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FOURIER INTEGRALS II,

J.J. DUISTERMAAT

I would like to give some impression about the theory of
Fourier integral operators of HSrmander [2]. Perhaps the best way to show how
this theory can be used is to apply it to the well-known.Cauchy problem for
hyperbolic equations. As an illustration we shall also give an interpretation
of the W K B-type results for the Schrédinger equation due to Maslov [5]. For
regularity and existence theorems for equations Pu = £ and the construction
of parametrices for large classes of operators P , see [1]. We start with a

brief review of the calculus.

1. REVIEW OF THE CALCULUS.

If A is a distribution in Rn then A is c” in a

neighborhood of X, € R" if and only if A.u € C:(Rn) for some u € Ccoo(Rn>
with u(xo) # 0 . Because of the Paley-Wiener theorem thisin turn is equivalent
to the condition that the Fourier  transform of A.u is rapidly decreasing at

infinity. In formula :
-i W E> -
(1.1.) < A,ue 1t <.,§ > = 0o(t k) for t—= =, any k .

It is assumed that the estimates in (1.1.) hold uniformly in

|§\ = 1 . So we can find the singularities of A by testing with the rapidly
-it <x,g>

oscillating test function u(x)e \\\ s
with small support, and looking at the \\ &— Supp u
asymptotic behaviour as the frequency t \

approaches + o , The test function u is used in order to lecalize with respect

to the x-variables. Localizing also with respect to § (nomal to the wave front

<x,E> = constant) this leads to the definition of the wave front set W F(4) :
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If (xo,go) € R® x B™\{0} then we say that (xo,go);!w F(4)
(1.2.) if and only if (1.1.) holds for some u € Cz with u(xo) £ 0
and uniformly for all £ in some fixed neighborhood of g
On a manifold X WwWe no longer have invariantly defined linear phase functions
x = <x,Z> . In this case we obtain an invariant definition of W F(A) by saying
that for any (xo,io) € T*(X)\O (that is Xg € X, §, €T, (x)*, %o #£0 ) we

0
have (xo,go) £ w F(A) if and only if

(1.3.) < A,ue—ltY > = O(t.k) for t—~ o, any k .

Here u € C:(X) , u(xo)‘% 0,¥Yec(x), ¥ is real valued,
ad¥ #0 on supp u, §O = dY(xO) . The phase function ¥ may depend on additional
parameters and it is assumed that (1.3.) holds locally uniformly with respect to
these parameters.

A special class of distributions are the Fourier integrals

A defined by
(1.4.) < au> =) ) Sy e)u(axs | ue C(x)

Here 0 = (91""’9N) are auxiliary variables called frequency

variables. The phase function ¢ 1s a real valued homogeneous C°° function of degree

1 on XX Rn\{o} without stationnary points (that is d(x,e)¢ ﬁ 0 everywhere).

For the amplitude a(x,8) we may think of a ¢ function on XX R%, a=0 in a
neighborhood of v = O (where ¢ 1is singular) and a = 0 for x outside some
compact subset of X , and finally a(x,8) ~ jgg aj(x,e) for |6] » » where
aj(x,e) is homogeneous of degree W - j . The space of such amplitude functions will
be denoted by s“(x X Rn) = space of symbols of growth order i . A function

£(x,8) is called homogeneous of degree d (with respect to 0 ) if

£(x,t0) = tdf(x,e) for all t > 0 .

If ¥ 1is too large, the integral (1.4.) will be defined as
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the limit of similar integrals with the amplitude replaced by a sequence
"
a(k) € s (X XIRN) =N s (XX RN> approaching a in a suitable manner as k = o .
e
An equivalent interpertation can be given using partial integrations.

In order to find W F(A4) we write
< A,ue“ltY > = Jj el[w(x’e) - ty(x)]a(x,e)u(x)dx a8 =

= tN'JJ elt[Q(x’e) - Y(x)]a(x,te)u(x)dx ae .
From the method of stationnary phase it follows that this integral is rapidly
decreasing as t = ® unless d(x e)[w(x,e) -¥(x)] =0 ; that is
14
(1.5.) dxw(x,e) = d¥(x) , de¢(x,9) =0 .

Consequently W F(A) C ACP , Where

(1.6.) Ay = [(x,a,9(x,0)) € TR\ 5 4g9(x,0) = 0} .

