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GOODNESS OF FIT TEST FOR ISOTONIC REGRESSION

CECILE DUROT! AND ANNE-SOPHIE TOCQUET?

Abstract. We consider the problem of hypothesis testing within a monotone regression model. We
propose a new test of the hypothesis Ho: “f = fo” against the composite alternative Ho: “f # fo”
under the assumption that the true regression function f is decreasing. The test statistic is based on the
IL1-distance between the isotonic estimator of f and the function fo, since it is known that a properly
centered and normalized version of this distance is asymptotically standard normally distributed under
Hp. We study the asymptotic power of the test under alternatives that converge to the null hypothesis.
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1. INTRODUCTION

We consider the following regression model
Yi = f(x:) + i, 1<i<n,

where Y3, ...,Y, are the observations, f is an unknown regression function with support [0,1], €1,...,&, are
independent, identically distributed random variables with zero mean and for every 4, 2; = i/n. The regression
function f is assumed to be monotone, say decreasing. We wish to test the hypothesis Hy: “f = fo” where fj is
a given decreasing function. For this purpose, we use the L;-distance between the function f and the isotonic
estimator of f defined in Section 2. The test procedure is based on a central limit theorem, proved by Durot [4],
for the L;-distance between the isotonic estimator and the true regression function f: a centered version of
this LL;-distance converges at the n~ /2 rate to a Gaussian variable with variance independent of f. This result
provides a test statistic which is asymptotically standard normally distributed under the hypothesis Hy.

The nonparametric theory of hypothesis testing in regression models is now well developed. Many of the
test procedures proposed in that context are based on either a kernel estimator or an estimator obtained
by projection (on a polynomial or spline basis for example), see Eubank and Spiegelman [6], Héardle and
Mammen [10] and Staniswalis and Severini [17]. The main drawback of these methods is that they require the
choice of a smoothing parameter. Several authors have proposed approaches that avoid this arbitrary choice,
see Barry and Hartigan [2], Eubank and Hart [5], Hart and Wehrly [11], Stute [18]. Most of them consider a
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test statistic which is itself a smoothing parameter selected from the data by minimizing some empirical risk
criterion.

The test procedures mentioned above apply in particular for a regression model where the regression func-
tion f is known to be decreasing. However, it is more relevant in that case to use a procedure that takes
into account the monotonicity assumption. That is the reason why we propose a new test that involves the
isotonic estimator, the construction of which is based on the monotonicity assumption. The isotonic estimator
is entirely data driven and does not require any arbitrary choice of parameter. Our test procedure can thus be
easily implemented. Moreover the isotonic estimator is known to be locally adaptive, in the sense that it works
as well as the best regressogram estimator (with arbitrary partition). (A precise meaning of this property in
terms of LL;-risk is to be found in Reboul [12], Prop. 2.2.) One can thus expect that our test has a good ability
for detecting local perturbations of the null hypothesis. We thus focus here on the study of the asymptotic
power of the test under alternatives H,: “f = fo + ¢, A, where {¢,} is a sequence of numbers that tends to
zero as n goes to infinity and where the function A,, may depend on n and if so is defined as a local bump.
More precisely, we are interested in the minimal rate of convergence for ¢, so that the test has a prescribed
asymptotic power. We prove that the minimal rate is n~°/12 if A,, does not depend on n and n=3/3 if A,, is a
local bump.

This article is organized as follows. We describe the test procedure in Section 2 and state the result concerning
the asymptotic power of the test in Section 3. Section 4 is devoted to a simulation study comparing the power
of the test developed in Section 2 with that of the likelihood ratio test. Proofs of theoretical results are given
in Section 5.

2. MODEL AND TEST PROCEDURE

We consider the following regression model
EZf(.L“i)—l-Ei, 1<i<n. (2.1)

The regression function f is decreasing over [0, 1] and for every i € {1,...,n}, z; = i/n. The errors €1,...,&,
are independent, identically distributed random variables with zero mean and Ele;|? < oo for some p > 12.

Our objective is to test the hypothesis Hy: “f = fi” where fy is a given decreasing function defined over
[0, 1]. The test procedure is based on the isotonic estimator f,, of f, defined as the left-continuous slope of the
least concave majorant of ﬁn, where

R 1 n
VEE0,1],  Fut) =~ > Vil (2.2)
1=1

More specifically, our test statistic is a properly centered and normalized version of the IL;-distance between fn
and fp. The asymptotic distribution of the IL;-distance between fn and the true regression function depends on
a process defined as the location of the maximum of a drifted Brownian motion. This location process is called
Groeneboom’s process and is defined as follows:

Definition 2.1. Let W be a standard two-sided Brownian motion originating from zero. Then, the Groeneboom
process V' associated with W is defined by:

Va € R,V(a) =sup {u R, W(u)— (u—a)® is mazimal} -
If the errors’ variance o2 is known, we propose to use the test statistic

nl/6
oV 8k

n

{n1/3 /01 |fa(t) = fo(t)ldt Cfo,a} (2.3)
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where k and Cy, , are defined from Groeneboom’s process V as follows:
[eS) 1
- / cov([V(0)], V() —b))db  and  Cjy o = 2]E|V(O)|/ o2 f5(8)/2] 2 at.
0 0

From Theorem 2 of Durot [4], S,, is asymptotically standard normally distributed under the null hypothesis
Hy, provided fj is decreasing over [0, 1] and twice differentiable with non vanishing first derivative and bounded
second derivative (that is fy satisfies regularity condition Ry defined below):

Under Hy, S, 2, N(0,1) as n — oo.

This theorem suggests the following testing procedure:

Definition 2.2. Assume we are given the regression model (2.1) where x; = i/n and the €;’s are i.i.d. with
mean zero and Ele1|P < oo for some p > 12. Suppose fn is the isotonic estimator of f, fo satisfies Ro and S,
is defined by (2.3). The isotonic test for goodness of fit with asymptotic level o rejects the null hypothesis Hy:
“f = fo” if |Sn| > 2zas2, where zq 9 is the upper a/2 percentage point of the standard normal distribution.

We present the test with o2 known for the sake of simplicity. If o2 is unknown and bounded away from 0, then
one can use our results for testing f = fo with a plug-in estimator 62 for o2, provided n'/%(62 — 0?) = op(1).
One can find in the literature many estimators of ¢? that satisfy this last property. For example, one can
consider the following estimator defined by Rice [14]:

on = ﬁ z_: (Yiy1 — Yi)2. (2.4)

=1

Its bias and its variance are in our setting respectively of order O(n=2) and O(n~1!). One can also use general-
izations of this estimator as defined by Hall et al. [9].

The isotonic test for goodness of fit can easily be implemented since the constants 2E|V(0)| and 8k are known
to be approximately equal to 0.82 and 0.17 respectively (see Groeneboom [7]). Moreover, the isotonic estimator
is entirely data driven and easily computable via the “Pool-Adjacent-Violators” algorithm or a similar device
(see Barlow et al. [1]).

