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OPTIMAL HEAT KERNEL BOUNDS

UNDER LOGARITHMIC SOBOLEV INEQUALITIES

D� BAKRY� D� CONCORDET� M� LEDOUX

Abstract� We establish optimal uniform upper estimates on heat
kernels whose generators satisfy a logarithmic Sobolev inequality �or

entropy�energy inequality� with the optimal constant of Rn� O��diago�
nals estimates may also be obtained with however a smaller distance

involving harmonic functions� In the last part� we apply these methods

to study some heat kernel decays for di�usion operators on Rn of the
type ��r � rU for some smooth potential U with a given growth at

in	nity�

�� Introduction and main result

Let� for example� M be a Riemannian manifold of in�nite volume� and let dv
denote its Riemannian volume element� In the study of heat kernel bounds�
various functional inequalities have been used in the past years� Sobolev
inequalities �Varopoulos ��	
��
 �with n � ��

kfk��n�n�� � C

Z
jrf j�dv� f � C�c �M�� �S�

logarithmic Sobolev inequalities �Davies ��	
	�
 or entropy�energy inequali�
ties �Bakry ��		��


Z
f� log f�dv � n

�
log

�
C

Z
jrf j�dv

�
� f � C�c �M��

Z
f�dv � �� �LS�

and Nash inequalities �Carlen et al� ��	
��


kfk����n
� � Ckfk��n�

Z
jrf j�dv� f � C�c �M�� �N�

As shown in these papers� these three functional inequalities are all equiv�
alent to a common upper bound on the heat kernel pt�x� y� on M given
by

sup
x�y�M

pt�x� y� � C�

tn��
� t � �� �����

In particular� the inequalities �S�� �LS� and �N� are equivalent� for possibly
di�erent C � � but for the same �analytic� dimension n �� � in case of �S���
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��� D� BAKRY� D� CONCORDET� M� LEDOUX

This may also be shown directly �Bakry et al� ��		��
� Actually� the previous
inequalities belong to a whole family of equivalent inequalities of the type

kfkr � Ckfk�s
�Z

jrf j�dv
��������

� f � C�c �M�

with
�

r
�

�

s
�

�� �

q
� � � ��� ���

and q � �n�n � �� The logarithmic Sobolev inequality �LS� corresponds to
the limiting case r � � and � � � �cf� �Bakry et al� ��		��
��

WhenM � Rn with Lebesgue measure dx� the best constants in the three
inequalities �S�� �LS� and �N� are known� Namely

C �

�
�
� �n� ���jBnj���n
��n�n� ��

�

where jBnj denotes the volume of the unit ball Bn in Rn� in case of �S�
�Aubin ��	
��
�

C �
���n� ������n����n

n�N� jBnj��n �

where �N� denotes the �rst non�zero Neumann eigenvalue of the Laplacian
on radial functions on Bn� in case of �N� �Carlen et al� ��		��
� For �LS�� the
task is easier �Carlen ��		��
� One may simply start with the logarithmic
Sobolev inequality �Gross ��	���
 for the canonical Gaussian measure 	n
on Rn with density 
n�x� � �����n�� exp��jxj����� that indicates that� for
every smooth function g on Rn with

R
g�d	n � ��Z

g� log g�d	n � �

Z
jrgj�d	n�

Set f� � 
ng
� so that

R
f�dx � �� ThenZ

f� log
�
f�����n��ejxj

���
�
dx � �

Z ���rf � x

�
f
����dx�

An integration by parts easily yieldsZ
f� log f�dx � �

Z
jrf j�dx� n

�
log����� n�

Changing f into �n��f��x�� � � �� which still satis�es the normalizationR
f�dx � �� shows that� for every � � � thus�Z

f� log f�dx � ���
Z
jrf j�dx� n

�
log����� n� n log ��

Optimizing in �� we get that for every smooth f on Rn with
R
f�dx � ��Z

f� log f�dx � n

�
log

�
�

n�e

Z
jrf j�dx

�
� �����
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OPTIMAL HEAT KERNEL BOUNDS ���

Since we started from the logarithmic Sobolev inequality for 	n with its best
constant for which exponential functions are extremal�

C �
�

n�e

is the best constant in the inequality �LS� on Rn �with respect to Lebesgue
measure�� To further convince ourselves that this constant is optimal� one
may note that among all functions � � R�� R

� such that� for every smooth
function f on Rn with

R
f�dx � ��

Z
f� log f�dx � �

�Z
jrf j�dx

�
� �����

the function

��u� �
n

�
log

� �u

n�e

�
is actually best possible� Indeed� apply ����� to f��x� � �n
n��x�� � � ��
Since

R
f�dx � �� we get

n

�
log

���
��

�
� n

�
� �

�n��
�

�
�

The claim follows by setting u � n�����
Since �S�� �LS� and �N� all imply the heat kernel upper bound ������ one

may wonder if one of these inequalities with the optimal Euclidean constant
could yield the optimal Euclidean heat kernel bound

sup
x�y�M

pt�x� y� � �

���t�n��
� t � �� �����

It is possible that this is the case for the three inequalities� The main result
of this note is that this is the case with the logarithmic Sobolev inequality
�LS�� The proof of this result appears as a consequence of the very pre�
cise study of uniform upper estimates on the heat kernel under functional
inequalities between entropy and energy developed in �Bakry ��		��
� We
present below this result in the context of abstract Markov semigroups of
�Bakry ��		��
� We obtain by the same method the sharp bounds on the
norm kPtkp�q of the heat semigroup on Rn as an operator from Lp into Lq �
Various comments complement this �rst section� In particular� we deduce
from our main result that a complete Riemannian manifold of dimension n
with non�negative Ricci curvature that satis�es �LS� with the best constant
of Rn is necessarily isometric to Rn� In Section �� we discuss the o��diagonal
upper bounds on the heat kernel� We namely observe that� again with the
methods of �Bakry ��		��
� we may obtain the optimal estimates provided
the distance is replaced by a smaller one that takes into account the struc�
ture of harmonic functions� In the last section� we use the tool of functional
inequalities between entropy and energy to study di�usion operators on Rn

de�ned by Lf � �f � rf � rU for some potential U � According to the
growth of U at in�nity� we obtain various heat kernel estimates that extend
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��� D� BAKRY� D� CONCORDET� M� LEDOUX

and clarify some of the results of �Kavian et al� ��		��
� After this work was
completed� we became aware of the recent paper �Carlen et al� ��		��
 by
E� Carlen and M� Loss where the authors obtain optimal estimates for vis�
cously damped conservation laws also relying on Gross�s method and on the
sharp logarithmic Sobolev inequality on Rn� They do not consider however
the general implication we establish in Theorem ��� below�

We �rst turn to ����� and describe� to begin with� the framework in which
we will formulate most of our results� refering to �Bakry ��		��
 for further
details� On some measure space �E� E � ��� let L be a Markov generator asso�
ciated to some semigroup Ptf�x� �

R
f�y�pt�x� y�d��y� continuous in L�����

We will assume that L and P are invariant and symmetric with respect to
�� We assume furthermore that we are given a nice algebra A of �bounded�
functions on E dense in the L��domain of L� stable by L and Pt and by the
action of C� functions which are zero at zero� �The stability by Pt may
not be satis�ed even in basic examples such as non�degenerate second order
di�erential operators with no constant term on a smooth manifold� This
assumption is however not strictly necessary and is mostly used for conve�
nience in order to unify the treatment of a number of various cases that
would require each time a separate standard analysis�� We will mainly be
concerned here with the case when � is in�nite� �Although �Bakry ��		��

is mainly concerned with �nite measure spaces� all the results from �Bakry
��		��
 used here immediately extend to arbitrary measure spaces�� We de�
note by kPtkp�q� � � p � q � �� the operator norm of Pt from Lp��� into
Lq���� Note that

kPtk��� � sup pt�x� y�

where the supremum is understood in the ess sup sense�
We may introduce� following P��A� Meyer� the so�called �carr�e du

champ� operator � as the symmetric bilinear operator on A 	 A de�ned
by

���f� g� � L�fg�� fLg � gLf� f� g � A�
Note that ��f� f� 
 �� We will say that L is a di�usion if for every C�

function � on Rk� and every �nite family F � �f�� � � � � fk� in A�

L��F � � r��F � � LF �rr��F � � ��F� F ��

This hypothesis essentially expresses that L is a second order di�erential
operator with no constant term and that we have a chain rule formula for
�� ����f�� g� � ���f���f� g�� f� g � A� By the di�usion and invariance
properties� Z