A complete asymptotic development for < A,ueltw > can be given

if the stationnary points of ¢ - Y are non-degenerate, that is if Q = d2(@ - Y)

is non singular whenever d(p - ¥) = 0 . In this case

iy iy oy om
(1.7.) < A,ue ic > = tN(gg_T)(n+N)/2 e ltY(X).ldet Ql 2, e4 sgn Q .

.a(x,t8).u(x) + terms of lower order as t— o ,

Here Q is taken at the isolated statiomnary point (x,8) of o - Y .

The non-singularity of Q implies that
(1.8.) d(x,e) 4, has maximal rank N
which in turnmeans that the set
(1.9) ¢, = {(x,8) € Xx RN} 5 4yp(x,0) = 0]

. Ny . R
is a C submanifold of X X R '\{0} of dimension (n + N) - N = n . Moreover the

non-singularity of Q implies that the mapping
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(1.10.) 6o 2 (10) P (x,a,9(x0)) €4, < T ()\0

*
is an immersion of Ccp into T (x)\0 yielding Acp as an n-dimensional €~

*
submanifold of T (X)\O . Finally, if (1.8.) holds whenever dew(x,e) = 0 (in this

case the phase function ¢ 1is called non-degenerate) then the condition that Q is

non -singular is equivalent to the condition that the graph
*
{(x,a@¥(x)) e T(x) s xe

of the function d¥ intersects A transversally. Note that (1.5.) just means that
@

a¥ and AQ intersect at (x,§) , € =d¥ (x) = dfy(x,e)'.

Because of the homogeneity of ¢ , Acp is conic in T*(X)\O ,
that is (x,§) € Acp = (x,t€) € AQ for all t > 0 . Secondly it turns out that
Acp is Lagrangean, that is the cancnical 2-form o of T*(X) vanishes on A@ .
(On local coordinates o is given b& g =L dxj A d§j ). Conversely every conic
Lagrangean submanifold A of T*(X)\O is locally equal to Acp for some non-
degenerate phase function o .

Now the asymptotic expansion (1.7.) leads to an invariant defini-
tion of the principal symbol a of A at (x,§) € A(P . Here "invariant" means
independent of the testing phase function Y for which the graph of dY intersects

ACP transversally at (x,§) . Because of the factor |det Q| 3 the principal symbol

TL
is a density of order % on Acp , and because of the factor ea °9¢ C

it has its
values in a complex line bundle L over A@ with structive group Z mod. 4 .
L is called the line bundle of Keller, Maslov and Arnold in [2] .

Now let A be any conic hagrangean submanifold of T*(X)\O .

A global Fourier integral distribution A of order m corresponding to A ,

notation A € T™(X,A) , is defined as a locally finite sum of Fourier integrals Aj

defined by phase functions @j , amplitudes aj , humber of frequency variables Nj '

such that?

(1.11.) The Acp are a locally finite system of conic neighborhoods in A
J
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((X,Sj) only restricted to the conic support of aj) » and
N
(1.12.) a, € gmen/4-N./2 (X x R 9\{0} .

Of course A also admits an asymptotic expansion as in (1.7.) ,
leading to the definition of the principal symbol of A as an element of

/4 Q8L .

¥*
THEOREM 1.1. . - If A is a closed conic Lagrangean submanifold of T (X)\O then

the mapping :

(1.13.) IWXA»T”VXA)~s“”“@xg®L»@“w%4mJg®L)

assigning to each A € Im(X,A) its principal symbol, is an isomorphism.

This theorem is fundamental in all global constructions involving
. . . . m+n/4 .
Fourier integrals since it says that for every a € S 7 (A,Q, ® L) there exists
z
an A € Im(X,A) with principal symbol equal to a , and secondly if A1 R
A, € I™(x,A) have the same principal symbol modulo Sm+Q/4_1(A,Q%'® L) , then
A, - A € T (x,0) .
1 2
If X and Y are C manifolds and X is a distribution in
[« o] o0
XXY, then <Av,u>=<fx,u® v>, u € CO(X) , VE CO(Y) , defines a contimous
linear mapping A : C;(Y)'* B5'(X) . If X 1is smooth then
(av) (%) = | X(x,y)v(y)dy .
From the calculus of wave front sets it is known that if W F(X)

does not contain points of the form (x,y,O,ﬂ) or (x,y,§,0) , then A can be

extended to a contimuous linear map : €'(Y) = £#'(X) and

(1.14.) wF(Av) € WF'(A) o WF(v) .

