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STABILITY OF PRECISE LAPLACE’S METHOD
UNDER APPROXIMATIONS; APPLICATIONS

ALICE GUIONNET!

Abstract. We study the fluctuations around non degenerate attractors of the empirical measure
under mean field Gibbs measures. We prove that a mild change of the densities of these measures does
not affect the central limit theorems. We apply this result to generalize the assumptions of [3] and [12]
on the densities of the Gibbs measures to get precise Laplace estimates.

Résumé. Nous étudions les fluctuations de la mesure empirique sous une mesure de Gibbs du type
champ moyen autour d’'un attracteur non dégénéré. Nous montrons que les densités de ces mesures
peuvent étre approchées sans affecter les propriétés de fluctuations de la mesure empirique. En utilisant
cette idée, nous améliorons les hypotheses de [3] et [12] permettant d’obtenir des estimations précises
par la méthode de Laplace.
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1. INTRODUCTION

The fluctuations for mean field interacting particles have been widely studied (see [3,5,7,12,13,19,20] ...).
The problem can be summarized as follows. Let X be a Polish space furnished with a sigma-algebra F, and
P(X) be the set of probability measures on (X, F). Let I' be a function on P(X) and P be an element of P(2).
We consider the Gibbs measure P defined by

N
PN (dX) = Z_lN exp {NF (% > 536) } dP®N (X)
r i=1

where X = (z1,..,zy) € (X)V and with

N
zy = /exp {NF (% Z(sx> } dP®N (X).
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One is interested in the asymptotic properties of P& when the number N of particles goes to infinity. In
particular, one would like to understand the asymptotic behaviour of the empirical measure

NV =
onooi= NZ(SIL,
i=1

that is its convergence (law of large numbers) and its fluctuations (central limit theorem). The convergence of
the empirical measure is now well described. If T' is for instance bounded continuous as a function on P(X)
furnished with the weak (or the strong) topology, it is well known (see [9], Ths. 4.3.1 and 6.3.1) that the law of
A under PY satisfies a large deviation principle with good rate function

H(p) = I(u|P) — T(s) — mf{I( |P) — T}

where I(u|P) is the relative entropy of p with respect to P

+o00 otherwise.

At least in non degenerate cases, the empirical measure converges to a convex combination of the minimizers
of H. Let us assume for simplification that H achieves its minimal value at a unique probability measure p*
which is a non degenerate minimum (that is, roughly speaking, that H is strictly convex in a neighborhood of
p* (see Th. 1.1 for a precise statement)). Then, one expects the fluctuations around p* to be Gaussian. This
type of result was indeed proven for various functions T' in [3,5,7,12,13,19,20]. To our knowledge, the most
general assumptions on I' can be found in [3] or [12] (except for dynamical densities where Z2 = 1 which is
treated in [17]). In both articles, the authors assume that " is of the form

T(u) = Z/Vk(:vl, ) dp®F (21, .., ) (1)
k=2

for a finite integer number r and functions Vj, on ¥* so that there exists a compact measured space (C,v) and
a bounded continuous function g : C x ¥ — R so that, for any k € {1,..,7} and any (z1, .., 7) € X*,

Vie(1, ..y xp) = /g(T,xl)g(T, x2)..9(7, x)dv(T). (2)

This assumption is crucial in [3] to map continuously P(X) furnished with the weak topology into the Banach
space B(I') = L"(v) by Tv(p)(7) = [ g(7,2)du(z) in order to use the work of Bolthausen [5].

To state the result proved in [3] and [12], let us define the Hessian Z of T, that is the symmetric operator
in the subspace LE(u*) = {¢ € L*(u*); [ ¢du* = 0} of L?(u*) so that, for any ¢ € LE(u*) such that for e € R
small enough (1 + e¢).u* € P(X),

(6.50)12. = lim 20 (T (1 +e0)n) + T (1= ) °) = 20 (4°)}-

The authors then proved in [3] and [12] that if T satifies (1),

Theorem 1.1. If u* is not degenerate, that is if [—= is positive definite, for any f € L3(u*), (1/V'N) Zi\;l f(z)
converges in law under PY to a centered Gaussian variable with covariance

o(f) = (=) frague)-
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Our purpose here is to propose a method to relax the assumptions on the functions I' for non degenerate
minimizer p*. To simplify, we will assume as well that p* is the unique minimizer of H. However, the reader
can easily extend our results to the case where H has several non degenerate minimizers but when he considers
the probability P conditioned by the event that the empirical measure remains in a small neighborhood of
one minimizer (such local central limit theorems were studied in [3] and in [12] (see Lem. 3.2)). Indeed, all
the proofs of this type of results use first a localization around the minimizer which boils down to consider the
probability P conditioned by the event that the empirical measure stays in a small neighborhood of p*. We
will assume in the following:

(HO)PY satisfies a large deviation principle with good rate function H for the strong topology. H achieves its
minimum value at a unique probability measure p*.u* is a non degenerate minimum of H.

We will extend the study of the fluctuations for functions I" which are of the form (1) but with more general
functions Vj’s (in particular, functions which do not satisfy (2)). Then, we will tackle the case of “analytic”
functions I', that is of functions I' of type (1) but with r = occ.

To be more precise, let us introduce a few extra definitions. Let k be an integer number. We will say in
the sequel that a function F on ¥* is bounded p*-canonical if it is a bounded measurable function such that
[ F(x1,..;xx)dp* (z;) = 0 for any i € {1,..,k} and any (z;);2 € F~1. Moreover, we will say that a bounded
function F is regular if F' is a bounded measurable function such that the maps ¢% and ¥ : P(Z x {—1,+1})
— R defined by

Bh() = / F(z, y)éedp(z, ) du(y,?)
and
G () = / F(, ) du(e, )du(y,?)

are bounded continuous for the strong topology. Note that if F' is continuous, F' is regular according to
Lemma 7.3.12 of [9]. However, F is also regular if it is the limit for the uniform topology of functions of type
S aidi(z)i(y) for a finite integer number s and bounded measurable functions ¢;’s and ;’s. However, a
bounded measurable function F' can fell to be regular (see Ex. 7.3.18 in [9]).