��f���Lf�d� �

Z
���f���f� f�d�� f � A�

One basic operator is the Laplace�Beltrami operator � on a complete
connected Riemannian manifold M � In the preceding setting� the �natu�
ral� measure � is only determined from the Riemannian volume element dv
up to a constant d� � cdv� For A the class� say� of C�c functions on M
�that is however not stable by the heat semigroup in the non�compact case��
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OPTIMAL HEAT KERNEL BOUNDS ���

��f� f� is simply the Riemannian length �squared� jrf j� of the gradient rf
of f � A� The previous abstract framework includes a number of further
examples of interest �cf� �Bakry ��		��
�� For example� one may consider
L � ��X where X is a smooth vector �eld on M � or more general second
order di�erential operators with no constant term� We may also consider
in�nite dimensional examples such as the Ornstein�Uhlenbeck generator on
R
n Lf�x� � �f�x�� x � rf�x��
In this setting� and following �Bakry ��		��
� one may consider general

inequalities between the entropy
R
f� log f�d� and the energy

R
��f� f�d� of

a function f in A with
R
f�d� � �� Assume that� for some � � R� � R

��
for every f � A with

R
f�d� � ��Z
f� log f�d� � �

�Z
��f� f�d�

�
� �����

In most examples � is concave� strictly increasing� and of class C�� which
we assume throughout the argument below� Therefore� for every v � ��
��u� � ��v� � ���u��u� v�� so that ����� reads� for every v � � and every
f �and by homogeneity��Z

f� log f�d� � ���v�

Z
��f� f�d����v�

Z
f�d�

where ��v� � ��v� � v���v�� We thus deal equivalently with a family of
logarithmic Sobolev inequalities� Now� by the di�usion property� changing
f � � into fp�� shows that� for every f � �� v � �� p � ��Z

fp log fpd��
Z

fpd� log

Z
fpd�

� ����v�
p�

��p� ��

Z
fp��Lfd� ���v�

Z
fpd��

Choose now in this inequality a function v � v�p� � �� p � �� According to
�Bakry ��		��
� we make then use of the fundamental argument of L� Gross
�Gross ��	���
� Namely� if

V �t� � e�m�t�kPtfkp�t�� t 
 ��

the preceding inequality will show that V � � � and V is non�increasing as
soon as p and m are chosen so that

p��t�

p��t�
� ��

�
v
�
p�t�

�� p��t�

��p�t�� ��
and m��t� � �

�
v
�
p�t�

�� p��t�
p�t��

�

If this is the case� for every � � p � q � ��

kPtkp�q � em ����a�

where

t � tp�q �

Z q

p

��
�
v�s�

� ds

��s� ��
and m � mp�q �

Z q

p

�
�
v�s�

�ds
s�

����b�
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provided we can �nd a function v for which these two integrals are �nite� The
optimal choice� that will be used throughout this work �cf� �Bakry ��		��
��
is given by v�s� � �s���s� ��� where � � � is a parameter�

It might be worthwhile noting that� conversely� the previous bounds on
kPtkp�q imply that the corresponding entropy�energy inequality ����� holds�
This is a consequence of the following proposition�

Proposition ���� Under the previous notation� assume that� for some � �
p � � and every q in some neighborhood of p� kPtkp�q � em where t and
m are de�ned with ����b	 through some function �� Then� for every non

negative f in A�Z

fp log fpd��
Z

fpd� log

Z
fpd�

� ����v�
p�

��p� ��

Z
fp��Lfd� ���v�

Z
fpd��

The proof reduces to check that if� for f � � in A�

U�
� � e�m���kPt���fkp��
where t�
� � tp�p��� m�
� � mp�p��� then U

���� � � amounts to the inequal�
ity of the proposition�

The main observation of this work is that the general method leading to
the bound ����� yields the optimal heat kernel bound ����� if we start from
a �LS� inequality for the generator L �or rather the carr�e du champ �� with
the best constant of Rn�

Theorem ���� Assume that for every f in A with
R
f�d� � ��

Z
f� log f�d� � n

�
log

�
�

n�e

Z
��f� f�d�

�
� �����

Then�

sup pt�x� y� � �

���t�n��
� t � �

�where the supremum is understood in the ess sup sense	�
If Z

f� log f�d� � n

�
log

�
C

Z
��f� f�d�

�
�

Z
f�d� � ��

for some C � �� by a simple change of variables�

sup pt�x� y� �
�
neC


t

�n��

� t � ��

It is worthwhile mentioning that the logarithmic Sobolev inequality �����
of Theorem ��� behaves correctly under tensor product� Namely� if two car

r�es du champ �� and �� satis�es such an inequality with dimensions n� and
n� respectively� then the product operator ����� will satisfy this inequality
with dimension n� � n�� This immediately follows from the classic product
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OPTIMAL HEAT KERNEL BOUNDS ��	

property of entropy together with the linearized version of ����� �the in�
equality leading to ������� This stability property is re ected similarly on
the heat kernel bound as can be seen from the example of the Euclidean
spaces�
Proof� We simply use ����� with

��u� �
n

�
log

� �u

n�e

�
�

Hence ���u� � n��u and

��u� �
n

�
log

� �u

n�e�

�
�

Then kPtk��� � em with

t � t��� �
n


�

Z �

�

ds

s�
�

n


�

and

m � m��� �
n

�

Z �

�

log

�
��

n�e�
� s�

s � �

�
ds

s�

where � � �� From the �rst equality� � � n�
t� The second yields

m �
n

�
log

�
��

n�e�

�
�
n

�

Z �

�

log
� s�

s � �

�ds
s�

�
n

�
log

�
��

n�e�

�
� n

�

Z �

�

log
�
r��� r�

�
dr

�
n

�
log

�
��

n�e�

�
� n

with the change of variable r � ��s� Since � � n�
t�

m � m��� �
n

�
log

� �

��t

�
which yields

kPtk��� � em �
�

���t�n��

and the result� The proof is complete� tu
It is clear that the same proof yields upper bounds for kPtkp�q for every

t � � and � � p � q � �� Namely kPtkp�q � em where

t � tp�q��� �
n


�

Z q

p

ds

s�
�

n


�

��
p
� �

q

�

and

m � mp�q��� �
n

�

Z q

p

log

�
��

n�e�
� s�

s� �

�
ds

s�
�
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After some calculations very similar to the previous ones� we �nd that

kPtfkp�q �
	
p
�

p

�
�� �

p

��� �

p

q
�

q

�
�� �

q

��� �

q


n

�

	
�

��t

��
p
� �

q

�
n

�
� �
p
� �

q
�

� ���
�

It is less clear however why these bounds should be optimal on Rn� The
next proposition answers this question positively� These bounds ���
� and
their optimality may also be shown to follow from the work of E� Lieb �Lieb
��		��
 on Gaussian maximizers of Gaussian kernels�

Proposition ���� With the preceding notation� let � be such that ����	
holds and kPtk��� � em where

t �

Z �

�

��
� �s�

s � �

� ds

��s� ��

and

m �

Z �

�

�
� �s�

s � �

�ds
s�

for some � � �� Then� for every � � p � q � ��

kPtp�qkp�q � emp�q

where

tp�q �

Z q

p

��
� �s�

s� �

� ds

��s� ��

and

mp�q �

Z q

p

�
� �s�

s� �

�ds
s�

�

The proof of the proposition is easy� By the hypothesis�

kPt��p�tp�q�tq��k��� � kPtk��� � em � em��p�mp�q�mq�� �

But now also� by the semigroup property�

kPt��p�tp�q�tq��k��� � kPt��qk��qkPtp�qkp�qkPtq��kq��
� em��p�mp�q�mq��

so that it is impossible that kPtp�qkp�q � emp�q for some p � q� This re�

sult clearly applies in the Euclidean case to prove that ���
� are actually
equalities in this case� It moreover implies the somewhat surprising follow�
ing observation� For every � � p � q � r � �� and every t 
 �� there is an
unique s such that