Here

(1.15.) W (8) = {((,E),(3,-1)) € T(X) X T (¥) 5 (x,7,8,M) € w(K)} ,

and in (1.14.) we let WF'(A) operate on WF(v) as a relation :
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(1.16.) WF' (&) o WF(v) = {(x,8) €T (%) 5 E(y,M) €WF(v) : ((x,€),(y,M)) € wF' (a)]}.

Now a Fourier integral operator of order m defined by the

relation C = A from T*(Y) to T*(X) simply is defined as an operator A with
kernel X € I'(X X Y ; A) . The set of all such operators A will be denoted by
™(%,Y ; C). Note that W F(Au) CoW F(u) since W F(X) S A , if ve assume that
C does not contain points of the form ((x,€),(y,0)) or ((x,0),(v,7)) .

The condition that A 1is Lagrangean in T*(X X Y) means that
GT*(X) - GT*(Y) vanishes on C = A' ., If C is the graph of a mapping
? . T*(Y)\O - T*(X)\O this would mean that & preserves the canonical 2-forms,
that is @ is a canonical transformation . It is homogeneous of degree 1 because
C 1is conic. In general C will not be the graph of a mapping (we will see some

natural examples below) and C then is called a homogeneous canonical relation from

T*(Y) to T*(X) .

%*
THECREM 1.2. . - Let C and C, be homogeneous canonical relations from T (V)

1
* * * )
to T (X) and from T (Z) to T (¥) respectively, such that

2

* * * *
C, X C, intersects the diagonal in T (x) x T (v) x T(Y) x T(2)

transversally and not in points (x,0,v,T,v,T,2,C) , and the

(1.17.)

* *
projection of the intersection to T (X) x T (Z) is a proper

mapping.

1s a homogeneous canonical relation from

Then the image C1 ° 02
7°(z) to. (%) .
m m

secondly, if A, € T Y%,y ), A €T 2(v,z ; c,) .and

the projection from the intersection of Supp A1 X Supp A, with

(1.18.) 2

the diagonal in XX Y X Y X Z to X X Z is proper,

m1+m2
o Ay €1 (x,2 ; C

then A o C2) and the principal symbol of A1 o A is

1 2 —

equal to the product of the principal symbols of A

1

and A

1 2’
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The last sentence should be read as follows, If

c, = (x,8,v,M) € C, 1 G, = (y,M,z,0) € C, then there is a canonically defined

bilinear mapping (a1,a2) - a,.a_ from the fiber of Q% ®L over C, at c

1° 72 1 1

and the fiber of (O, ® L over 02 at <, to the fiber of Q%¢® L over
z

C,o C, at c= (x,€,2,0) . If aj(cj) denotes the principal symbol of Aﬁ at

chtJj, j=1,2 then the principal symbol of A.,'oA.2 at (x,§,z,§)€C1oC2 is given by

(1.19-) (yfn) a1(X,§,Y,ﬂ)-a2(Y,ﬂ,Z,€) .

the sum being extended over the finitelymany (y,T) such that (x,E,y,T) € c,
and (Y9nyzy€) € 02 .
If X

™x,x ; 1) = L™(x)

Y, C = graph of the identity : T (X)\0 = T (X)\O , then

space of pseudo-differential operators of order m on X .
(If m is a positive integer then the partial differential operators of order m
form a subclass of L™(X) ) . The principal symbol of P € L™(X) can be identified
with a homogeneous function of degree m on T*(X)\O . Finally, if in Theorem 1.3.

either A1 or A2 is a pseudo-differential operator then the multiplication of

the principal symbols reduces to the usual scalar multiplication.
It may happen that the principal symbol of A1 o A2 of order m1+m2

vanishes identically although neither of the principal symbols of A, or A_, vanish

1 2
identically. An important case is treated below.