Note that the isotonic estimator f, is comparable to the estimator defined by Brunk [3], which is the
nonparametric least-squares estimator obtained under the constraint f(z1) > ... > f(z,). Brunk’s estimator is
indeed the left-continuous slope of the least concave majorant of the so-called cumulative sum diagram. This
diagram is composed of the points of the Cartesian plane Py = (0,0) and for i = 1,...,n, P, = (x;, l?n(xi))
where ﬁn is given by (2.2). If ﬁn is non decreasing, then the isotonic estimator is exactly equal to Brunk’s
estimator. In Durot’s paper [4], the distinction between Brunk’s estimator and the isotonic estimator, and thus
which of these two estimators is used, does not appear clearly. Considering the proof, one can however easily
check that Durot’s Theorem 2 holds for both estimators.

3. ASYMPTOTIC POWER

The aim of this section is to study the asymptotic power of the isotonic test for goodness of fit, under the
alternative H,,:“f = f,,”, where

fn = fO +cnlp (31)

{cn} is a sequence of positive numbers that converges to zero as n goes to infinity and {A,} is a sequence of
functions with ||Ay]|2 = 1. We consider functions A,, of the form A,(.) = d, 124 (6;:“) where ¢ is defined
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from R to R with support [0,1], ||¢]]2 = 1, zo lies in [0, 1] and ¢, is positive. The support of A, is then
[0, To + 0p]. The sequence {d,} is taken such that either A,, does not depend on n (we simply take §,, = 1 and
2o = 0) or A, is a local bump which simply means that §,, tends to zero as n goes to infinity.

We are interested in evaluating the minimal rate of convergence for ¢, (that is the smallest ¢, up to some
constant) for which the test has a prescribed asymptotic power. The choice of the Ly-distance ¢, between f,
and fy to measure the gap between H,, and Hj is motivated by the relationship between this distance and the
Hellinger distance in the case of Gaussian errors and by the role of the Hellinger distance for hypothesis testing
via the testing affinity.

We need some regularity assumptions, namely

- Ro: fo is decreasing on [0, 1] and twice differentiable with non vanishing first derivative and bounded
second derivative;

- Rp: fn is decreasing on [0, 1] and twice differentiable with bounded second derivative. Moreover, there
exists some positive k1 that does not depend on n such that inficpo 17| £/, ()] > k1.

It is worth noticing that the monotonicity assumption on f, requires c,d, 3/2 t6 be bounded whenever xg # 0,
and that the assumption R,, is fulfilled whenever for example ¢ is twice differentiable with a bounded second

derivative and ¢, 6n 3/2 ig small enough. We state the following result concerning the asymptotic power of the
isotonic test for goodness of fit defined in Definition 2.2.

Theorem 3.1. Assume we are given the regression model (2.1). Let fo be some function that satisfies Ry and
let fn be defined by (3.1). Let Hy and H, be the hypothesis defined respectively by Ho: “f = fo” and Hp:

“f = fn7. Assume f, to satisfy R, and cn5;3/2 to be bounded. Then for every o € (0,1) and 8 € («, 1), there
exists some positive v such that the isotonic test for goodness of fit with asymptotic level a has an asymptotic
power greater than 3 (that is iminf Py, (|Sn| > Za/g) > () whenever

n—oo

n > (n_5/12 v n_1/25;1/2)

for all large enough n.

Assume ¢, 0, 3/2 t6 be bounded. Assume moreover ¢, = v'n3/8 for some positive 7/ and all large enough n.
Then, ¢, > 7’4/371_1/20;1/3. —-3/8

en =y~ Y26, 12 The following corollary is thus a straightforward consequence of Theorem 3.1:

For all v > 0, there thus exists some v > 0 such that ¢, > +v'n implies

Corollary 3.1. Assume we are given the regression model (2.1). Let fy be some function that satisfies Ry and
let fn be defined by (3.1). Let Hy and H, be the hypothesis defined respectively by Ho: “f = fo” and Hp:

“f = fn7. Assume f, to satisfy R, and cn5;3/2 to be bounded. Then for every o € (0,1) and B € («, 1), there
exists some positive v such that

liminf Py, (|Sn| > 2a/2) = 8

n—00

—3/8

whenever ¢, = yn for all large enough n.

The meaning of Theorem 3.1 and Corollary 3.1 is that the minimal rate of convergence for the distance ¢, so
that the test has a prescribed asymptotic power depends on §,, but is anyway smaller than or equal to n=3/8.

For the sake of simplicity, we assume ¢, 6, 3/2 to be bounded. If the perturbation is added to fy at the point
zero (that is if 2o = 0), then the assumption R,, is fulfilled whenever for example ¢ is decreasing, non negative
and twice differentiable with a bounded second derivative. In this case, ¢,0n, 3/2 Joes not have to be bounded.

If zg = 0 and if R,, is fulfilled with ¢,,0n 3/2 hot necessarily bounded, one can calculate the minimal rate of

convergence ¢, so that the test has a prescribed asymptotic power. This minimal rate is given in Tocquet [19] for

Gaussian errors and bounded || f,, — fo||eo- It still depends on §,,, is smaller than or equal to n=°/12vn=1/25, Y 2,
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TABLE 1. Empirical levels (in %) of the tests using the 5% bilateral Gaussian critical value 1.96.

g

n Test 0.5 0.7 1 1.5
200 S, 9.73 9.43 9.40 9.77
S 10.73 1057  10.33  10.73

T, 7.20 6.70 6.13 5.33

5 7.33 6.83 5.67 5.23

1000 S, 7.57 7.67 8.23 8.60
SB 8.00 7.90 8.50 8.80

T, 5.70 5.40 4.90 4.80

B 5.97 5.67 5.10 4.70

~1/2 whenever n'/26,, and (nd,)~! are bounded (the width of the perturbation has to be larger

in order that the perturbation can be detected). From the relationship between the Lo-distance, the
Hellinger distance and the testing affinity within the Gaussian regression experiment, the rate n~'/? is known
to be the optimal rate. The arguments of the proof are closely related to those developed in the proof of

and equals n
than n~!

Theorem 3.1, but additional technical difficulties, because ¢, d, 32 can go to infinity with n, make the proof
cumbersome.

4. SIMULATION STUDY

In this section, we study the behavior of the isotonic test for goodness of fit in a simulation experiment, in the
case where the errors are normally distributed. We first study the level of the test, comparing the asymptotic
level (which is fixed a priori) to the level obtained for finite n. We then study the power of our test, comparing
it with the likelihood ratio test’s. Part of the results, which reflects the observed behavior over the entire
experiment, are presented in Tables 1 and 2. The sample size n is set at 200 and 1000 and the asymptotic
level « is set at 0.05.

Let us study first the level. For completeness, we study the test procedure described in Section 2 and also
the test procedure that involves Brunk’s estimator instead of our isotonic estimator (see the end of Sect. 2).
Moreover, it emerges from simulation studies that the actual levels of these two test procedures significantly
differ from the asymptotic level. We thus propose two other test procedures, the levels of which are closer to
the fixed asymptotic level.