Let us state the main result of this paper

Theorem 1.2. Assume I' of the form
1
F(/‘L) = kz E / Wk(xh "7xk)d(u)®k(x17 "717@)
=0

with symmetric bounded p*-canonical functions Wy so that
1) the Wy ’s satisfy, for some universal constant ¢ > 0 small enough and any k > 0,

[Willoo < constVEICE,

2) Wy is bounded regular,
then, if (HO) is fulfilled, the conclusions of Theorem 1.1 are valid.

As one can see, our generalization is based on some regularity properties of the function I' rather than on
some structural hypothesis of type (2). In particular, I" has to have all its Frechet derivatives (see Sect. 2 for a
definition).

Remark 1.3: Note that under assumption 1) of Theorem 1.2, I' is bounded. Hence, for the large deviation
principle to hold with good rate function H, it is enough to add the hypothesis that I' is continuous for the
strong topology (see [9], Ths. 4.3.1 and 6.3.1).
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In any case, our approach is build upon the control of sufficiently good approximations of the functions I'.
Namely, if (I'c)e>o is a sequence of functions on ¥ converging to I' sufficiently well for which we know that
Theorem 1.1 holds, we will prove that for any bounded continuous functions F : R — R and any measurable
function f: ¥ — R in L3(u*),

. 1 & - 1 &
Jim [ F (\/—N;f(:ci)> Py =lm lim [ F (\/—N;f(xi)> dPy). (3)

Again, if the (T'¢)eso satisfy (2) and approximate sufficiently well T" as € | 0, one can compute the r.h.s. of (3)
and conclude. (3) is therefore the main point in this paper. It is not a priori clear since the error one should
make by a trivial bound should be of order e®N). Tts proof is driven by the control on U-statistics developed
by De La Pena [15] and Arcones-Gine [1].
The article is organized as follows.

In Section 2, we develop the approximation scheme for polynomial functions T'.

In Section 3, we prove the crucial estimates to control our approximations.

In Section 4, we apply this strategy for analytic functions I'’s.

2. POLYNOMIAL INTERACTION

Throughout this section, we will consider real valued functions T' on P(X) so that there exists bounded
measurable functions (Vi )r>0 so that

D) =3 5 [ Vit
k=0

We shall often use the p*-canonical decomposition of I', that is write I' in terms of bounded p*-canonical
symmetric functions (Wg)r>o0 as

D) =3 5 [ Wi
k=0

The main result of this section then states as follows

Theorem 2.1. Assume that W is bounded regular and that the Wy’s are bounded. Then, for any bounded
continuous function f so that [ fdu* =0, (1/VN) Zi\;l f(z;) converges under PYN to a centered Gaussian
variable with covariance

o(f) = {f,(I=E) " flreque)
To prove Theorem 2.1, let us first state precisely our approximation result caricatured by (3). To this end, let
us introduce the following approximation property

(H1) There exists a sequence W, of continuous symmetric functions on ¥ x ¥ so that [ We(z1,x2)dp*(z1) =0
for any xo € ¥ and satisfying

tin / (Wa — Wo)2(w, y)dp* (2)dp* (y) = 0, (4)

o / (W — W) (&, 2)dp (z) = 0. (5)

Moreover, W, is uniformly bounded, that is, if || ||cc denotes the uniform norm,

sup [|[Welloo < 00
€

and, for any € > 0, W, satisfies the hypothesis of [3] or [12] (see its statement at (2)).
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We shall prove in the appendix, Lemma 5.4, that any bounded measurable function Wy satisfies (H1).
Hereafter, we shall fix a family of functions (W,)so satisfying (H1) and note I'c : P(X) — R

1
o) = 5 [ Wela,y)dta)duty).
‘We shall see in this section that

Theorem 2.2. Under (H0) and (H1), if Wa is bounded regular and the Wy’s bounded, for any bounded
continuous functions F and any f € L3(n*),

. 1 o 1
m F(ﬁ?_}f@i)) dpévzlelf{)l]}}%o F(\/—N;f(ﬂ%o dPy).
Note
* * * . 1 Rk
B = D) = D)~ DNl ) = Y g [ Widu®™, (6)
k=2

Since p* minimizes I(.|P) — I, it is not hard to check (see [3], for details) that

*

dp
dp

log = DI'[p*](,) + const.,

where D is the Frechet derivative

DU — i) = Tim < (D((1 = 8)ps* +0) — D)

6—0
Hence,
APY(X) = = exp{NT (™) }d(u) 2N (X) (7)
ZN
with

Iy = / exp{ NT (™) b)Y (),

To prove Theorem 2.2, we shall first consider the partition function Z ~. When T satisfies (1), it is well known
(see [12], Th. 1, for instance) that

lim Zy = (det(I — )~ 7. (8)
N—o0
Because our assumption on W5 does not insure that = is trace class, and therefore that the above determinant is
well defined, we are not going to prove such a result here. However, if we assume also that = is trace class, then,
according to [4], tr(E) = [ W(z, z)du(z) and (H1) insures that lim, o tr(E¢) = tr(E). Thus, we could use the
lemmas below to show that (8) holds. Instead, we are going to provide bounds on ZN in terms of determinants
of the operators =, in L3(p*) with kernel W;

(s ) 2y = / Wi (1, 22)(1 )8 () dpr* (1 )dps* (2)
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for (¢,9) € L3(n*). Ze is trace class according to the hypothesis on W, (see [3]) for every e > 0. To obtain
Theorems 2.1 and 2.2, we shall use some cancellation to get bounds depending only on the regularized deter-
minant dets defined, for any operator A on L?(u*), by

deto(I — A) = e T D det (I — A)

which is continuous for the Hilbert-Schmidt norm defined, for any operator A in L?(u*), by

[|Allas = /tr(A*A).