THEOREM 1.3. . - Suppose P € 1™(X) has a principal symbol p . Let C be a

) * *
homogeneous canonical relation from T (Y¥) to T (X) such that p vanishes on

*
the projection of C in T (X)\C . If A€ T™X,¥; C) and (1.18.) holds for

P=A , A=A

] then PA € Im+p—1(X,Y : C) with principal symbol of order

2 ?

m+ M -1 equal to

1
(1.20.) T Hya+c.a.

Here a is the principal symbol of A, p(x,%,y,T) = p(x,E) , H;
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is the Hamilton field defined by p . Finally C 1is the subprincipal symbol of

order m - 1 of the operator P .

Recall that the Hamilton field Hf of a function f on a cotangent
23 _ ;3£

8 Ix. 9x.9%.
gJ J J SJ

dinates. Let us restrict for simplicity that £ 1is real and we are at a zero of f .

*
bundle T (X) is the vector field given by H, = X on local coor-

Because the vector Hf

f = 0 (orthogonal with respect to the canonical : 2-form ¢ ) it follows that He

spans the orthogonal complement of the tangent space of

is tangent to any Lagrangean submanifold of £ =0 . So IPS is tangent to C and

(1.20.) makes sense.

2. INITIAL VALUE PROLEMS.

Let XO be a submanifold of X of codimension k . Then the restric-
tion mapping p : C (X) = Cw(XO) is a Fourier integral operator of class

Ik/4(XO,X ; RC) , with
(2.1.) Ry = {(xo,§o,x,§) Pox =%, € Xy, g\TXO(XO)} .

* *
Note that R, , regarded as a relation : T (x)\o= T (XO) is neither

a mapping nor injective. In order to see that p 1is such a Fourier integral

operator it suffices to consider the case that X =2Rn ' XO =1Rn~k and then it

is seen from the formula
(2.2.) () (%) = (2m)™ || " 0™ u(y)ey an .

From the calculus of wave front sets it follows that p can be
applied to any distribution u for which WF(u) does not contain any (x,§) which

*
by R, is related to an element of the form (xO,O) €T (XO) . In other words, p

can be extended continuously to all u € 8'(X) such that WF(u) does not meet the

normal bundle X. in T(X) of X, .
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If P is a pseudo-differential operator € L (X) with principal
symbol p , then Pu € C (X) implies that p = 0 on WF(u) . Writing Pu = 0 if
Pu € C7(X) we thus obtain that p can be extended to all distribution solutions

of Pu= 0, if the characteristic set

(2.3.) N = {(x8) € T (X)\0 ; p(x,E) = 0}

does not meet Xg . In this case XO is called non-characteristic with respect to
P.
Now assume that p 1is real and that X, has codimension 1 . Let

m,
Qj €L 9X), 5=1,..., p be a number of pseudo-differential operators. We want

to find cperators Ej y J =1 yeeey B, such that
(2.4.) PE. = 0

J
(2.5.) ijEk = .ﬁjk.identity on X, .
Here A = B for operators A , B means that A - B 1is an integral

operator with CcD kernel. The operators Ej are the solution operators (modulo

i

C c°) of the Cauchy problem Pu = O , iju = fj , since u =2 Ejfj satisfies these

equations.

v,
The idea is to try Ej € 19(x,x CO) for some orders Vs and some

0 H
canonical relation CO to be determined below. Because of (2.4.) we take CO such

that p(x,£)=0 if (x,§,xo,§o) € C, « As remarked after Theorem 1.3 this implies that

C

C is invariant under H; . Since the bicharacteristic strips of P are defined
as the solution curves in N of the vector field Hp y, this means that

(x,§,xo,§o) €c, if (Y,ﬂ,xo,go) €c, and (x,E€) 1is 1lying on the bicharacteristic
strip passing through (y,7) . On the other hand (2.5.) leads to the condition

(X’gyxovgo) € CO y X € XO: X = X and il

0 = §O . Conversely this situation

TXC(XQ)

* Xa
should occur for every (xo,io) €T (XO)\O in“order to get R C. = graph of the

6° e
*
identity : T*(Xo)\o - T (XO)\O . So we are lead almost automatically to the follo-

wing definition of CO :
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(x,i,xo,go) € C, @ There exists (xo,ﬂ) such that

(2.6.) (1) ﬂ‘Tx ) = go and P(xovﬂ) =0,

o(%g

(ii) (x,E) is on the bicharacteristic strip emanating from (xo,ﬂ) .