We fix n € {200,1000} and draw a sample (e1,...,&,) from the Gaussian distribution A(0,1). We fix
o € {0.5,0.7,1,1.5} and for every 4, we generate

Y = fo(x;) + o€,

where x; = ¢/n and fy(x) = 5 — 10x. We then build from Y7,...,Y,, the test statistics S, Th, SB and TB as
follows. Sn is the test statistic studied in Section 2:

S’n = ( 1/3/ |fn fO |dt—082/ |Un O /2|1/3dt>
Un
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TABLE 2. Percentage of rejections of Hy in 3000 samples using simulated 5% critical values,
when the regression function f is given by (4.1) and the test is based on T,, (straight) or LR

(italic).
o =0.5, n=200 oc=1, n=200
(0, z0) d=10 =20 ¢ =30 d=10 =20 ¢ =30
(1,0) 23.90 87.90 99.97 8.97 29.57 67.57
18.40 75.23 99.43 8.50 23.47 54.533
(0.5,0.25) 22.50 83.90 99.93 8.80 26.20 61.50
18.45 74.23 99.50 8.50 22.97 52.90
(0.3,0.35) 21.03 7717 99.40 8.23 22.20 50.77
18.07 73.53 99.50 8.27 21.87 50.07
o= 0.5, n=1000 c=1, n=1000
(0, z0) d=5 =10 =20 d=5 (=10 =20
(1,0) 22.30 90.40 100 9.00 30.47 95.53
19.95 81.50 100 8.80 26.47 90.70
(0.5,0.25) 22.03 88.10 100 8.37 29.30 95.57
19.80 81.47 100 8.77 25.93 91.13
(0.3,0.35) 21.33 83.63 100 8.23 26.33 90.07
19.30 81.53 100 8.77 26.13 91.87
(0.1,0.45)  15.57 7.07
18.47 8.00

where 62 is Rice’s estimator of o2 given by (2.4); T,, is given by

) /6 s [P© e
T,=———|n Vala) — ada—0.82/ o t)/2|7/°dt |,
1 LA O] g0

where V,, is the generalized inverse function of fn and go is the inverse function of fj; S’f and Tf are defined in
the same way as S, and T}, respectively, but where the isotonic estimator fn is replaced by Brunk’s estimator ff .
One can prove by using the same arguments as Durot that under the null hypothesis, all of these test statistics
converge to a Gaussian distribution A (0, 1) as n goes to infinity, provided fy satisfies the regularity condition
Ro (see Sect. 2). Therefore, for every S, € {S'H,Tn, S’f,ﬁ? }, the test procedure that rejects Ho: “f = fu” if
|Sn| > 2a/2 (Where z, /2 is the upper «/2 percentage point of the standard normal distribution) is of asymptotic
level . The empirical levels (percentage of rejection of Hy: “f = fu” using the 5% bilateral Gaussian critical
value 1.96) computed from 3000 samples are reported in Table 1 for the four tests.
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It is seen in Table 1 that the level of the test procedure is only slightly affected by the choice of the estimator
of f (isotonic or Brunk’s estimator). The normal approximation for the distributions of S, and S’f is misleading:
the actual levels are significantly greater than 5% even for n = 1000. That is the reason why we considered the
tests based on T, and Tf . The replacement of

/ 1) — folb)ldt = [ 1) = ao(@)lda

by [ foo((lo)) [Vi(a) — go(a)|da (and the analogue with Brunk’s estimator) indeed allows to correct this failing; the

empirical 1evels for T,, and T'2 are rather close to 5%.
The most natural test to compare our test’s power with in the case of Gaussian errors is the likelihood ratio
test. Since Brunk’s estimator n is the maximum likelihood estimator under order restriction f(x1) > ... >

f(zn), the likelihood ratio test rejects the null hypothesis Hy: “f = fo” if
n
S (% - fola))?
LR ==

n

> i [P (@)?

=1

exceeds a critical value. The aim of the simulation study reported here is thus to compare with each others the
powers of the test procedures based on LR, Sn, Tn, SB and TB. One can prove (by using the same arguments
as in the proof of Th. 3.1) that the result of Theorem 3.1 concermng the asymptotic power of the test procedure
based on S,, still holds for the test procedures based on Tn, S or TB. But no distribution theory is available
for LR, so we use 5% critical values obtained by simulations for the ﬁve test procedures considered here. These
critical values have been obtained from those 3000 samples used for the computation of the empirical levels of
Table 1.
The regression function considered under the alternative is

2\ 3
fa) = fo(z) + /6712 <0.52 - (”“" _(Sxo - o.5> ) Lyo<agaots: (4.1)

The monotonicity constraint here is ¢ < §3/22501/5/3. In the results we report here, four values for (6, z¢):
(1, 0), (0.5, 0.25), (0.3, 0.35), (0.1, 0.45) and two values for o: 0.5, 1 have been selected. The choice of ¢/
depends on n: ¢’ is taken to be 10, 20, 30 for n = 200 and 5, 10, 20 for n = 1000.

We fix n, ¢’ and (4, z9) and draw a sample (1, ...,&,) from the Gaussian distribution N'(0,1). We fix o and
for every i € {1,...,n} we generate

Y; = f(xi) + oei.

We compute then the five test statistics and the percentages of rejection of Hy (using simulated critical values)
over 3000 samples. Considering the previous results about the behavior of S, and S’f under Hy, it seemed not
relevant to present results on the power of the tests based on these statistics. Moreover, the test based on Tf
is in most cases less powerful than the test based on 7). For the sake of simplicity, we thus only present in
Table 2 the results concerning the power of both tests based on T, and LR.

The test based on T}, is better than the likelihood ratio test in general. The likelihood ratio test is marginally
better in the case where § = 0.1. The parameter xy has been chosen here in order that the bump is centered.
The results obtained over the entire experiment show that when xg = 0, the test based on Tn is slightly less
powerful comparing to the case g # 0. However the general behavior observed here carries on: test based
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on T}, is better than the likelihood ratio test except in the case of very thin bumps (6 and ¢ small). These
results show also that the test based on .S, is in most cases the most powerful among the five tests.

5. DERIVATION OF RESULTS

If h, denotes the isotonic estimator of some regression function h and C' is a positive number, then the
isotonic estimator of Ch is Ch,,. It thus suffices to prove Theorem 3.1 in the case where o = 1, so we assume
in the sequel o = 1.