kPtkp�r � kPskp�qkPt�skq�r�
Indeed� since ���u� � n��u in this case� one may de�ne � � � by

t � tp�r��� �

Z r

p

��
� �s�

s � �

� ds

��s� ��
�

n


�

Z r

p

ds

s�
�
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Set then s � tq�r��� and the claim follows from the preceding argument�
In order to e!ciently use Theorem ���� it would be worthwhile to know

how to establish �LS� with sharp constant in a Riemannian or abstract set�
ting using curvature�dimension hypotheses� Before inspecting this question
more closely� let us observe the following�

Proposition ���� Let M be a Riemannian manifold of dimension n and
non
negative Ricci curvature� If� for every non
negative f in C�c �M��

lim
t��

���t�n��Ptf � c

Z
fdv� then the heat kernel pt�x� y� on M satis�es

sup
x�y�M

pt�x� y� � c

���t�n��
� t � ��

Proof� It is an immediate consequence of the Li�Yau inequality �Li et al�
��	
��
 for Riemannian manifolds with non�negative Ricci curvature� that
ensures in particular that� if f � ��

��Ptf

Ptf
� n

�t

for every t � � �where Pt denotes the heat semigroup on M�� In another
words� at every point� the function tn��Ptf is increasing in t� But then�
���t�n��Ptf increases to c

R
fd� so that

kPtk��� � c

���t�n��
�

The proof is complete� Note that by the results of P� Li �Li ��	
��
� M is
isometric to Rn if c � � �cf� the proof of Corollary ����� Observe furthermore
that the proposition similarly applies to generators ��r log � for which the
results of �Li et al� ��	
��
 are also available �in which case the hypothesis on
non�negative Ricci curvature has to be replaced by the condition ���f� f� 

�
n �Lf�

� as explained below�� tu
What we actually conjecture� is that if lim

t��
���t�n��Ptf � c

Z
fdv for ev�

ery smooth f on a manifold M of dimension n and non�negative Ricci cur�
vature� then the logarithmic Sobolev inequality �LS� holds with its sharp
constant from R

n� i�e�

Z
f� log f�dv � n

�
log

�
� c��n

n�e

Z
jrf j�dv

�
�

Z
f�dv � ��

�Proposition ��� would then be a consequence of Theorem ����� We have
not been able to prove such a result although we strongly conjecture that
it must be true� So far� we have only been able to prove the inequality
with a constant that misses the optimal one by a factor �� log �� We present
this result in the context of the abstract geometry of Markov generators�
Introduce the �iterated carr�e du champ operator� by setting� for every f� g
in A�

����f� g� � L��f� g�� ��f�Lg�� ��g�Lf��

ESAIM� P�S� December ����� Vol� �� pp� ���	
��



��� D� BAKRY� D� CONCORDET� M� LEDOUX

We say that L is of curvature R � R and dimension n 
 � if for every f in
A�

���f� f� 
 R��f� f� �
�

n
�Lf���

By Bochner�s formula� the Laplace�Beltrami operator on a Riemannian man�
ifold of dimension n and Ricci curvature bounded below by R is of curvature
R and dimension n in the preceding functional sense�

Proposition ���� Let L be a di�usion generator of curvature � and dimen

sion n 
 �� Assume that� for every f in A with

R
fd� � ��

lim sup
t��

Z
Ptf log

�
���t�n��Ptf

�
d� � �� n

�
���	�

for some � � �� Then� for every f � A with
R
f�d� � ��Z

f� log f�d� � n

�
log

�
�

n�e�

Z
��f� f�d�

�
�

In particular� if ���
	 holds with � � �� the inequality holds with the optimal
constant of Rn�
Proof� It is a simple application of the argument developed in Section � of
�Bakry ��		��
� Let f � � in A with

R
fd� � �� By the semigroup properties�

for every t 
 ��Z
f log fd� �

Z
Ptf log Ptfd��

Z t

�

F �s�ds ������

where

F �s� �

Z
��Psf� Psf�

Psf
d��

Now� in the proof of Proposition ��� of �Bakry ��		��
� it is shown that�
under the curvature�dimension assumption on L�

F ��s� � �

n
F �s��� s 
 ��

Hence� Z t

�

F �s�ds � n

�
log

�
� �

�t

n
F ���

�
�

Together with ������ and the assumption on the behavior at in�nity of Pt�
the conclusion immediately follows �changing f into f��� The proof is com�
plete� tu

What we expect is that actually ���	� with � � � appears as a consequence

of the fact that lim
t��

���t�n��Ptf �

Z
fd� for every f in A� We only checked

so far ���	� with � � log �� Let f be non�negative �for simplicity� and such
that

R
fd� � �� It is easy to see� by Jensen�s inequality� that� for every t 
 ��Z

Ptf log
�
���t�n��Ptf

�
d� �

Z
fPt

�
log

�
���t�n��Ptf

��
d�

�
Z

f log
�
���t�n��P�tf

�
d��
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In a Riemannian �or concrete� setting� we know �cf� the proof of Proposition
���� that ���t�n��Ptf is increasing �to �� so that in this case

lim sup
t��

Z
Ptf log

�
���t�n��Ptf

�
d� � �n

�
log ��

But Proposition ��� then only yields

Z
f� log f�d� � n

�
log

�
�

n�

Z
��f� f�d�

�
�

Z
f�d� � ��

Note �nally that ���	� with � � � is satis�ed in Rn� Let f be non�negative
on Rn with compact support and such that

R
fdx � �� Then� for every x in

the support of f and every t large enough�

���t�n��Ptf�x� �

Z
e�jx�yj

���tf�y�dy � �� �

�t

Z
jx� yj�f�y�dy�

Hence�

log
�
���t�n��Ptf�x�

� � � �

�t

Z
jx� yj�f�y�dy�

Therefore�

Pt
�
log

�
���t�n��Ptf

��
�x� � � �

�t

Z
e�jx�y�zj

���tjzj�f�y�dy dz

���t�n��

� � �

�t

Z �jx� yj� � �tn
�
f�y�dy�

���	� �with � � �� follows as t tends to in�nity�
We conclude this section with a comparison theorem for Riemannian man�

ifolds with non�negative Ricci curvature�

Corollary ���� Let M be a complete Riemannian manifold of dimension
n with non
negative Ricci curvature satisfying the logarithmic Sobolev in

equality �LS	 with the best constant of Rn� i�e�

Z
f� log f�dv � n

�
log

�
�

n�e

Z
jrf j�dv

�
�

Z
f�dv � ��

Then M is isometric to Rn�
Proof� Denote by V �x� r� the volume of the ball with center x � M and
radius r � � in M � By Theorem ���� for every x� y �M � t � ��

pt�x� y� � �

���t�n��
� ������

In particular� by the results of �Li et al� ��	
��
� M has maximal volume
growth� that is

lim inf
r��

V �x� r�

rn

 � � ��
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Li�s result �Li ��	
��
 then indicates that� for every x� y� z �M �

lim
t��

V
�
z�
p
t
�
pt�x� y� �

jBnj
����n��

where we recall that jBnj is the volume of the Euclidean unit ball� Together
with ������� we thus see that

lim inf
r��

V �x� r�

jBnjrn 
 �� ������

Now� by Gromov�s comparison theorem �cf� �Carlen ��		��
�� for s � r�

V �x� r�

jBnjrn � V �x� s�

jBn jsn

and� in particular� V �x� r� � jBnjrn as s � �� But now� by ������� we also
get V �x� s� 
 jBnjsn as r��� Therefore V �x� r� � jBnjrn for every x �M
and r � �� By the case of equality in the volume comparison theorem� M is
isometric to Rn� The corollary is established� tu

�� Off�diagonal estimates

As is well�known �Bakry ��		��
� �Davies ��	
	�
� an entropy�energy �or log�
arithmic Sobolev� inequality of the type ����� also leads to o��diagonal up�
per bounds on the heat kernel in terms of the distance function de�ned as
d�x� y� � sup