We will then pass to the limit thanks to (H1). In fact, note that if = is the operator in L3(u*) with kernel Ws
so that

(B, )20y = /We(fﬂl, x2)p(x1)Y(w2)dp™ (z1)dp” (x2)
for (¢,1) € L3(4); (4) reads
lim ||Z — ||} = limtr (2 — ) (2 — Z)*) = 0.
im1Z — Zlfys = lim tr (- Z)(E—5)7) = 0 o)
Consequently, since I — = is positive definite, I —Z, is also positive definite for € small enough. Also, dety(I—Z,)
converges towards deta2 (I — Z¢) as € goes to zero. For the same reasons, there exists ag > 1 so that for o < ayg

and e small enough, € < ¢(a), I — aZ, is still positive definite. In particular, deto(I — o=,) converges, as « | 1
and € | 0 towards detz(I — Z). In the following, we will fix o € (1, ) and assume € < e().

In view of the above considerations, the following bounds will be meaningful and useful

Lemma 2.3. a) If a« > 1 is small enough, there exists e(a) > 0 so that, for any € < e(a),
~ L 1
limsup Zn < (det(I — aZ)) e exp {5 /(Wg — Wo)(z, z)dp” (m)} : (10)
N—o0

b) For anyn >0, any A > 0, and for o > 1 small enough, any € > 0 small enough (depending on A and o)

lim inf Zn > e det(I — Z) 77 — e 1A/ W Wo @)™ (2) goy([ — F,) " 2 | (11)

More generally, if F' is a non negative continuous function and f € L2(u*), define

N

7B f _ L . eNf(,;N) K\ QN
z —//F<ﬁ;f( ») ) (1),

Ue(f) = <f7 (I - EE)ilf>L2(p‘*)-
Lemma 2.4. Let F be a non negative continuous function and f € L3(u*),
a) if a > 1 is small enough, there exists e(a)) > 0 so that, for any € < e(a),

we shall see that if

Q=

~ * 22
lim sup Zf,’f < e2 JWomWo)(@2)dp" () ! /Fo‘(x)e’ ZocNdr | . (12)
N —o00 \/27Td6t(_[ — OéEe)O'E(f)

b) For any n >0, any A > 0, and for o > 1 small enough, any € > 0 small enough (depending on A and «)

~ 1 22
lim inf Z]}\?/jf Z ein /F(l‘)ei 206 (5 dx
N—oo V2mdet(I — Ze)oe(f)

— e A W= Wo) (@ 2)dn® (@) | p||  det(T — age)—i, (13)
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Let us first derive Theorems 2.1 and 2.2 from Lemmas 2.3 and 2.4. In fact, we need to prove that

ARS = dm [P EN: NEG) ()oY (X) = i 22 14
Voo R\ TR ) e by = i T -
1 — m2
QWU(f)/F(l‘)e N dx (15)

for any bounded continuous function F. Without loss of generality, we can assume F' non negative.

By Lemma 2.3b) and Lemma 2.4a), we first get that for any n > 0, any A > 0, and for a > 1 small enough,
any € > 0 small enough (so that the r.h.s. of Lem. 2.3b) is positive),

Q=

L [(Wy — Wo)(z, z)du* 1
limsup AR < exp{zlf(; 2 )z, 2)dy” ()} X ( - /Fa(x)efmdx
e e (%) L enAr0sA e W@y NV 2T

(16)
(H1) results with
nln(f)l/(w2 W), 2)dp () = 0. (17)

Further,
det(I — aZ,)= _deto(I — aZ)w
det(I —Z.)  deto(I —Eo)
It is well known (see [18], Th. 9.2c)) that the regularized determinant dets is continuous for the Hilbert-Schmidt
norm || ||gs. Therefore, since assumption (4) shows that =, converges in the Hilbert-Schmidt topology to Z,
we deduce that

=\ L 1
i Lim deta(I — aZc)= b deta(I — aE)=

=t . 18
all el0 deta(I — o)  all deta(I — E) (18)

Moreover, by construction, we can find a positive constant a so that (I — E.) > al for € small enough. Hence
the convergence of = towards = for the HS-topology results with

lim o (f) = o (f)- (19)

e—0

Equations (16-18) and (19) imply, once € | 0, that for any > 0, any A > 0, and for a > 1 small enough,

Q=

1

1 372
lim sup Ag’f < . ( /F(x)e_r(f)dm> . (20)
N—oo o (det(l—aa)}w ) 3 _ gona V2mo(f)

det(1-3)

Letting o | 1, AT oo and n | 0 give

= 1
lim sup Zf,’f <
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We proceed similarly for the lower bound; in view of Lemmas 2.3a) and 2.4b), we find that for any > 0, any
A >0, and for @ > 1 small enough (so that the r.h.s. of Lem. 2.4b) is positive), any € > 0 small enough,

1

liminf A}y 0 > e i JWamWo@a)d (@) det? _O‘HG - /F x)e 2"6(f>d:£ (22)
NS00 2rndet(I — E¢)oe(f

oAt E W W )i @) ||

Consequently (17, 18) and (19) imply, once € | 0, « | 1, AT oo and 7 | 0,

22
hmlan LA x)e 2D dx (23)

/ Fla
which completes the proof of Theorems 2.1 and 2.2.

Hence, we need to prove Lemma 2.4. An essential and basic consideration should be made before beginning
this proof. Under our large deviation hypothesis, the probability that the empirical measure does not belong
to an open set containing p* is exponentially small. Among the open neighborhood of ©*, we shall be specially
interested in those inherited from the Banach spaces B(T'¢) attached to the functions W, (see assumption
(2)). Namely, if Tc(u) = [([ ge(z, 7)dp(z))?dve(r) with bounded continuous w* canonical functions (ge(., 7),
e>0,7€C),B(le) =L*ve) and T, : P(X) — B(L.) is defined by T.(1) = [ ge(z, , we set