To study the asymptotic behavior of S,, under H,,, we consider both inverse functions of fn and fy. This
key idea comes from Groeneboom [7]. We recall that the (generalized) inverse h~! of a non increasing, left-
continuous function h defined on [0, 1] is given by

Ya € R h~'(a)=inf{t € [0,1],h(t) < a}

with the convention that the infimum of an empty set is 1. Let ﬁn be the empirical process defined by (2.2)
and let define the “argmax” of a process {X(u), v € I}, I C R by

argmax{ X (u)} = sup{u € I, X (u) is maximal}
u€el

with the convention that the supremum of an empty set is the infimum of I. The inverse function V,, of fn is
given by: Va € R, V;,(a) = argmax,¢|o 11{Fn(u) — au}. Therefore,

1 n 1 n
Va € R, V,(a)=argmax{ — Zfﬂlxigu + = an(xi)]lxigu —au (5.1)
welp1] " ni=

under the hypothesis H,. Because V,, is more tractable than the isotonic estimator fn, we use the following
identity, where go stands for the inverse function of fj:

/ Fult) — fo()ldt = / Via(a) — gola)|da. (5.2)
0 R

Moreover, it is proved in Lemma 5.2 that V,, can be approached by a process U,, defined by

Va €R, Up,(a)= argmax {W(u) +vn ( /O " () ds — au)} : (5.3)

u€[0,1]

where W is a standard two-sided Brownian motion. So we deal with U,, instead of fn in the proof of Theorem 3.1.
The proof is organized as follows. Probabilistic tools are given in Section 5.1. The proofs of these probabilistic
tools are postponed to Section 5.4. In Section 5.2, Theorem 3.1 is proved in the case where n'/ BCH(S}/ EBS 7 for
all n and some large enough 7 > 0. Theorem 3.1 is finally proved in the case where n'/ BCH(S}/ ? is bounded in
Section 5.3. Throughout the proof, we will use the following notation.

Notation 1.

— [m, M] (resp. [my, M,]) stands for the range of fo (resp. fn);
— go (resp. gn, Vi) stands for the inverse function of fo (resp. fn, fn);
— I =n""3logn;
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— the functions d,, and L,, are defined by: for all real number a,

2/3
and Ln(a) = sup FAGIE (5.4)
t€[gn(a)—1I,9n (a)+I]N[0,1]

f;z (gn(a))

dn(a) = 5

— PP (resp. E, resp. var) stands for the probability (resp. the expectation, resp. the variance) under the
hypothesis H,,.

5.1. Some probabilistic tools

Probability inequalities are provided in the following lemma:

Lemma 5.1. Let g, be the inverse function of f,, where f, satisfies the regularity condition R,,. Let V, be the
process defined by (5.1), where x; = i/n, the €;’s are independent and identically distributed random variables
such that Ele; [P is finite for some p > 2. If sup, ,, | fu(t)| is finite then there exists some c, > 0 such that for all
t>0,a€eR,neN*

P (|Va(a) = gn(a)| > 1) < ept /20272,

Let Uy, be the process defined by (5.3) where W is a standard two-sided Brownian motion. There exists some
C > 0 that only depends on ki such that for allt >0, a € R, n € N*

P(|Un(a) — gn(a)| > t) < 2exp (—nCt?).

Since for all positive random variable X, EX = fooo P(X > z) dz, this lemma ensures on the one hand that for
all ¢ € (0, 3p/2) there exists some positive constant ¢, such that

q
supsupE (n'/*[Vi,(a) = ga(a)] ) < e (5.5)
neENacR

and on the other hand that for all ¢ > 0, there exists some positive constant c; such that

q
sup sup E (n1/3|Un(a) — gn(a)|) < ¢ (5.6)
n€N aeR

It is stated in Lemma 5.2 below that the process V,, can be approached by the process U,. Moreover, it
is stated there that the integration range of [, [V,(a) — go(a)|da can be restricted to a well chosen bounded
interval providing an error of order O]p(n_l/ 2). This lemma is the starting point of the proof of Theorem 3.1.

Lemma 5.2. Let go denote the inverse function of fo, where fo is decreasing on [0,1] and let f,, be defined
by (3.1). Suppose that f, satisfies Ry, and that sup,, ,|fn(t)| is finite. Let [m, M], [m., My] denote the range
of fo and fy respectively.

Let V,, be the process defined by (5.1), where the ¢;’s are independent and identically distributed random
variables with mean zero and variance one, x; = i/n. Then

M, VM
EAHM@—%wnw=E/' V(@) — go(a)| da+ O(n~2/3). (5.7)

mp AT

Assume that Ele;|P is finite for some p > 12 and the €;’s are defined on some rich probability space. Assume
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moreover cn(5;3/2 and nl/ﬁcnégl/2 to be bounded. Then there exists some standard Brownian motion W such
that

My VM

IE/R [Va(a) — go(a)| da = IE/ Un(a) — gola)| da + O(n~2/2),

mnp/Am
where Uy (a) is given by (5.3).

The following lemma is a technical lemma that will be useful to study the asymptotic expectation of the
test statistic S,,. It allows to approach the random variable n'/3(U,(a) — gn(a)) by a normalized Groeneboom
process at time zero.

Lemma 5.3. Let fy be a decreasing function and let f,, be defined by (3.1). Let U, be the process defined

by (5.8) where W is a standard two-sided Brownian motion. Suppose cn(5;3/2 to be bounded and f, to satisfy
condition Ry,. Let g, be the inverse function of fn, L, and d,, be defined by (5.4) and let a be a real number
such that for all n, [~logn,logn] C [-n'/3g,(a),n'/?(1 — g,(a))] and 4n~'/*(logn)"/?L,(a) < 1. Then, there
exist some positive constants Dy and Ds, some integer ng that all do not depend on a and some Groeneboom
process Vg n such that

Do
logn

n'/OR |n' /3 (U, (a) — gn(a)) — dn(a)” WV n(0)| < Din~Y12(logn)*? L, (a) +

whenever n > ny.

5.2. Proof of Theorem 3.1 in the case where nl/?’cn&l/2 >n

We use Notation 1.
Let S,, be the random variable defined by (2.3) where o = 1 and let 1 be some large enough positive number.

Fixa € (0,1) and 8 € («, 1). Suppose that n'/3c,6+/% > n for all large enough n. Since [ fn—foll1 = cn(S}/QquHh
we get for large enough 7 and n,

P(|Sn| < Zoe/Q) <P (nl/ﬁ {n1/367L571z/2H¢H1 - nl/BHf" o f"Hl B Cfo’l} S /2 Sk)
<B(nf = fulh > 2Iolh)

One can easily check that ||f, — fulli = ||V — gnlli. Moreover g, (a) = go(a) for all a & [m A my, MV M,].
Therefore (5.5) and (5.7) prove that n'/3E||f, — f, |1 is bounded. Markov’s inequality then yields

1iHlsup]P)(|‘S’n| < ZOc/Q) <1-4,

n—00

whenever 7 is large enough.