��f�f���
�f�x�� f�y�
 �the supremum being understood in the ess

sup sense��
Let us recall the general procedure of the method due to E� B� Davies �cf�

�Davies ��	
	�
�� The idea is to derive from an entropy�energy inequality for
the generator LZ

f� log f�d� � �

�Z
��f� f�d�

�
�

Z
f�d� � ��

an entropy�energy inequality for Lh�f� � e�hL�ehf�� where ��h� h� � ��
which depends only on � and � � �� This leads� via the method pre�
sented in Section �� to a uniform upper bound on the kernel pht �x� y� �
pt�x� y�eh�x��h�y� of the semigroup Ph

t � e�hPt�eh�� with generator Lh� We
thus bound in this way pt�x� y� by

C�t� ��eh�x��h�y��

Applying this result to �h� ��h� h� � �� and optimising in � and h� leads to
some bound

pt�x� y� � eV �t�d�x�y���

Theorem ��� of �Bakry ��		��
 yields an explicit form of the function V in
terms of the entropy�energy function � of L� Precisely�

pt�x� y� � eV �t�d�x�y�� for every t � T
�
d�x� y�

�
�
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where the functions V and T are parametrized by � and � in the following
way� if � is de�ned by

d�x� y� �

Z �

�

���s�p
s

ds�

then

T
�
d�x� y�

�
�

�

�

Z �

�

���s�p
s�s� ��

ds�

and if � is de�ned by

t �
�

�

Z �

�

���s�p
s�s� � � ��

ds�

then

V
�
t� d�x� y�

�
�

r
�

�
����� � � �

�

Z �

�

��s�p
s	�s� � � ��

ds

�where we recall that ��s� � ��s�� s���s���
Let us use these bounds with the optimal entropy�energy function on Rn

��u� �
n

�
log

� �u

n�e

�
� u � ��

After some computations� we get that

pt�x� y� �
�

e


n�

�n���
d�x� y�

t

�n

exp

�
�d�x� y�

�

�t

�
�

Unfortunately� this does not give the optimal bound on Rn� In order to
improve this estimate� we introduce a new distance called the �harmonic�
distance de�ned by

dH�x� y� � sup
��f�f����Lf
�

�f�x�� f�y�
�

Note that dH � d on Rn �while dH � � on a compact Riemannian manifold��

Proposition ���� Assume we have an entropy
energy inequality ����	� Then

pt�x� y� � exp

�
m� dH�x� y��

�t

�

where t and m are de�ned in ����b	 �assumed to be �nite	�
Proof� The proof follows the same lines as the proof of ����a�� Fix h with
Lh � � and ��h� h� � � and consider P�h

t � e��hPt�e�h�� whose generator
is given by L�h�f� � e��hL�e�hf�� � � �� Then� for f 
 ��

�
Z

fp��L�hfd� �

Z
�
�
e��hfp��� e�hf

�
d�

�

Z
��fp��� f�d�� ��p� ��

Z
fp����f� h�d�

� ��
Z

fp��h� h�d��
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The second term on the right�hand�side is equal to

�
p� �

p

Z
��fp� h�d� � �� p� �

p

Z
fpLhd� � ��

so that

�
Z

fp��L�hfd� 
 �
Z

fp��Lfd� � ��
Z

fpd��

Therefore� if� for every v � ��Z
fp log fpd��

Z
fpd� log

Z
fpd�

� ����v�
p�

��p� ��

Z
fp��Lfd� ���v�

Z
fpd��

then Z
fp log fpd��

Z
fpd� log

Z
fpd�

� ����v�
p�

��p� ��

Z
fp��L�hfd�

�

�
��v� � �����v�

p�

��p� ��

�Z
fpd��

According to the sketch of proof in Section �� this leads to the upper bound

kP�h
t k��� � em���t

where t and m are given by ����b�� Equivalently�

pt�x� y� � em���t���h�x��h�y�� �

Optimizing in � � �� and then in h� leads to the claim� Proposition ��� is
thus established� tu

As a consequence of this proposition� if

��u� �
n

�
log

� �u

n�e

�
� u � ��

we get that

pt�x� y� � �

���t�n��
exp

�
�d

H�x� y��

�t

�
for every t � � and x� y� a formula that is of course optimal on Rn� It would
be worthwhile to study further examples where dH � d� as well as the
various bounds which may similarly be deduced through distances involving
harmonic functions�

Note also that if we are looking for a situation such that ����� holds
together with kPtk��� � em in ������ then

pt�x� y� � pt�x� x� exp

�
�d

H�x� y��

�t

�

for every t � � and x such that pt�x� x� � supu pt�u� u��
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�� Explicit bounds for some Laplacian

� potential operators in Euclidean space

In this last section� we investigate heat kernel bounds for operators on Rn

given by Lf � �f � rU � rf where U is some smooth function whose
growth at in�nity will determine upper estimates on the heat kernel for
small times� The invariant measure is d� � e�Udx �where dx is Lebesgue
measure on Rn� and ��f� f� � jrf j�� The prime example is U�x� � jxj�
which is associated to the Ornstein�Uhlenbeck operator� This operator is
however only hypercontractive and not ultracontractive �i�e� sup pt�x� y� is
unbounded�� We will actually be concerned with functions U that growth
faster than jxj� at in�nity� Although we work for simplicity with the Laplace
operator � onRn� the results would hold similarly for an arbitrary generator
satisfying a logarithmic Sobolev inequality ����� in the abstract setting �and
with jrU j� replaced by ��U���

The next proposition transfers the optimal �LS� inequality for dx into a
logarithmic Sobolev inequality for �� It is the key argument in the applica�
tions�

Proposition ���� For every smooth f on Rn with
R
f�d� � � and every

v � �� Z
f� log f�d� � n

�

�
log v � � �

�

n�ev

Z
jrf j�d�

�
� c�v�

where

c�v� � sup
x�Rn

�
�

��ev

�
��U�x�� jrU j��x��� U�x�

�
�

Proof� The proof is easy� We start with inequality �����Z
g� log g�dx � n

�
log

�
�

n�e

Z
jrgj�dx

�

where
R
g�dx � �� By concavity of the log function� for every v � ��

Z
g� log g�dx � n

�

�
log v � � �

�

n�ev

Z
jrgj�dx

�
�

Set now g� � f�e�U � Then
R
f�d� � � andZ

jrgj�dx �

Z
jrf j�d��

Z
frf � rUd�� �

�

Z
f�jrU j�d��

It follows thatZ
f� log f�d� � n

�

�
log v � � �

�

n�ev

Z
jrf j�d�

�

�

Z
f�
� �

��ev

�
��U � jrU j��� U

�
d��

Proposition ��� is established� tu
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Assume now we can �nd a concave increasing function � � R�� R
� such

that for every u 
 � there exists v � � with

n

�

�
log v � � �

�u

n�ev

�
� c�v� � ��u�� �����

Then� by Proposition ����

Z
f� log f�d� � �

�Z
jrf j�d�

�

for every smooth f on Rn with
R
f�d� � �� We may then make use of the

general theory recalled in Section � to obtain bounds on the heat kernel of
L� Rather than to state a general result� let us inspect a number of examples
drawn from �Kavian et al� ��		��
 �see also �Rosen ��	���
��

Take� to start with� U�x� � jxj�� � � �� Then� we may take

c�v� � Cv�������� v 
 ��

where C � � only depends on n and � and may vary from line to line below�
The function

��u� � C
�
� � u��������

�
� u 
 ��

will then satisfy ������ As a consequence� the bound ����� yields� for every
t � ��

kPtk��� � exp

�
C

t�������

�
�

Similarly� if U�x� � jxj��log�� � jxj����� � � �� we obtain

kPtk��� � exp



Ct������� exp

�
C

t�������

��
�

An interesting limiting case is obtained when � � � in the last example�
It is known from �Kavian et al� ��		��
 that the associated semigroup is
not ultracontractive� but what is called immediately hypercontractive �i�e�
kPtk��� � � but kPtkp�q � � for every t � �� � � p � q � �� � This is
described by the bound

kPtk��q � exp


r
�� �

r

Ct�

log� r
exp

�
C log r

t

��

where q � �� r � �q���q � ��� which is obtained by the same method�
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