Now the following theorem can be regarded as an interpretation of

the results of Lax [3] and Ludwig [4] .

THEOREM 2.1. - Let X. be a connected submanifold of X (n = 3) of codimension

0

1 , non-characterigtic with respect to P . Assume that every bicharacteristic

curve of P (= projection into X of a bicharacteristic strip of P ) intersects

XO at most once and transversally. Then the nmamber W of solutions

- . . *
N = ﬂj(xo,so) y 3 =1 yeee, b of (2.6.) , (i) does not depend on (xo,éo)E‘T (XO)\O

and the ﬂj depend smoothly on (xo,go) . The set C. defined in (2.6.) is a

0

. . * * . s
homogeneous cancnical relation from T (XO)\O to T (X)\O , and in addition closed

in (T(X) x T(XIN0 , 18

(2.7.) No bicharacteristic curve emanating from X, is contained in a

compact subset of X , and

(2.8.) For each compact subset KO of XO y K of X there exists a com-

pact subset X' of X such that every interval on a bicharacteristic

curve with one end point in K and the other in X , 1is contained

0

-]:-—I:l- K' L

m,
Secondly, if Q, € L J(X) have principal symbols q; and

(2.9.) The matrix qj(xo,nk(xo,go)) y J,kx=1,.., p is ncn-singular for

. *
every (xo,go) €T (XO)\O ,

S S
then there exist Ej €1 4 mj(X,X CO) satisfiyng the equations (2.3.) and

0 ’

(2.4.) .

PROCF. - The transversality of the bicharacteristic curves means that
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ng(Xo,n)‘f Txo(xo) , that is dgp(xo,n)‘¥ 0 when restricted to TXO(XO)l
(if p(xo,ﬂ)=0) . But this means that the solutions of (2.6.) , (i) are simple.
In view of the condition that XO is non-characteristic this implies that their
number is finite and locally constant, and that the solution depend smoothly on
* . . R
(xo,go) . Because T (XO)\O is connected (n 2= 3!) the number of solutions is
*
constant on all of T (xo)\o . For the proof that C, is a closed ¢  submanifold
%* *
of (T (X) x T (x.))\0, and L agrangean for o, %,y ~ 0. % , we refer to [1] ,
0 T(x) T (xo)
section 6.5.

1f e; is the principal symbol of Ej then (2.4.) , (2.5.) 1lead

to the equations

1
2.10. -+ H~ e, + C.&, = 0 and
( ) 17p ] N ’

(2'11') i r(x0’§0’XO’nz(xO'go)).qj(xb’nﬂ(xO’gb)).ek(xO’nl(xO’gO) ’ XO’gO)) = éjk

according to Theorems 1.3. , 1.2. respectively. Here r 1is the principal symbol of
p . Because of (2.9.) the equations (2.11.) have unique solutions
ek(xo,ﬂz(xo,go) , xo,go) , k, 2L=1,..., p, which can be regarded as the initial
values for the solutions e; of first order differential equation (2.10.) aléng
the bicharacteristic strips.

so (2.10.) , (2.11.) have a unique solution e .

Taking Ego)é I_% - mj(x,Xo ; CO) arbitrarily with these principal

symbols, we obtain that
PEgo) ce®- %M -2y y c,)

(o) . -1
ijEk - id. €L (xo) .

Solving similar equations for the principal symbols of operators
E§r) e ¥ T T(x,x

o0 CO) we obtain recurrently

P(Ego) tooot Egr)) e %- e 2(X,Xo ; CO) ,

ij(Eéo) toaod (r)) - iq. el 7 1(XO) )
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By taking asymptotic sums of the amplitudes we cbtain operators

-%-m, :
EJ. €1 J(X,XO ;

(0) (r -%-m,-7-1 .
co) such that EJ.-(EJ. Fooet Ej ))61 3 (x,xo,co)

for all r , and we see that these operators solve (2.4.) and (2.5.) .

Note that (2.9.) is satisfied if Qj = (g%) -1 , n = transversal

vectorfield to XO ’

by looking at a Vandermonde determinant. This leads to the
classical Cauchy problem. The conditions of Theorem 2.1, are fulfilled if P 1is a
strictly hyperbolic differential operator in the usual sense, that is if w=m
and

X=X, XR, XX (t) is non-characteristic for P and the bicha-
(2.12.) racteristic curves intersect X, X (t) transversally for all

tER .