5.3. Proof of Theorem 3.1 in the case where nl/?’cn&l/2 is bounded

We use Notation 1. We assume without loss of generality that the &;’s are defined on some rich enough
probability space so that Hungarian constructions hold (see Lem. 5.2). We assume moreover c,d, /2 and
n1/3cn571/2 to be bounded.
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Let S,, be the random variable defined by (2.3) where 0 = 1. Let decompose S,, into the sum of a bias term
B,, and a centered random term S/,. More precisely, ni/8¢c,6n 12 i bounded so we define By, and 5], by

MV M,
B, =n'/6 {E (nl/g/ |Un(a) — go(a)|da> — Cfml} , (5.8)

nAMy

MV M, MV My,
S;z =n'/ {nl/B/ |Un(a) - go(a)|da —-E (nl/B/ |Un(a) - go(a)|da> } (5-9)

nAMy nAMy

where U, satisfies the second assertion in Lemma 5.2. By identity (5.2) and the second assertion in Lemma 5.2
we then have v8kS, = B, + S), + Op(1). The main issue to prove Theorem 3.1 is thus to prove the following
proposition:

Proposition 5.1. Let fo be some function satisfying Ro and let f,, be defined by (3.1). Assume we are given
the regression model (2.1) under the hypothesis H,: “f = f,”. Let By, be defined by (5.8) and S], be defined

by (5.9). Assume f, to satisfy R, and suppose n1/3cn571/2 and cn(5;3/2 to be bounded. We have the following
results:

1. suppose nl/BCn(Sgl/Q to be bounded. Then there exists some positive B such that for all n, B, > O(1) +
Bn®/%¢2. Moreover, var(S!)) = O(1);

2. suppose 0, to converge to zero as n goes to infinity and suppose n cn5;1/2 > 1 for all n. Then there
exists some positive B such that for alln, B, > O(1) + Bnl/2¢,55/. Moreover, var(S!) = O(1+n?/3c2).

1/3

Theorem 3.1 follows from Proposition 5.1 in the case where n'/ BCH(S}/ % is bounded. Assume indeed CnOn 3/2
and n1/3cn571/2 to be bounded. Assume moreover ¢, > y(n~%/12 v n_1/25;1/2) for some large enough v. Fix

a € (0,1) and 8 € (a,1). We have v8kS,, = B,, + 5], + Op(1), so
P(IS0] < 2a/2) <P (IS4 > Bu + Op(1) = za/2V8k)

By Proposition 5.1, for all positive C' we have liminf, ., B, > C provided 7 is large enough. Fix e > 0. It
thus follows from Markov’s inequality that there exists some g such that

4var(S)
lim sup P(|S,| < zq/2) < limsup Avar($,)

2
n— o0 n— o0 Bn

+e€

whenever 7 > 79. There exists some A > 0 such that 6, > An~!/ 4ﬁ since ¢, > yn~ /26, Y2 and Cnln 3/2

is bounded. Using again Proposition 5.1 we obtain limsup,, . P(|Sn| < za/2) < 1 — 8 whenever v is large
enough.

The end of this section is devoted to the proof of Proposition 5.1. The proof is organized as follows. We first
build a sequence Z,, in such a way that

B, =n'%(Z, — Cs,1) +0(1). (5.10)

The results stated in Proposition 5.1 concerning the asymptotic expectation B,, of the test statistic are derived
from the asymptotic behavior of n'/%(Z, —C #0.1)- Results concerning the asymptotic variance of the test statistic
are finally proved. For the sake of simplicity, we assume throughout the proof xy to be zero. Recall we assume
also o = 1.
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e Construction of 7,

Suppose first that §,, converges to zero as n goes to infinity. We assume without loss of generality that m,, = m
and m +n~Y6 < (6, +I). Then [m Am,, MV M,] = TW VTP UT® where

M = [m,m 40~V U [fo(n™ 5 log? n), MV My,
I7(L2) = [m + n_1/67 f0(5n + I)]7
I7(L3) = [f0(5n + I), fn (n_1/3 10g2 n)],

L({?’) being an empty set whenever fo(6, + I) > fn(n=/3 log® n). Since ¢, 0, 3/2 and nl/ BCH(S}/ 2 are bounded,
ni/8¢, 6, /2 is also bounded and the length of both intervals defining L(Ll) is of order of magnitude O(n‘l/ 6).
If V(0) is the location of the maximum of {W (u) —u?, u € R} then for every z > 0, |V (0)| can be larger than z
only if there exists some u with |u| > x for which W(u) — u? > W(0). Time-inversion property of Brownian
motion thus implies

P(|V(0)] > z) < 2exp(—2°/2) (5.11)

for all © > 0. Therefore, E[V(0)| is finite. By (5.6) we thus get for all Groeneboom process V:
e / B[ Uala) = gu(@)) = V(0)du(a) | da = 0(1).
In

Fix now a € L(LQ). Since a < fo(d,, + 1), we have g, (a) = go(a) and L, (a) < || f||cc- Assumptions of Lemma 5.3
are thus fulfilled for large enough n. Therefore, for all a € L(LQ), there exists some Groeneboom process Vj
such that

nl/6 /L(f) E ‘nl/B (Un(a) — gn(a)) — Va,n(o)dn(a)_l da = O(1).

Suppose n'/65,, to be bounded. Then, the length of the interval L(LB) is of order of magnitude O(n‘l/ 6) and for
all a € [m A my, M V M,], there exists some Groeneboom process V , such that

MV M,
n1/o / E ‘nl/B (Un(a) — gn(a)) — Van(0)dn(a)~*| da = O(1). (5.12)

nAMy

Suppose now that there exists some positive constant C' such that n'/66, > C for all large enough n. Then,
SUP,, 7 (®) L,(a) =0(1+ nt/ 26n571l/ 2) and the assumptions of Lemma 5.3 are fulfilled for all a € L(LB) whenever n
is large enough (recall that n'/ BCH(S}/ 2 s bounded). We also have SUp, 7@ L,(a) = O(1 + ¢pon 5/ 2) and the
length of L(LB) is of order of magnitude O(6,, +n~'/3(logn)?). So (5.12) still holds for some Van in the case

where n'/65, > C. If 6, converges to zero as n goes to infinity, there thus exists for all a some Groeneboom
process Vg, such that (5.12) holds. One can easily prove that (5.12) still holds for some V, ,, whenever d,, =1
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for all n since in that case Ly, (a) is bounded uniformly in a and n. Let thus define

MV M,
7. —E / Vo (0) + o (a)] dn(a)~1da, (5.13)

nAMy
where 1, (a) = dy(a)n'/?(gn(a) — go(a)). Then (5.10) holds.
e Asymptotic expectation of the test statistic

Let Z,, be defined by (5.13). We get

, 1/3
fn (t) dt

1
Zn = 2E/ |V;f,n(0) + w" o f"(t)| 2
0

where for every real number ¢, V; ,, is a Groeneboom process. Since fo and f,, satisfy the regularity conditions
Ro and R, respectively, there exists some positive constant C' such that

Lt
“5(5—”

Let V be a Groeneboom process. Inequality (5.11) holds for all z > 0 so E|V(0)] is finite and

1O = 1RO < Cens

nEVO) [ (1501 = 1501) at = o).

Therefore (recall ¢ = 1 and g = 0) n'/%(Z,, — Cs,.1) = O(1) + B!, where

1
B!, = 2n!/" /
0

The distribution of V(0) is symmetric about zero, so

1/3

In@ | ©1v(0) + o fult)] — EIV(O)]) .

2

[pnofn(t)]
E[V(0) + ¥ o fu ()] — E[V(0)] = / B(V(0)] < u)du.