Bi(p*) = {p € P(%) : [|Teplle < 0}
with || |[e = [| |[z2(v.)- Bs(1*) is an open neighborhood of 1* for the strong topology. If E denotes the expectation

under (p*)®V, our large deviation hypothesis implies, since B§(u*)¢ is a closed subset of P(X), that for any
6 >0,

lim su —10 E |15 Nl:(ﬂN) < — inf H.
N—>oop N g B (N ) — Be(u*)u

Since H is a good rate function, it achieves its minimum value on B§(u*)¢. Thus, inf B (u+)e H is strictly positive

since Bg(u*)° does not contain p*. Hence, for any 6 > 0 and € > 0, there exists a positive constant C' so that
for N large enough, for any bounded measurable function F,

[E[F exp{ NT(a")}] — Ellpg () F exp{ NT(a")}]| < e~ N||F|oc- (24)

In the following, we will therefore concentrate, for a fixed bounded continuous non negative function F' and a
measurable f € L3(u*), on

Zf\}e =FE

Igg(u) F (\/% Zf(m)) exp{Nf(ﬂN)}l :

Let us turn to the proof of the lemma
Proof of Lemma 2.4a). According to the previous considerations, it is enough to show that if @ > 1 is small

enough, there exist e(a) > 0 and d(a)) > 0 so that, for any € < e(a) and § < §(«),

w7 <o {5 forwtetar o)} (g [ e )
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To prove (25), note that if 7 is the conjugate exponent of «, we have, by Hélder’s inequality,

Z;s\}6 < LN((sv «, e)iRN(’Yv 6)%

with
N
LN((S,Oé,G) = E I[BE(M*)F (\/LNZ,]C(ZLQ)) exp{ /Wd AN *) 2}‘|7
i ~N\®2 ~ 1 - N\®Fk
Ry(v,e) == E exp{Ng/(Wz—Ws)d(u )® "‘NW’ZE/Wkd(M )® H
k=3

Let us first bound Ly (0, a, €)

Lemma 2.5. For d and € < €(a)) small enough,

1
lim Ly(d,a,€) =
N->oo N ) V2rdet(I — aEc)oc(f)

22
/ F%(x)e” 2D dx.
Proof. Following [12], Lemma 3.2, Lemma 2.5 is verified as soon as we can prove that

He(p) = I(plp") — %/ng(u — p*)®?

75

(26)

(27)

achieves its minimum value at p* in B§(p*) (so that its minimum value is in fact zero), that p* is in fact its
only minimizer in Bj(p*) and that it is non degenerate. This last point is already insured by hypothesis (H1) as
quoted before Lemma 2.4. For the first point, notice that, following our hypotheses, H, is a good rate function.
It achieves its minimum value and has null derivative at p*. Also, H, is strictly convex in a neighborhood of
u* (since I — o=, is positive definite). Thus, if § is small enough (depending eventually on € and o > 1), H,

achieves its minimum value uniquely at p*.
Let us now consider Ry (7, €) and prove
Lemma 2.6. For any real number vy, there exists a positive €(vy) so that, for any € < e(v),
limsup Ry (7,€) < exp {1 /(Wg — Wo)(z, z)dp* (x)} .
N—oo 2
Proof. Denote

1

UZ@(X):W Z Wi (ziy, .., x4),) for k>3, Uz( N2 Z (Wo — W) (x4, iy ),
11 <t2...<ig i1 <ig
and
N 1 N
ZN Z WZ_ (E“xz +22_72)']Vk Z Wk(xiuxinxiz'wxik—l)'
i=1 11,..,ik_1:1
Then,
1 T
3 [0 = waa) ®2+Zk./wkd (1M)2 = S UB(X) + Zw(X).

k=2

O
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Therefore, Cauchy-Schwartz inequality yields

Ry(v,6) <E [eXp {2N7 > Uz’“v(X)H Elexp{2NyZn (X)}]2. (28)
k=2

Let us first focus on

T
Ri(v,€) := Elexp{2Nv > UN(X)}].
k=2
Applying Cauchy-Schwartz’s inequality r — 2 times, we get

Ry(y.0) <[] Elexp{N2*Uk (X))} (29)
k=2

According to Lemma 3.1, for N > Nj large enough, as soon as [ (W — W,)?d(p*)®? is small enough (depending
on ), there exists a finite constant ¢ such that

Elexp{2NUX (X)}] < c. (30)
For the other terms in the r.h.s of (29), as well for N large enough,
Elexp{2* ' NyUR(X)}] < 2

in view of Lemma 3.2. Therefore, for € small enough and N large enough,

Rjy(7,€) < 27c3. (31)

Let us now focus on
Ry (7€) := Elexp{2NyZn(X)}]:

This part is actually on the scale of the law of large numbers. In fact, if the (W )r>2 were continuous, NZy
would be a bounded continuous function of the empirical measure. Hence, the law of large numbers would imply
that

1
Nlim NZy = Nlim NE[Zy] = 5 /(Wg — W) (z,z)dp* (x) a.s.

Thus, dominated convergence theorem would end the proof of the lemma. To avoid the previous assumption,
we shall decompose Zy in terms of U-statistics and use again our controls on U-statistics. Indeed, denoting
/I/Iv/k(xil..,:rikfz) (vesp. Wi(ziy .., xiy, ) for [Wi(z, 2,24 .., 24, ,)du*(x) (resp. for the symmetric version of
Wi (@iy s Tiyy Tigewy Ty, ) — /Wk(:lcil..,xik&)), one checks that

NZN(X) = 3 / (W, — Wo) (o, ) 1) + / (Wa — W) (@, ) + Wa(@)d(@™ — u*)(x)
—l—% Z # Z Wk(ﬂﬁil,$i2..,$ik72) (32)
k=4 11 <..<tp_2

I~ k-1 - 1
+§]§W Z Wk(xi17xi2"7$ik—l) +0 (N) '

11 <..<%p—1
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Therefore, we find a finite constant C' so that

R%(v,€) < exp {% + 7/(We — Wa)(z, z)dp* (fr)}
< & [ow {27 [0 - Wt W)@ )dY - ) o)} : (33)
X

r r
1 — k-1 -
E |exp2y E N2 E Wi(@iyy ooy Tip_y) + E NE-1 E Wi (xiyy ooy Tip_y)
k=3

k=4 11 <..<%p_2 11<..<tp_1

Since Wk and W), satisfy the hypotheses of Lemmas 3.1 and 3.2, we see that there exists a finite constant
C = C(7) so that the last term in the r.h.s. of (33) is bounded by e~ for N large enough. For the second term,
one can compute it and get a similar bound. Thus, for large enough N, we get an upper bound of the form