Note that for general pseudo~-differential operators there is no
natural relation between W and m ‘since m may be any real number. Finally we
remark that if p(t) is the restriction operator : C (X) = CQ(X(t)) then the

matrix of operators

m,-

(2.13.) p(t)QjEk er’ rnk(x(,c) , X(O) ; R(t) ° cO)

transforms the Cauchy data at t = O to the Cauchy data at time t . Here
X(¢) = X, X (t) and R(t) denotes the canonical relation of the restriction

operator p(t) .

3. THE SCHRCDINGER EQUATION FOR h~— O .

We consider solutions u(t,x,h) of the Schr8dinger equation

IOI

u—‘

0 [+

(3.1.) n n® B+ V(t,x).u

o)
t

depending on h > 0 , We want to study their asymptotic behaviour as h—~ 0
(hclassical 1imit"). Dividing by h2 and writing O = 1/% we obtain

(3.2.) g. g% =Au+ 02.V(t,x).u

0l
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and we are interested in the asymptotic behaviour foro =t @ . Now write
r - ic
(3.3.) u(t,%,0) = | e % (t,x,5)as

= Four ier transform at ¢ with respect to a new variable s . Then we recognize
the asymptotics for o = o as a wave front investigation of the singularities of
v . For v we obtain the equation

2 2

-Av—V(tx)—§ o,
ds

1
(3.4.) PV = = 537

wvhere P 1is a real operator, and all terms are of the same order 2 . The only
drawback of P is that the initial manifold t =0 in (t,x,s) - space is charac-
teristic for the operator P . For this reason we prefer to work here with the

relativistic Schr&dinger equation

2
(3.5.) p2 L2842 4y v(e,x).u
2 atz X

Applying the same trick we are led to the equation

2 52v
X
ds

(3.6.) —12- >

OI
L}
(@}

where the operator P 1is strictly hyperbolic if V(t,x)<0 for all t,x .

(v(t,x)= -m°c? for a free particle. (For the Dirac equation we obtain a hyperbolic
system).

Now assume that we have highly oscillatory initial values

i 1y
a(0,x,8) = " T 7 o) 4 (x,d)
0 h
(3.7.)
(0,x,h) = e * p ¥ (%) 1(x,% ,

with a(xc)~2 (.k)(x)og for o=@, j=0,1.
k=0
This implies

(3.8) vy(x,8) = v(0,x,8) = (2m)71 | %7 ¥ol¥) 4 (x0) @

which is a Fourier integral with phase function o(s —}Yo(x)) .
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Similarly v1(x,s) = %%(O,x,s) is a Fourier integral with phase function
o(x - Y1(x)) . ( 0 1is the frequency variable). So these distributions belong to

the class I“f'%(XO,Aj) , Where Aj = normal bundle of the manifold s = Yj(x) .

~3/4 ~ ]
It follows that Ejv5 € 1™ / J(XO,CO o Aj) , where Cg o Aj

*
is the L agrangean manifold in T (X)\C obtained from Aj by applying the relation

0
of a manifold s = Yj(t,x) which in analogy with (3.8.) leads to an asymptotic

C. defined in (2.6.) . In the general points CO o Aj will be the normal bundle

expansion of the form

. o
i YO(t’x) ) aék)(t,x).cuo—k +

k=0

(3.9.) u(t,x,0) ~ e

.

. )
e~ Y1(t,x) pX agk)(t,x).0“1—1—k
k=0

The points where CO ; Aj ig not locally equal to the normal
bundle of a manifold s = Yj(t,x) are called caustics in analogy with the termino-
logy of geometrical optics. Of course (3.9.) are just the asymptotic expansions

of the WKB-method. However we have given a proof,which is globally valid,that

the solutions satisfy such expansions if the initial data do. Note that the asymp-
totic expansions are exact modulo terms of order - « because the calculus of
Fourier integral operators is exact modulo dw . The WXB-method only gives results
up to the caustics, whereas we also obtain asymptotic expansions at points lying
beyond the caustics. Moreover, since we have an integral representation of the

solutions,amore refined stationnary phase analysis also leads to certain asymptotic

expansions at the caustics, at least in special cases,



(1]
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