But ¢, o f,, has support included in the support [0, d,] of f,, — fo and therefore

n
B, =2n!/° /
0

Suppose first n'/3¢, 6, -/ to be bounded. Since the density h of V'(0) has a bell shape curve (see Groeneboom [8]),
we have:

fat)

1/3 |wn0fn(t)|
! / P(|V(0)] < u) dudt.
0

[pnofn(t)] )
/0 P(V(0)] < w)du > (a0 ful®)2h (1 o fa(0)]).

The function h is continuous and ||ty o fr||co is bounded. Moreover, there exist some subinterval I, of [0, d,)

with length of order §,, and some positive constant C such that inficy, [tn o frn(t)] > Cn'/3¢,6n 12, By (5.10)
there thus exists some B > 0 such that B,, > O(1) + Bn®/6¢2.
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Suppose now that there exists some positive constant D such that Cn'/3¢, 8, Y2 5 9D for all large enough n.
Then
P4 [V/3 plimeta ()]
Bl > 2n1/6 / fT() / P(|V(0)] < D) dudt.
In D

By (5.10) there thus exists some B > 0 such that B, > O(1) + Bnl/an(S}/Q.
e Asymptotic variance of the test statistic

In the sequel we use the following convention: for all real valued function h, all z > vy, f Y h(t)dt = 0. Let S’ be
the random variable defined by (5.9). We write var (5),) = L(Ll) + L(LQ), where

MV M, MV M,
IV =20 / / cov ([Un(a) — go(@)]. |Un(b) — go(5)]) dida,

WA, +n—1/3

MV M, a+n— 1/
I® =2 / / cov ([Un(a) — go(a)], [Un(b) — go(8)]) dbdla.

1AMy,

We first state several covariance inequalities that will be used to provide upper bounds for both L(Ll) and L(LQ).
It is assumed that both f], and f} are bounded away from zero so

sup lgn(a) — go(a)| = O(cn5;1/2). (5.14)
a€[mAmy, ,MVM,]

Cauchy—Schwarz inequality and (5.6) then yield

sup lcov (|Un (@) = go(a)l, |Un(b) — go(b))] = O(n~ 2% + c26,1). (5.15)
a,beE[mAmM, , MV M,)

The second covariance inequality we use in order to estimate L(Ll) and L(LQ) brings independent variables in.
The idea is to use the following consequence of Cauchy—Schwarz inequality. Let D, D', E and E’ be random
variables. If F and D are independent, then

lcov(D', E')| < EY?(D'*)EV*(E — E')? + EV*(E*)EY*(D — D')2. (5.16)

For every real numbers a and b such that a < b let D,(a,b) and E,(a,b) be defined by

Dy, (a,b) = argmax {W(u) +vVn(Fn(u) — bu)} ,
ue [ 3.‘771,(’7)2—571, (a) R gn(b)‘ggn (a) ]0[071]
E,(a,b) = argmax {W(uw) + vn(Fu(u) — au)}

ue [ 9n (b)-ggn (a) , 39n (a)z—gn (b) ]0[071]

where F,(u fo fn(s) ds. Since Brownian motion’s increments are independent, D, (a,b) and E,(a,b) are
mdependent for all a < b. Moreover, we will prove that the Ly-distance between D, (a,b) and U, (b) (resp.
between FE,(a,b) and U,(a)) is small. From the definition of D, (a,b) and U, (b) we have |Dy,(a,b) — gn(b)]
< UL (b) — gn(b)|. Moreover, either D,,(a,b) = Uy,(b) or |Un(b) — gn(b)] > (gn(a) — gn(b))/2. Tt thus follows
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from triangular inequality and the Cauchy—Schwarz inequality that

E'/? |[Dn(a,b) = go(b)| — [Un(b) — go(b)] |2
- gn(b)
5 ) . (5.17)

< 2BV U 8) = g, (B B2 (U0) = 9, 0)] > 2207020

One can obtain the same kind of upper bound for EY2||E,(a,b) — go(a)| — |Un(a) — go(a)| |>. This implies
by (5.16, 5.14) and Lemma 5.1 that there exist some positive A and C such that for all a < b,

| cov(|Un(a) = go(a)l, [Un(b) — go(b)])| < An_l/g(n_l/g + Cn5;1/2) exp (—nC'(gn(a) - gn(b))g) . (5.18)

We propose a last covariance inequality that applies in the case where both a and b lie in [m V my, fo(dn)]
and a < b. In that case, gn(a) = go(a) and g,(b) = go(b). Moreover, there exists some positive K such that

gn(a) — gn(b) = K(b — a) since ¢,y 3/2 is bounded. By using the same arguments as above combined with
Lemma 5.1, one can easily check that there exist some positive A and C such that

lcov ([Un(a) — go(a)], |Un(b) — go(b)])| < An~?/*exp(=Cn(b — a)*). (5.19)

We now provide upper bounds for L(Ll) and L(LQ). Suppose first n'/3¢, 8, 12 6 be bounded. There exists some
positive constant K such that g,(a) — gn(b) = K(b— a) whenever a and b lie in [m,,, M,]. By (5.15) and (5.18),
there thus exist some positive constants A and C' such that

MAM,, MAM,,
‘Iu)‘ < Anl/z/ / exp (—Cn(b— a)*) dbda 4+ O(1)

mVmy +n—1/3

< A/ / exp (—Cz?) dzda + O(1).
m 1

Hence IS" is bounded. It follows from (5.15) that I? is also bounded, so var(S),) is bounded whenever
nl/BCn(Sgl/Q is bounded.

Suppose now that d,, converges to zero as n goes to infinity and that n'/3¢,,d, 12 51 for all large enough n.
Then we can assume m,, = m. On the one hand, inequality (5.19) holds whenever both a and b lie in [m, fo(d,)]
and a < b. Therefore,

fo(6n)  pfo(on)

w [ v 1U(a) = o)l 1U(0) = o) dbde = O(0).
a4+n—1/3

We have M V M,, — fo(é,) = O(d,). Moreover, g, is strictly decreasing from [m, M,] onto [0, 1]. Therefore,

b — n'/3(gn(a) — gn(b)) is one-to-one over [m, M,] for all fixed a € R. By (5.18) and change of variables, we

thus obtain (recall that n'/ 3,00/ is bounded)

MV M, M AM,,
n /f o 1Un@) = go(@)] [0 (8) = go(®)]) dida = O(1)

0(6n) +n—1/3
Likewise, a +— n'/3(g,(a) — gn(b)) is one-to-one over [m, M,] for all fixed b € R. It thus follows from (5.18) and

change of variables that

fo(0n) pMVMy
/ / cov (|Un(a) — gola)], [Un(b) — go(b)]) dbda = O(1).
fo(dn)
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Finally, the exponential factor in (5.18) is no more than one so

MVM, MVM,
n/ / cov (|Un(a) — go(a)l, |Un(b) = go(b)|) Lp>adbda = O(nQ/BC%)-
fo(6n) Y MAMy,

Therefore, L(Ll) = O(1 +n?/3¢2). On the other hand, g,(a) = go(a) and g,(b) = go(b) for all a € [m, fo(6,) —
n~'/3] and b € [a,a +n~1/3]. By the Cauchy-Schwarz inequality and (5.6) we thus have

MvVM, —1/3

a+n
1) < 0(1) + 20 /f / lcov (Un(a) — go(@)], |Ua() — go®))| dbda.  (5.20)

0(6n)—n—1/3
Conditions nl/BCn(Sgl/Q > 1 and cn(5;3/2 = O(1) imply 6, = O(n 1/3). So by (5.15) we have L(LQ) =01+

n?/3¢2). Therefore var(S!,) = O(1 + n?/3¢2) whenever n1/3cn5;1/ > 1 for all large enough n and §,, = o(1),

which completes the proof of Proposition 5.1.