R?\/ (’77 6) § 6’Y f(W57W2)dp‘*e% . (34)

This gives Lemma 2.6 with (28-30) and (31). Note that in fact, since NZy is bounded, it was enough to control
the convergence in probability of NZy to get our result, and for instance its convergence in L2((u*)®>).
However, because we already have the above controls on U-statistics, we chose to use them. O

Lemmas 2.5 and 2.6 with inequality (26) give inequality (25), thus Lemma 2.4a). Let us now turn to the
lower bound Lemma 2.4b) and show that for any n > 0, any A > 0, and for a > 1 small enough, any § > 0 and
€ > 0 small enough (depending on A and «)

’122
> e " ! /F(x)ei %o dx
V2ndet(I — Eo)oc(f)

— M) (W W)@ 2)dn™ (@) || det (] — aB,) 2. (35)

s SFLf
i o

To this end, let us write for any n > 0

~d,€ = NF(AN)
Zy =z E[]IBg(;‘m)m{N\F(ﬂN)fFa(ﬂN)ISn}Fe ' }

> 7B (L) F exp {NTe(i™)} ]| = e I FllocE [Lay (s, exp {NTe(i™)}] (36)
with N
An(8,m) = B§(a"™) N {NT(a") = T (a™) > n}-
Set
111\1(777675) = e E {HBg(ﬂN)FeXp {NPE([LN)}}
Ij(n,6,0) = e "E [Lay (s exp{NTe(i™)}] -

Let us first notice that, for any positive ¢ small enough,

1
V2rdet(I — Eo)oc(f)

. 1 _ 7
Jim T (n,e,0) = e

/ F(z)e 2D da (37)



78 ALICE GUIONNET

according to our hypotheses and the now standard results of [3] and [12] (see [12], Lem. 3.2 for instance).
Moreover, we also find that, if & > 1 is small enough as before and letting v be its conjugate exponent, Hélder
and Chebyshev inequalities yield, for any real number A > 0,

I3, (1,€,6) < e B[N TR B[N AT TG (38)
Lemma 2.5 shows that the first term in the above r.h.s is converging whereas Lemma 2.6 shows that the second

term is bounded for any vA as soon as € is small enough, depending on yA. This shows that for any o > 1
small enough and any A > 0, there exists e(c, A) > 0 so that for any € € (0,¢(«, 4)),

limsup I3 (1, €,8) < e 14e(A/2) J(Wa=Wo)(z,2)du" () qet (] — aEe)% (39)
N—o00
(36) and (39) give equation (35). O

Remark 2.7: In fact, we proved that we can find a sequence of open neighborhood Bs of p* shrinking to p* so
that for any bounded continuous function F and any f € L3(u*),

o g B S @) apeN (x) 1
limlim lim — = /F(m)
510 pl1 N—oo (fB(; eNT(AN) JP@N (X ))p /2m0(f)

__552
e 20 dx.

3. ESTIMATES

In this section, we get crucial upper bounds on exponential moments of U-statistics. These estimates are
based on the works of De La Pena [15] and Arcones-Gine [1]. We first study the two-body setting and denote
9 1
1<i<j<N

Without loss of generality, we will assume that W is symmetric and p*-canonical. Let us denote

7 = [ W @) ).

Our result states as follows

Lemma 3.1. If W is regular, for any real number ~y, there exists o(y) > 0 so that, if o < o(7),
]svl;%/eXp{VNUzzv(X)}d(u*)M(X)

1s finite.

Proof. Note in short
g
Ry(7,0) =E |exp{ ;W(xi,m : (40)
i<j

According to De La Pefia [15] (see Th. 1 and Cor. 1) (see also Arcones-Gine [1], Th. 2.1, or the appendix), there
exists universal constants Cy and C{; so that the following randomization inequality holds
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Co
E |exp % ZW(.L““.IJ) < E |exp 0’7 Zeze] (@i, xj) (41)
i<j 1<j
where the ¢; are Rademacher’s variables independent of the z;’s. Note
1
o3 (X) := N2 ZW(.L““ z;)?.
i#]

on converges (pu*)®N almost surely to o according to the law of large numbers. The following decomposition
holds

E [exp Zﬁﬁg (@i, x5) < E | Lyx)>20€xp Zeze] (@i, xj)
i<j 1<j
eie;W(xs, z;
+ E |:exp{ ' Z’L<] 2 ](Xg 2 J) }:| . (42)
To bound the first term in the r.h.s. of (42), note that
Coy
E | I,y (x)>20 €XP ZQGJ (@i, xj) < E |Toy(x)>20 €XP TZQGJ'W(%',%)
1<J 1<J

_ Coy
+ E |Loyx)>20 €Xp Zezej (zi,25)
1<J

so that we can neglect the absolute values in the following estimates to bound the r.h.s. of (42) since they will
not depend on the sign of W.

Moreover, if B denotes the Bernoulli law, B(e) = (1/2)0c=41 + (1/2)0c=—1, Sanov’s theorem (see [9],
Th. 6.2.10) shows that the empirical measure (1/N) )" d,, ., satisfies a large deviation principle for the strong
topology under (u* ® B)®Y with good rate function the relative entropy I( |pu* ® B). Since we assumed 3,
continuous for the strong topology, {on(X) > 20} is a closed subset of P(X x {—1,+1}) furnished with the
strong topology. Also, if 1/)11/‘, is continuous, Laplace’s method (see [9], Th. 4.3.1) implies

. 1
limsup — logE | I, (x)>20 €xp Z €€, W (i, x;)
N—oo N i<j

< —inf {Imm* © B)— (1/2)Cor [ W(w.y)eedut, du(y.
[ eaa ey 24 [ WQ(x,y)d(u*)@(x,y)}- (43)

To see that the infimum in the r.h.s. of (43) is negative, let us consider the function on P(X x {—1,+1})

() = Il © B) — (1/2)Cory / W (2, y)éedp(z, €)du(y, 2.
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H can easily be seen to have compact level sets and to be bounded from below. Thus, it achieves its minimum
value and the minimizers verify

log du:l%(a x) = Coye / W(z,y)edu(e,y) + const.

