyno-
mials

Zﬁn = An—-lﬁn-—l + Bnﬁn + ﬁn+1
1 a+8,_ d "
_( __é) l((l ___22>__ + (fOp()) )pn

+

I

_An—lﬁn—l + ﬁn—i—l

n+1 2 dz 2p0
with
4 _ dnn+a+B)(n+a)(n+pB)
-l Cn+a+ B C2n+ta++1)2n+a+5-1)
Ot2—ﬁ2
B, = - .
@n+a+p)2n+atB+2)
Setting

ap=1,a1=0,a0=~-1,bp=a—B,by =a+0
and all other a; = b; = 0 leads to the constraints
(D gD _ongW ot _(a—B)J L —(a+B)JE ~n26m 01 (@—B)6m,1)Te = 0, m = 1,2,3, ...
and the string equation [L,Q] = 1 — L2. Gegenbauer (o = 8 = A — 1/2) and Legendre

(a = B = 0) polynomials are limiting cases of Jacobi polynomials.

6 Appendix: Virasoro constraints via the inte-
grals

The Virasoro constraints for the integrals can be shown in a direct way:
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Lemma A.1. Given fo(2) = ¥ ;>0 ajz7, the following holds for k > —1:
(A.1)

Lz 2 9 o
Srur D@24y —az e Y 26, 1 )elr 62
e~1 e Ay +2n +n 67‘+lc el ,
o l r>0 (i+j:r+k Oti0L Oty 4k )

where 0/0t; = 0 for j < 0.

Proof: We break up the proof of this Lemma in elementary steps, involving the diagonal
part of dZ, i.e.,
dZ =dz ...dz,A(2)*x angular part.

At first, we compute for k > 0:

2 0 GEZ Skl
A2 G (e EmT ) A
(42) OIS )AG)
= 2a—§g log A2y + aezf*t . 2, + aez"“)’
— i J k
— 2a< 15a§65n 225+ (n—1) 1<Z za> —an(n —1)é,
+j=k Sasn
1,3>0

and for k > —1

GE
Y= 2*7z—t‘dzl...olzn

8(-: =0

(A.3) dzl “ae dZn

= a— H(1 +elk+1)z8)|

= ak+1) Z zk

1<a<ln

Note that both expressions (A.2) and (A.3) vanish for k=-1. Also, we have for k > 1,

E tiz,
1<i<00

e 1<a<n
1.+Z—0k tjt:
A4 43> =2 2224 (k-1 zk
(A4) o e W TED T
1<2<00 i+ji=k 1<aln
e 1%asn 1,7>0
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and

0 Zax K
(A.5) (2ns—log) e 120X =92n Y 2k
Summing up (A.2) and (A.3) yields for k > 0:

& aez' 1% 2rA2(z)dzl .dzn

£ =

=al2 ¥ zflz;+(2n+k—1) Z 22 —nm-1061|;

A2(2)dzy ...dzy 1<Zij<f<n 1<a<n
,3>0
this expression vanishes for k = —1. This expression equals the sum of (A.4) and (A.5);

thus

< Bz E : —82 + 2 + 2 1Za<ln
. S a s Ot.0t; 2n8t 6k’n e +tx0>
aaeeae §:.~=1 Z; Z; AQ(z)dzl “e dznl 0 ( i+j=k i0l; k
=

3,7>0

A2(2)dz; ...dz, 1<;oo ti23,
e 12a<n

establishing Lemma A.1.

Theorem A.2. Let the weight po = e~"° have a representation (not necessarily unique)
of the form .

Lz b2’ _ ho

2i>0 aizt  fo'

Then the matrix integral T, = ﬁlﬁl—, satisfies the KP equation, and Virasoro-like con-
straints:

Vi =

2 0 0 .
S (6 + 2T 402 I = b I F R Iy1)) T =0 withm > 1.
i>0

Proof: Shifting the integration variable Z by means of
Z—Z+efo(2)Z2mF, m>-1

and using the notation
(I)(Z) — e—Tr Vo(Z)+3t:Tr Z*
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we compute, since the integral remains unchanged, that

0 efo(2)2™1
= = ZP(Z dZ
0 e /Mn ¢ (%)
— 2/ e—TTVo(ZJrefo(Z)Z"”“)ezg‘i1 4Tr(Z+efo(2) 2™ e fo(2) 27§ % (
Oe Jam =0
_ ﬁ/ ee(—TrVO’(Z)fo(Z)ZmH—i—EZl 2ty Tr fo(Z)ZT““)+0(52)¢,(Z)esf0(2)zm+lB%dz
Oe M =0
X
= / (—Tr ho(2)Z™ + ) eteTr fo(2) 2™
M =1
+Y al > +2n +n26i4m ><I>(Z)dZ
i>0 <a+,3=i+m 0tallg Otitm )
using Lemma A.1.
= / (— > bTr ZetmH
Mo\ S0
+> az(}: btyTr ZHmHe Z o +2n 9 + n26¢+m) ®(2)dZ
i>0 =1 atfm 8ta8tﬁ Otitm
0
= / (—~ Z b,-a———— - nb06m+1
Ma\ i>0i5Zmo1 Olitmt
+Zaz(2£tg Z & +2n 0 + n25i+m) ®(Z)dZ
i>0 = L+m+£ —itm ataatﬁ ati+m
= > (a‘i(‘]t(—?—)m +2n Jz(—}—)m t+n Ji(g—)m) - bi(Jz'(gle + ”J(+)m+1)) Tn;
i>0
ending the proof of Theorem A.2.
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