5.4. Proof of the probabilistic tools
Notation 1 is used throughout this section.

5.4.1. Proof of Lemma 5.1

For all a € R, V,(a) — gn(a) is the location of the maximum of the process Z,, — D, over I,(a) =
[—gn(a),1— gn(a)], where

Zan( ZE’ zi<vtgn(a) — ﬂx¢<gn,(a))7 (5.21)
and

a n = —— Z fn xz x,<v+gn(a) - ]]-gc,zggn(a)) + av. (522)

Fix v € [0,1—g,(a)]. By definition of k1 we have f,,(x;) < fn(gn(a))—ki(x; —gn(a)) for all z; €]gn(a), v+gn(a)].
Moreover card{i,z; €]gn(a),v + gn(a)]} € [nv — 1, nv + 1] since x; = i/n. Therefore,

1 n
— Z(Jﬁz — gn(a))ﬂxie]gn(a),v+gn(a)]

n
=1

v+gn (a)
+ k1 / (x — gn(a))dz
gn(a)

 alga(@)]

n

v+gn(a)
— / (x — gn(a))dz
gn(a)

Daﬂl(v) 2 (CL - fn(gn(a)))v + k1

which implies

lon(@)] _ k1 ke?

Da,n(v) = (CL - fn(gn(a))) U= n n 9
By assumption f, is continuous so (a — fn(gn(a)))v > 0 for all v € [—gn(a), 1 — gn(a)]. But sup, , [fa(t)] is
finite so there exists some positive cg that does not depend on a or n such that

k
Da,n ('U) = _1U2

7 (5.23)
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whenever v? > ¢o/n and v € [0,1 — g,,(a)]. One can prove using the same arguments that (5.23) still holds
whenever v? > ¢o/n and v € [—gn(a),0]. Fix ¢t > 0. The first inequality in Lemma 5.1 is trivial whenever
2 < co/n so we assume t? > co/n and we get

P(|Va(a) — gn(a)| > t) <P (sup {Zan(v) — kv 4} > 0)

|| >t

<ZP( S {Zan(0)} > knt?22E ”)
k>0

2k < |u| 2R+

By Doob’s and Rosenthal’s inequalities (see Revuz and Yor [13] and Rosenthal [15]) there thus exists some
positive K, that only depends on E|e1|P and k; such that

(nt2k 1 4 1)p/2
T

]P)(“/n(a) - gn( | > t nt222k )

k>0

which proves the first assertion of the lemma.
Expanding v +— fo fn(s) ds in the neighborhood of g,(a), one can prove in the same way that for all ¢t > 0,

o).

By time-homogeneity property of Brownian motion, the latter probability does not depend on a. Moreover, the
process {ut™'/?W(t/u), u € R} has the same distribution as {W(u), u € R} so change of variables u = t/v
yields

WV

1 k1U2
P (|Un(a) = gala)| > 1) <P(1;Erl>>t{%<w<v+gn<a»—W(gnw))) -2 }

nt3/ 2k
P(|Un(a) — gn(a)] > t) < 2P ( sup {W(v)} > g) '
o<v<1

The second assertion of the lemma now follows from exponential inequality.

5.4.2. Proof of Lemma 5.2

Fix a > M,,. Let g, denote the inverse function of f,,. We have g, (a) = 0 and V,,(a) — gn(a) lies in [0, 1] so
for all ¢ > 0,

P(|Vn(a) - gn(a)| >t) <P ( Sup {Za,n(v) - Da,n(v)} = 0) )
t<v<l
where Z,, and D, , are given by (5.21) and (5.22) respectively. For all v € [0,1], Card{i,z; €]0,v]} €
[nv — 1, nv]. Thus

Dan(v) = v(a — My) — bup | fu ()] /7.

n,t

Assume 2sup,, ;| fn(t)| < nt(a—M,) and t > 1/n. Then, D, (v) > v(a— M,)/2 for all v > t. Moreover, E|e; |*
is finite so one can obtain by using the same arguments as in the proof of Lemma 5.1 that there exists some
positive constant ¢ such that

c

P([Va(a) = gnla)| > 1) < nta — M2 (5.24)
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forallt > 1/n, a > M, and n > 1 with 2sup,, , [f.(t)| < nt(a — M,,). The latter inequality is trivial whenever
2sup,, ;| fu(t)| > nt(a — M) and t > 1/n (prov1ded ¢ is large enough) so it holds for all ¢ > 1/n and a > M,

By definition, f, can jump only at times i/n, i € {1,...,n} so for all t > 0, we can have V,,(a) > t only if
V.(a) = 1/n. By (5.24), there thus exists some positive ¢ such that

P (|Vi(a) = gn(a)| > t) < m

for all t € (0,1/n), a > M,. There thus exists some positive ¢ such that (5.24) holds for all positive ¢, n and all
a > M,. Combined with Lemma 5.1 with p = 2, it proves that there exists some ¢’ such that for all a > M,,,

, 1 a=Mn 1 |
E|V, — < _ — — dt —dt | .
Vo) = gu(@)] < | g + / o TR / o

So by (5.5),
V..(a) — a)|da = O(n=%/3).
E/M,,| n( ) gn( )|d ( )

One can obtain in the same way that E [ |V, (a) — gn(a)| da = O(n=2/%). Equality (5.7) then follows since
gn(a) = go(a) for all a ¢ [my, Am, M, V M].

By Sakhanenko’s theorem, see Theorem 5 of Sakhanenko [16], we may assume (provided the &;’s are defined
on some rich enough probability space) that there exists some Brownian motion Wy such that

P
) < nEley |P.