In particular, there exists a finite constant M () so that, for any minimizer p,

dp
log ——— < M(7).
gdu*®BHoo =M
Together with the inequality
3
logz > 1?41
xogm_4+2x($ ) 4+ax—1,

we see that there exists a positive constant ¢(vy) so that, for any minimizing measure p with density f with
respect to u* ® B,

Hul® ©B) 2 () [(f = 1Pdu” B,

On the other hand, since W is centered, Cauchy-Schwartz inequality yields

'/We?d,udu‘ < U/(f —1)%dp* @ B

so that

H(w) > (e(y) — Cono) / (f — 1)%dy* ® B.

Hence, for ¢ small enough, H achieves its minimal value at p* ® B. Its minimum value is thus zero and we
deduce that the infimum in (43) is strictly positive for small positive o (but decreasing to zero with o). As a
consequence,

1 C
lim sup N logE |1, (x)>20 €XP %’y Z €6, W (i, x;) < 0. (44)

N—o0 i<j

Finally, to bound the second term in the r.h.s. of (42), we follow Arcones-Gine who, using a result from Borel [6]
(see (47)), found (see the proof of Prop. 2.3¢c) of [1]) that
H < 00 (45)

supE {exp {2@0 ‘ Dic €€ W (i, ;)
N N ON (X)
as soon as Coyo < (1/e). This is true for o < o(7) with o(v) := (1/eCoy). (41), (44) and (45) give Lemma 2.5.
O

We now consider the exponential moments of more general U-processes. Let m be an integer number, m > 3,
and denote )
U}\?(X) = W Z W(JJ“ g ney xzm)
1<i1 <. <im <N
where W is a symmetric bounded p*-canonical function.
The next lemma shows that the exponential moments of UR exist for N large enough (depending on ||[W||s
and m). It is rather remarkable that this lemma allows us to neglect the derivatives of T' of order greater
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than two. Omne should compare it to the use of Yurinskii’s lemma by Bolthausen in [5] for the same kind of
approximation.

Lemma 3.2. Letm > 3 and W be a bounded p*-canonical on ™. For any positive real number v, if we denote

3m—2 -1
ni= 225 (Viml) W],

for any integer number N so that

3m—2 m—2

N 3m—2 m *
log 51 = 2755 |[W i +log (275 9ellWlke) [ exp{y NURCO}d(u7) Y () < 2

Proof. Note in short

Rny(v) =E (46)

exp {# Z W(z;,, ,xz)}

11 <..<im

Again, we can use the decoupling and randomization techniques proposed by De la Pena [15] to find that the
first term in the r.h.s. of (46) is bounded by

<
C
V() :=E [exp ( Nle S e wial, xﬂ)ﬂ

11 <..<im

for some universal constants Cy and C{), independent Rademacher variables e{ ’s, and independent copies xz s
of the z;’s independent of the Rademacher variables. Cp and C{, depends on m a priori. This result is proved
in the appendix as well as bounds on these constants.

Recall the following result due to Borel [6] (see also [1], Prop. 2.2) which yields, for any integer number g > 2

and for any sequence a;, .. ;,, of real numbers

1 1
a7 4 2
( 5 )] s<q—1>%( 5 ) )

11 <..<im i1 <. <im

E

where equality holds if ¢ = 2. Thus, if we let

~m CO,Y m m
UR(X) = s S er Wizl ar)
11 <..<Pm

we find, conditionning by X and using (47), that

e [(0p ()] <@ (covnwnw (va) ™" (%) ) . (45)

Moreover, Taylor expansion yields, for any € > 0,

[eN]

1 ~ 2q 1
W) = 3 5 | (FR00)”| + g oW exp(Conl W o)
22 |
1 1
< e (Con W o N exp(Cor W) (49)

1— (2eCory (m)fl [W]le)2 €N
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where we have used in the last line (48) and Stirling’s formula. We have also assumed € small enough to insure
that 2eCoy(v'm!)~!|W||se < 1. Using the bound on Cy provided in Lemma 5.1, we can take € = (1/2n). Tt is
then straightforward to check that the first term is bounded by (4/3) whereas the second term is going to zero
as N goes to infinity. Therefore, since C} is smaller than one, V() is smaller than 2 for N large enough and
the proof is complete. O

4. (GENERALIZATION: THE INFINITELY MANY BODY SETTING

In this section, we wish to consider the case where I'(x) is not a polynomial function of p but can be written

0 = 3 [ Wions o)™ s

with p*-canonical bounded functions (W4)g>o. I' is somehow analytic for the Frechet derivation D. Furthermore,
we will assume that

(H2) There exists a finite constant C such that for any k € N,
[Willoo < CFVE!
where ¢ is a universal constant.

Proposition 4.1. Assume that (H0), (H1) and (H2) hold, and that Wy is bounded regular. Then, for any
bounded continuous function F and any f € L3(u*),

N N
: 1 N _ o 1 N
i [ (G s < o [ (s )it

1 N ) N . . . .
As a consequence, Wai > icq f(xi) converges under P towards a centered Gaussian variable with covariance
a(f)-

Proof. First, let us notice that, as before, for any bounded measurable function F, the partition function
[ Fexp{NT(a™)}d(p*)®N is equivalent, up to an exponentially small term, for any open neighborhood B(u*)
of u* for the strong topology, to

Zn(F) = / () F exp{ NT (i) }d(u*)®V.

In the following, we shall be given a bounded non negative continuous function F on R and f € LZ(u*).

Moreover, denote for a fixed m
m

1
Cu() =Y 3y [ Wedu™
k=2 """
and write

T(pN) =T (@) = T(u") = DT[] (A" = p*) = T (i) + R (A7)
By Holder’s inequality, for any p > 1 with conjugate exponent ¢

Z5#) = ([ taer P e 5 D)) ( [ epiVarn o) L s0)
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Moreover, for any n > 0,

~ _ ~N *
Zn@) = e n/eNrm(” ()N R () <y (1) EN
_ oy * — aN *
> e n/HBweNF”"(“ Jd(pe)®N —e "/emm(“ ) N R () 2y () ZN . (51)
Hence,
Zn(F
/FdPFN: In(F) (F)JyK? (52)
Zn (I
with
m) = (LI e Ny ( il
N ([ () exp{ Ny (Y yeN)P
T (o B Il (D [E A0 b
N T gy eNTm N )d( )oN

i = ([ eiNara @0 )

In view of Remark 2.7, for any m > 2, we can choose a sequence of open neighborhoods B of {u*} so that

z)e” =D dz. (53)

lim lim lim I]’z] =

1
F
Bl{u*} pl1 N—oo V2mo(f) /

Let us now consider the last term in the r.h.s. of (52). We have, according to our assumption (H2) on the
derivatives of I', for any integer number M > m,

M

Rpn(p™)= > /Wkd ®’f+0( M)-

k= m+1 M!

In the following, we will choose M = M (N) so that:

. cM
am N =0

Thus, applying Holder’s inequality inductively, we find:

[ expiNaR (@) < exp a0 (%)} 1 (/ xp{% / wkdm@’f}d(u*)w)ﬁ.

k=m+1
(54)
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But

NqQk—m . ok . Nl—kq2k—m y
/GXP{T/Wkd (/J'N) }d(M )®N :/GXP{T Z Wk(xplw'axpk) d(/J‘ )®N

P1;-5Pk
3
< (/exp {leq?km“ > Wk(xpm-.,xpk)}d(u*)®]v>
P1<..<pg
1
2
Nl_kqQk_m N
% /exp Wplzp:k 1Wk(xp17xp17“7xpk) d(:u )®N . (55)

According to Lemma 3.2, we know that, as long as
n(k) = q235 VR Wil < Cq235 ™"

stays uniformly bounded by say 7,

/exp {J\fl_kq?k_m'|r1 Z Wi (xp,, .-, xpk)} d(p*)®N <2
p1<..<pk

for any integer number N larger than some N (7). Since n(k) goes to zero when k goes to infinity as soon as we

have chosen our universal constant ¢ < 2_%, this bound always holds. The exponent in the second term in the

r.h.s. of (55) is uniformly bounded by

2k7m 2k7m kk
A Wil < =2

(k—2)! (k —2)!

and therefore goes uniformly to zero as k goes to infinity.
Plugging these results into (54) shows that, for any ¢, for m and N large enough,

limsup/exp{Nqu(ﬂN)}d(u*)®N < 2exp{ge(m)} (56)

N —o0

where €(m) goes to zero when m goes to infinity. Note that the same bound holds if one replaces R,, by —R,,,
and therefore R, by |R,,| if the above constant 2 is replaced by 4. Hence, for any ¢, for m and N large enough,

K% < 24 exp{e(m)} - (57)

Further, for any a > 0, Chebyshev inequality implies that

NPm(ﬂN)d(M*)(@N Fm(ﬂN)‘i’aN‘Rm‘(ﬂN)d(M*)(X)N

J B )0 {IN R (321203 < g-and IBGe”
T Ly ¥ d () o8 : T Ty @ d () eN

1

1
< oman fHB(“*)ele"m(ﬂN)d(’u/*)@N P ; anlRm‘(ﬂN)d o 1
= (fHB(H*)eNFmr(ﬂN)d(/J‘*)(@N)p B(u*)€ (/J’ )
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where (p, q) are conjugate exponents as above. Hence (56) and (53) shows that for p > 1 small enough and N
large enough,

AN "
J I3y (8 A @2y TP AGVEN o (58)
[ Ip(ue)eNTm BN d(p)@N = :
Consequently, for m, ¢ and N large enough
Jhe < (e*" — 26’”6’“”*”6(’”)) B (59)
N —=

(50, 52, 53, 57, 58) and (59) show that, letting first N going, then p towards one, m to infinity, n towards zero
and B shrinking to {u*},

hmsup/F LzN:f(J:z) dP1£V < é/F(x)e_#?f)dx,
N—oo VNS V2o (f)

The lower bound is obtained similarly. We leave the details to the reader. O

5. APPENDIX

In the first part of this appendix, we sketch a few of the proofs of the results borrowed from [15] and [1].
Indeed, they are very simple and give explicit bounds on the constants encountered in this article. The main
idea introduced by De la Pena is contained, as far as we are concerned, in the following lemma

Lemma 5.1. For any integer number m > 1, for any probability measure p on X, for any bounded p-canonical
function W on X™,

217"1,

N m N
/621§i1<..<1:m§1vW(I”""mm)Hd#(xi) < /ezmy_lz”““”" Pt HHdu(mJ

i=1 j=1i=

[

Proof. The idea of the proof is based on the observation that

eXp{2191<..<im§N Wiy, 2i,,)}

MN(W) = N
Hk:l feXp{Zlgi1<..<imgk71 Wiy, -, iy, 1, Y) Fdp(y)

N} with mean 1. Moreover, Cauchy-Schwartz

( / MN(QW)du@’N)%

/H/mm Wiy, 0)}dp(n)dn® | (60)

1<ii <. <zm <k-1

is a u®N-martingale for the filtration {o(z;,j < n),1 < n
inequality yields

IN

IN

N
/621§i1<.4<im§1\’ Wiy, im) H dp(x;)
=1

[N

The first term in the r.h.s. of (60) is equal to one. For the second term, we can proceed by induction with given
y’s. We then find Lemma 5.1. |
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The introduction of Rademacher’s variables is then classical since we have

Lemma 5.2. For any probability measure p, any measurable function W such that [ Wdp =0, if B = (1/2)
(0—1+ d41),

/eW(x)du(x) < /eﬁew(x)du(x)dB(e).