Let W be the Brownian motion defined by W(u) = n~'2Wy(nu), u € R. By exponential inequality and
Markov’s inequality there exists some ¢, such that for all ¢ > 0,

T PR

Let U, be defined by (5.3) where W is some Brownian motion that satisfies (5.25). Let I, = [-n'/3g,(a),
n'/3(1 — gn(a))]. By definition, n'/3(U,,(a) — gn(a)) is the location of the maximum of the process {Z(u), u €
I, } where

k
E (sup ZE’ — Wo(k)
k<n i—1

>t> cpn! TP/HP, (5.25)

n" 3 u4g, (a)
Z(u) = n'"W(n="3u+ gn(a)) + n2/3/ fu(s) ds — an'/3u.
0

Moreover n'/3(V,,(a) — gn(a)) is the location of the maximum of {Z(u) + R(u), u € I, ,} where

sup |R(u)] < en™ Y/ + 0/ sup
u€ly n t€0,1]

\/_ Zfz i<t — W(t)

for some ¢ > 0, since sup,, , | f,(¢)| is finite. By (5.25)

P (2 sup |R(u)| > x773/2> < APe,n!t P3Py 3P/2 (5.26)
u€la,n
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whenever 4cn™/3 < xn?/2. Let 2z = n'/3(U,(a) — gn(a)) denote the location of the maximum of Z and for every
n >0 let

Ba(n) = B (n*/*|Vi(a) ~Un(a)| > n).

For all positive x, n

Pa(n) <P (2() = 20 (V@) — gu(a))) > /%) + P <z<z> — s (1) < xn3/2> ,

[t—z|>n
where

Z(z) = Z(n'3(V,(a) — gn(a))) < 2 sup |R(u)].

Upper bounds for the last two probabilities are obtained using respectively (5.26) and Proposition 1 of Durot [4].
From now on, T denotes log(n). By Lemma 5.1 there exist some positive A, C such that

P (n1/3|Vn(a) —Up(a)| > 77) < ATz + An*P/3g=Py=3P/2 L 9 exp(—CT?)

whenever a € [my,, M,], 4ecn™'/3 < an®/? 5 € (0,1) and ¢/T? < —1/nlog(2xn) for some large enough, positive c’.
Fix a € [my, My,,] and for all n > 0 let define

Ty = n(3—p)/3(p+1)n—3p/2(p+1)T—1/(p+1).

The latter inequality holds whenever z = z,, n € [n2(3_p)/ 9% n=2] for some a > 0 and n > ng for some large
enough ng that does not depend on a. So for large enough n

—a n=®

n
nl/ﬁ/ P.(n) dn < n(12-P)/18p72/3 1 2ATn1/6/ Ty dn + opl/6—ae=CT?
0 n

2(3—p)/9pT2/3

This upper bound does not depend on a and converges to zero as n goes to infinity since p > 12. Fix g €
B
(1/3(3p—2); (p—T7)/6(p+1)). We have P,(n) < P,(n~?) for all n > n~*. The integral n'/6 [ P,(n) dn thus

n—(l
also converges to zero as n goes to infinity uniformly in a € [m,, M,,] whenever « is small enough. Finally it
follows from Lemma 5.1 that n'/¢ fT ;); P.(n) dn uniformly converges to zero as n goes to infinity. Since we have

EX = [[°P(X > z) dx for all positive random variable X it follows that

lim n'/?  sup E|Uy(a) = Va(a)| = 0.

n—oo a€lmn,My]

By (5.5, 5.6) this implies

M, VM
n1/2/ E| U (a) — Vi (a)| da = O(1)

1n A

whenever M,, — M = O(n~'/%) and m,, — m = O(n~'/%). Lemma 5.2 then follows from (5.7).
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5.4.3. Proof of Lemma 5.3
Let first define a process ﬁn that approaches the process U, : for all a € R let

Un(a) = argmax {W(u) +vn(Fy(u) — au)}
u€[gn (a)—1,gn (a)+I1]N[0,1]

where F,(u) = [ fu(s) ds and I =n~1/3logn. For every a € R, either Un(a) = Uy(a) or |Un(a) — gn(a)| > 1.
By Lemma 5.1 there thus exists some positive C' such that

E|U,(a) — Upn(a)| < 2exp(—C(logn)?)

for all @ € R. Therefore, it suffices to prove that there exist some positive constants Dy and Dy such that for
large enough n,

Do

n'/°E nl/g(ﬁn(a) — gn(a)) — dn(a)_lvam(o) < Dln_1/12(10g n)g/QL"(a) + logn '

(5.27)

Fix a with [~logn, logn] C [-n'/3g,(a),n'/3(1 — g,(a))]. Let W; be the Brownian motion defined for all v € R
by Wi(v) = n/S(W(n=3v + g,(a)) — W(gn(a))). Let Z be the process defined by

Vv € R, Z(v) = Wi (v) — v2dp(a)?/?,
and let z be the location of the maximum of Z. It is worth noticing that there exists some Groeneboom
process V, ,, such that z = d,,(a) "'V, ,(0). Moreover, n'/3(U,(a) — gn(a)) is the location of the maximum of

{Z(v) + R(v), |v| < logn} where

sup |R(v)| < Ln(a)n=/3(logn)?/6. (5.28)

[v|<logn
For every positive 7, let P,(n) denote the following probability:
Po() = P (|02 (0a(@) = gu(@) = du(@) Vo 0)] > 1)

where by definition, d,,(a) "'V, ,(0) = z. For every positive z and 7,

[t—z|>n

Pu(n) <P (Z(z) — Z(nl/g(ﬁn(a) — gn(a))) > xn3/2) +P (Z(z) — sup Z(t) < xn3/2> )

Moreover, if |z| < logn then

Z(2) = Z(n'*(Ua(a) = gn())) <2 sup |R(v)].

|[v|<logn

Fix € (0,1], z > 0 and suppose

(logn)® < (nlog (%»_1 :
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By (5.11) and Proposition 1 of Durot [4] there exists some positive A that does not depend on a or n such that
for large enough n,

Po(n) <P (2 sup |R(v)|>an*? |+ Az 10gn+4e_kf(log")3/8.
|[v|<logn

Let ¢ be a positive real number such that ¢ < 1/18 and for all n € [(logn)"*n=1/% n=¢] let define z, =
n=1/3n=3/2(logn)3 (L, (a) + 1). If 4n=1/*(logn)™/? L, (a) < 1 then for every n € [(logn)~'n~1/% n=¢], we have
log(2z,m) < 0 whenever n is large enough. If n is large enough, every pair (n,z,) thus satisfy the above
conditions. By (5.28) we thus have

P.(n) < An_l/g(log n)477_3/2(Ln(a) + 1) + dexp(—k?(logn)?/8) (5.29)

for all n € [(logn)~*n~/6 n=¢]. We thus get for large enough n:

—e

n
nl/ﬁ/ P, (n)dn <
0

o + 240/ 0gn) 2 (La(a) + 1).

Since P, is a decreasing function, and since for all real number a, n'/3|U,(a) — gn(a)| is less than or equal to
n'/3|U,(a) — gn(a)|, equation (5.11) and Lemma 5.1 yield

[ee] o0
nl/ﬁ/ P, (n)dn < n'/®(ogn)P,(n~%) + nl/ﬁ/1 4exp(—C'n*)dn
n-¢ ogn

for some positive constant C’. By assumption, ¢ < 1/18. Moreover (5.29) is available for n = n~¢ and
EX = fooo P(X > z) dz for all positive random variable X. The last two inequalities thus imply (5.27), which
completes the proof of the lemma.

The authors wish to thank a referee for useful advice that led to the simulation part of this article.
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