Proof. Again the proof is straightforward since the statement is equivalent, via Taylor expansion and for centered
functions W, to

/ W2 (x) /O 1(1 — )" @ drdu(x) < / W2(z) /0 1(1 — 1) (V2@ 4 o= VRWE)) dyy ()

which is clear. |
Therefore, applying this result to U-statistics yields

Lemma 5.3. For any integer number m > 1, for any bounded measurable function W on §™, for any probability
measure pi on X, if [W(x)dp(z;) =0 fori € [1,m],

217"1,

3m—2

N m N
. . 1 m 1 m .
/62191<--<"’m£N W) TT dp(a;) < /62 T i S W) TT T dpda])
i=1 ] .

The proof is again straightforward since it boils down to apply Lemma 5.3 to the m x N independent variables
contained in the r.h.s. of Lemma 5.1.

Let us notice that the proof of the reverse inequality (41) is more involved and given in [15] for general U
statistics. It relies on the symmetry of the underlying functions.

Finally, let us show that

Lemma 5.4. Any bounded measurable function Wy satisfies (H1).

Proof. The proof follows Arcones and Gine ([2] p. 660) where it is proven that any measurable function
Wy € L?(p* ®p*) can be approximated in L?(u* @ p*) by functions W, of type (2) but with bounded measurable
functions g.. To verify that this result can be strengthened into (H1), let us adapt its proof. Without loss of
generality, we can assume Ws non negative, the general case follows by considering separately the positive and
the negative part of Ws. Further, by tightness of u*, we can assume without loss of generality that 3 is compact.
Finally, we take ||W3||ooc = 1 to simplify the notations.

We shall prove that for any ¢ > 0, we can find a continuous function W5 bounded by one of the form

Zle csf(z)ys (y) with continuous functions (1§)1<i<sc bounded by one, a finite integer number s¢ and with

constants (¢;)1<i<se bounded by one satisfying

pr o p ({(z,y) : [Wa = Wil(xz,y) > (¢/2)}) < (¢/2)

and ' ({w s Wa — Wil(,2) > (¢/2)}) < (¢/2). (61)

Clearly (61) and the boundedness of W5 and W5 implies (4) and (5). Moreover, if we consider the compact
space C'= {1, ..,s°} and the measure v°{i} = ¢5, then

Wi (21, 2) = / W (@ )5 () (7)
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where 1, (.) is bounded continuous for every 7. Hence, W5 satisfies the hypotheses of [3] and [12].

To prove (61), we shall first adapt Lusin’s heorem (see Th. 2.24 of [16]) to show that there exists, for any
€ > 0, a continuous function W bounded by one so that

@ pt({(z,y) : Wa(z,y) # Ws(z,y)}) < (e/2)

and  p({a: Wale,2) £ Wi(a,0)}) < (€/2). (62)

In fact, By tightness of p*, we can assume without loss of generality that ¥ is compact. Thanks to Lusin’s
theorem we can construct two continuous functions A€ on 2 and k€ on ¥ so that

pt @ p ({(z,y) : Walz,y) # h(z,y)}) < (¢/6) and p*({z : Wa(z,z) # k*(2)}) < (€/6).

Let A = {(z,z);z € ¥} C X2 Since A is a compact subset of ¥2, Urysohn’s lemma (see Lem. 2.12 in [16])
implies that we can find a continuous function u¢ bounded by one, so that u¢|a = 1 and

@ ({(z,y) u(z,y) # Ialz,y)}) < (€/6).

Set
WS(‘/I"?y) = ue(xvy)ke(x) + (1 - ue(xvy))he($7y)'

Then, W is continuous, bounded by one and

@t ({(z,y) : Wa(z,y) # Ws(z,y)}) p @ p({(2,y) : Walz,y) # h(2,y)})
@ ({(x,y) @ =y, Wa(z,x) # k(x)})
@ p ({(z,y): x # y,u(z,y) # 0})

(¢/2). (63)

IN + + IA

Also,
w{(@) : Wa(z,z) # Wiz, 2)}) = p* ({(z) : Wa(z, z) # k(2)}) < (€/6)

which achieves the proof of (62).
Now, since we assumed ¥ compact, W is uniformly continuous. Also, for any § > 0, if (A?)lgiﬁn's is a
partition of ¥ of open sets of diameter less than & (for a metric on the Polish space X) such that A9 N A? =0 if

5
i# 3, W(x,y) = >oij=1inf 45 a8 Wi s (2)1 45 (y) converges point-wise towards W as § | 0. Choose ¢ = ¢ so
; X Aj H :
that [|[W0 — W¢|oe < (¢/2). W is bounded by one since A2 N A? = if ¢ # j. Finally, by Urysohn’s lemma,
we approximate I ;5. by continuous functions ¢; bounded by one, null outside of Afe and so that

W ({z: d5(@) # Lyse (2)}) < (e/277).

de
In this way, we have constructed a continuous function W5 bounded by one so that W5 (x,y) = >, (inf 4. s
: S x A8
W) 95 (2)¢5 (y) and satisfying
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o pt({(z,y)  We(z,y) — Wa(z,y)l > (€/2)}) < p” @ ({(z,y) : Wiz, y) # Wa(z,y)})
+ pwrep({(z,y): [Wiz,y) — Ws(z,y)| > (¢/2)})
+ W eu({(zy) Wilz,y) #Ws(z,y)})

nde

+Y n (e () # s (0)}) <e. (64)

=1

INA
NN e}

Similarly,

ptep ({(z): Wi (z,z) — Wa(z,z)| > (¢/2)}) < e
Finally, if Wy is symmetric, clearly W can be chosen symmetric and therefore Ws. By polarisation, one then
obtain, if (e1,e2) are independent Bernoulli variables P(ey = 1) = P(ea = 1) = P(e; = —1) = P(e2 = —1)
=1/2,

se
1 < ,
W;(l‘l,l‘Q) = 5 Z Agnaé WSEE [5152 (€1¢§(J)1) + €2¢§($1)) (€1¢§($2) + €2¢;(ZL‘2))} .
(=117
This is of the form announced at the beginning of the proof. O
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